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ABSTRACT

In a recent paper several refinements to the alpha-beta
algorithm were described and some indication of their relative
efficiency given. The earlier data on the effectiveness of these
enhancements is scattered throughout the literature and is not
always directly comparable. To provide more consistency the
results of a new study are presented. Rather than relying on
searches of specially constructed trees, a simple working chess
program was used to produce the data.
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1. INTRODUCTION.

Predicting the outcome of a two-person zero-sum game is
equivalent to finding the best sequence of moves in a game tree
(i.e. a tree in which nodes correspond to positions in the game
tree and branches to moves). The leaves on the tree are called
terminal nodes, and the others are referred to as interior nodes.
To determine the best move in a zero sum game it is necessary to
perform a minimax search of the whole tree. It is assumed that
there are two players, here called Max and Min, who compete
against each other. Basically, Max selects a move which maximizes
his winnings, under the assumption that Min will choose responses
that minimize them. Fdr some games, like Chess, an exhaustive
search of this tree is not possible, and so the outcome of the
game is approximated by searches on trees of some fixed length.
At a terminal node an evaluation function is used to estimate the
value of the subtrees discarded at that point. The evaluation
function itself may be very simple, computing only material
difference, but must ensure that all terminal nodes are quiescent.
In the case of Chess programs, this is done by building at the
terminal nodes search trees which contain only check or capture
moves. This subset search proceeds until either the position is
quiescent (there are no more checks/captures) or some maximum
depth of search is reached.

The alpha-beta algorithm achieves the same result as
minimax, but does so more efficiently by employing two bounds
which form a window. If this window covers the full range of
values that the evaluation function can produce, then a full
window search is being done. A call to the alpha-beta function

could be of the form:



as

V = AB(p, alpha, beta, depth):
where p is a pointer to a position state vector, alpha and beta
are the lower and upper bounds on the window, and depth is the
specified length of search. The number returned by the function
is called the value of the tree, and measures the potential
success of the player to move. A skeleton for this function,
expressed in the C language with Pascal style declarations and
loops, appears in Figure A1 of Appendix A. The algorithm is
expressed in a negamax framework [KNUT75], and so avoids the neec
for alternate min/max operations by always returning the negat ive

of the subtree value from node to node. Undefined are functions

evaluate(), to assess the value of the terminal nodes,
generate(), to list the moves for the current position, make(),
to actually play the move under consideration and undo(), to

retract the current move.

In a recent survey paper [MARS82] several refinements to the
alpha-beta algorithm were described and some indication of their
relative efficiency given, based on the stated results of other
authors. The previous data, however, is scattered and not always
directly comparable. To provide more consistency the results of :
new quatitative study are presented in Tables 1, 2 and 3. The
results were produced by a simple working chess program', and
these may be compared with those from searches of specially

constructed trees [CAMPS83].

i: A 'C’ language version of Tinkerbelle [K. Thompson, BTL]), a
chess program which participated at the US Computer Chess
Championship, ACM National Conference, San Diego, 1975.



2. ALPHA-BETA REFINEMENTS.

The alpha-beta algorithm can take advantage of an iterative

deepening mode, in which a sequence of successively deeper and

deeper searches is carried out until some time 1imit is exceeded.

Thus a search of depth D ply (moves) may be used to dynamically

reorder (sort) the choices and thus prepare the way for a faster

D+1 ply search than would be possible directly. To determine

exactly how much a shallow search may improve a deeper one was

the aim of this study. The methods considered were:

(a).

(b).

Simple iteration, in which the move list at the root node of
the tree is sorted after each iteration. By this means the
best move found so far is tried first during the next
iteration.

Aspiration search, in which the score returned by the best
move found so far is used as the centre of a narrow window
within which the score for the next iteration is expected to
fall. In our study the width of this window is equal to two
times the value of the smallest piece (a Pawn). Narrower
windows are possible and sometimes quite successful, but the
best way to choose the window size is not yet known. In any
case it is possible for the search to fail, i.e., to return
a value which is outside the window. In such a case this
partial search may be wasted, although a new centre for.the
window may be found. Two failure modes are possible: ' low',
in which all the moves are tried but no value reaches the
lower limit of the window, and ‘high’, upon which the search
stops as soon as a move is found which exceeds the upper
expectation. A sample implementation of an aspiration search

is shown in Appendix A, Figure A2.



(c). Minimal window search, in which the assumption made is that

the first move to be tried is, with high probability, the
start of the principal variation. This line is then searche:
with a full width window, while all the alternate variation:
are searched with a zero width window, under the assumption
that they will fail-low in any case. Should one of the move
not fail this way then it becomes the start of a new
principal variation and the search is repeated for this mov
with a window which covers the new range of possible values
This method, originally referred to as palphabeta but
renamed Calphabeta [FISH81], will now be called principal
variation search or PVS for short, in order to avoid
confusion with parallel implementations [FINK82]). It is mor
or less equivalent to SCOUT [PEAR81][CAMP83]. The form of
PVS is shown in Appendix A, Figure A3.

Both aspiration and minimal window searches can benefit further

from the use of various tables. This study includes the use of

refutation and transposition tables.

3. MEMORY TABLES.

Installation of a refutation table is straightforward and

has low space overhead. After a search of depth D on a tree of
constant width W the table will contain W*D entries. For each
variation the table contains the sequence of D moves which
determined a sufficient value for that variation. Thus for Figur
1, 2 tree of constant width W = 3 and fixed depth D = 3, the
refutation table will contain the three sequences of three moves
corresponding to the solid branches. In Figure 1 the branches

with solid and double dotted lines are the ones actually
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searched, while those marked with single dots were cut off by the
alpha-beta algorithm, i.e., were not examined at all. The numbers
at the terminal nodes were produced by the evaluation function.
The other numbers are the values of the individual subtrees, as
passed back (backed up) to the root node by the alpha-beta
process. In this example the value of the tree is 4.

4
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753412259 210687497 531103326
Figure 1: A 3-ply minimax tree showing refutation entries.

Prior to the next iteration the table is sorted so that the
new candidate principal variation is tried first. Thus on an
iteration to depth D+1 there exists a D-ply sequence that is
tried immediately. The next ply is then added and the search
continues as normal. The candidate principal variation is fully
searched, but for the alternate variations the moves in the
refutation table may be sufficient to again cut off the search
and thus save the move generation that would normally occur at
each node. If -the maximum length of the refutation path is 5 and
the maximum tree width is 100 then, if each entry needs 2.bytes}
just 1000 bytes are required to hold all the refutation lines for
the current position. A small triangular table is also needed to

identify the refutations [AKL77].
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Figure 2: 3-ply tree showing transposition table entries.

A transposition table may also be used to hold refutations
but, because it has the capacity for including more information,
it has other cépabilities too. In Figure 2 the positions actuall
stored in the table are again shown by the solid lines. From thi
we can see that the'results from 15 positions would be stored,
rather than only 9 in the refutation table case. Thus the table
contains not pnly the main line of each variation but also the
main subvariations. If the information stored in the entries
contains at least the best move in the position and the value ar
length of the subtree emanating from that point, then the
transposition table may be used to extend the effective search
depth [MARS82]. This is especially valuable in endgames when the
number of possible alternatives is small. As in the other cases,
a sorting operation between each iteration ensures that the mowve
at the first level will be tried in the best possible order. A
typical transposition table might contain 10,000 entries, each ¢

10 bytes [MARS82], for a 100,000 byte total storage overhead.

4. HYPOTHESES.

Based on a general understanding of the alpha-beta



algorithm, one would expect that an iterative search will be
better than a direct search, because successive refinement of the
principal variation allows for increasingly large cut offs in the
subtrees of the alternate variations. Simple iteration may not
offer much improvement because only a single move is being used
to seed the next iteration, and thus no additional cut offs will
occur in the candidate principal variation where the largest
subtree generally exists. With the aspiration searches, use of a
narrow window has great potential for reducing the search time.
In essence, the expected value of the principal variation is
becoming known with greater certainty, and so the gamble that the
true principal variation will remain within the window is less
likely to be wrong. Thus aspiration searching should, on average,
be significantly better than full window searching. Use of a
refutation table should provide additional improvement, since the
search is being guided directly to previous refutations. Finally,
with a direct access transposition table further improvement
should be possible. Just how important this may be is hard to
predict, since it depends on what potential there is for
improvement. Also, one major benefit of a transposition table
(direct use of results from a previous subtree search) does not
come into play until the depth of search is greater than 4. Since
transposition table management is relatively complex, we can
reasonably expect the efficiency of the method to be

implementation dependent.

5. BASIS FOR COMPARISON.
In comparing algorithms which search game trees two basic

criteria are employed. One may either measure the amount of



computer time used to search a tree, the method which
consistently produces the expected result in least time being
superior, or one may count the number of nodes visited in the
tree. If the cost of a node is nearly constant, these two
measures are effectively the same. However, our test program, anc
chess programs in general, perform significantly more calculatior
at a terminal node than at interior nodes in the tree. One reasol
for this is that a check or capture analysis in the form of an
extendéd tree search is done. Therefore the following comparison
will be based on the number of terminal nodes examined,
especially since it has the additional advantage of being a

machine independent measure.

6. RESULTS.

The algorithms were tested on a data set which was used to
assess the performance of computer chess programs and human
players [BRAT82]. That data set contained 24 chess positions,
which are displayed in Appendix B for easy reference. The first
position (Board A), however, is a simple problem of forcing
checks and so was deleted from this study. All the remaining
positions were searched with 3, 4 and 5-ply trees, using a
combination of alpha-beta refinements, and a 6-ply search was
done for the best method. The raw results are presented in Table
1, 2 and 3 respectively, along with the actual move made by the
program in each case. For consistency the move selected should t
independent of the algorithm, though it may change with depth of
search, but this can only be guaranteed if the tree value for tt
best move is unique. In Tables 1, 2 and 3 the moves listed are

from an iterative PVS search, while in Table 4 the moves produc:



by a direct full window search are shown. No matter which
algorithm was used, the program correctly rated 6 of the 24
positions, in both the 4 and 5-ply cases, giving it an estimated
USCF rating of 1550 [BRAT82], while for the 6-ply search 9
positions were solved (see Table 6).

Because the number of terminal nodes is exponential with the
depth of search, the average terminal node count is plotted on a
log-linear Qraph. Figure 3. The results give a good indication of
the relative merits of each alpha-beta refinement. However, the
effectiveness of the various methods is perhaps better seen in
Figure 4, which shows the ratio of the terminal nodes searched
relative to a direct search. From Figure 3, one may also deduce
that for our data the incremental cost of a 4-ply search after a
3-ply one is a factor of 4.2. On the other hand the factor from 4
to 5 ply is 8.6, but from 5 to 6 ply the factor falls back to 5.
Earlier experimental results [GILL72] suggested a factor of 7 for
the addition of an odd ply and a factor of 3.5 for an even ply.
While our results do not match Gillogly’'s exactly they are
similar in form, and correspond quite well with some earlier ones
[SLAGES] which noted factors of 8 and 4 respectively.

In order to provide a lower bound on the number of terminal
nodes for our choosen data set it is necessary to estimate the
minimal tree that must be searched by the alpha-beta aligorithm.
If we assume that these game trees may be modelled by a uniform
tree of constant width W, and that W may be estimated by
computing the number of branches divided by the number of nodes
in the actual game tree, then the average of these estimates may
be taken as the constant width of a representative tree, Table 4.

On trees of constant width W and fixed depth D, there is a
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formula for the minimal size of the tree that must be searched
the alpha-beta algorithm, given by the expression
wsx[p/2] + Wes|D/2] - 1 nodes [SLAGES],

where [x] and li represent upper/lower integer bounds on x.

We have plotted the minimal search size under optimal conditior
in Figures 3 & 4, and one can see that a factor of 1.3 reductic
is possible on 3 and 5-ply trees and a factor of about 3.0 on ¢
and 6-ply trees. The true reason for this difference is not
clear. Possibly the data set of 23 positions is too small or is
biased in some way. From Table 2 we see that boards T, U and W
warrant particular attention, since they produced the largest
trees. In the case of board W a change occurred in the princip:
variation, thus the 4-ply search was not a good predictor of tt
5-ply result. Just how serious this can be is clear from Table
which shows that for board W all the iterative searches are at
least a factor of 2 more expensive than a direct search. This -
reinforced in the 6-ply results, Table 6, when for the PVS cas:¢
the choosen move for board W again changes and 28% of the effoi
is expended on this one position.

In order to determine whether terminal node count is an
adequate measure of an algorithm’s performance, Iable 5 is
presented. Here the 5-ply results for the various refinements
compared on a CPU utilization basis. For reasons already given
the cost of generating an internal node is negligible in
comparison to the cost of a terminal node. Although the cost o
terminal node is quite variable, since a selective capture/che
search is usually done there, simply counting the number of

terminal nodes allows an adequate estimate of the efficiency o
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the algorithms to be made. From both Tables 3 and 5 the most
efficient algorithms may be identified. While one may argue that
the terminal node count does not reflect the true cost of a
search, it does make possible a direct comparison with the

expected minimal tree size (Figure 3).

7. CONCLUSIONS.

These results confirm our hypothesis that iterative
deepening is effective if it is used in conjunction with some
form of aspiration search. Further improvement is possible
through the use of memory tables. Although the transposition
table results were consistently better for the deeper searches
they showed only marginal advantage over the cases using a
refutation table. There may be a number of explanations for this.
For example, since the positions were mostly from the middle game
in chess, there were fewer possibilities for true transposition
of positions. Also, for technical reasons, the best move at a
terminal node was not recorded in the table. This is normal in
the transposition case since it saves filling the table with
large numbers of positions whose result is based on a very
shallow tree. A final possibility is that our transposition table
implementation was not the best.

Since a transposition table is accessed like a hash table
its usage is most effective if the initial probes are uniformly
distributed across all the table entries. If there is a conflict,
that is, the initial entry contains valid data but is not the one
sought, then a sequence of secondary entries may be tried. The
maximum acceptable length of this sequence is an important

parameter. It is recognized that an exhaustive search of the



whole table is unacceptably slow. For example, in the BLITZ?
chess program a secondary sequence length of 10 is used, while
BELLE?® only the initial entry is considered. This latter appro:
is simpler and was adopted in this study, even though our
transposition table of 8192 entries was comparatively small. O
data suggests that actual usage of this transposition table wa:
far from perfect, and so further improvements may be possible.
Determining the most effective way of using a transposition tal
is very important, since it is clear from Figure 3 that there
still considerable scope for improvement in these algorithms,
especially in the even ply cases.

For the relatively shallow trees considered here there wa
not much to choose between refutation and transposition table
use. By its very nature a transposition table is continually
being filled with new positions, some of which may destroy
entries that have not yet been reused. Thus it is not possible
guarantee that all the primary refutations will be retained.
Since the refutation table is small and easy to maintain it is
recommended that it always be updated and used whenever the
transposition table fails to provide a primary refutation. In
experience, the combination memory function is never
significantly worse than use of a transposition table alone. F
the 5-ply PVS case, we observed a 2 percentage point improveme
on average while the overhead was negligible. In the 6-ply cas
more dramatic 22 percentage point improvement was seen (Table

On the other hand, the true power of a transposition table wa:

2: BLITZ, a master calibre chess program developed by R. Hyat:
Univ. of Southern Mississippi.

3: BELLE, the current world champion chess program, developed
K. Thompson, Bell Laboratories. -
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not brought out in this study, since there were few endgame
positions.

Based on these experiments it is clear that PVS is
potentially superior to narrow window aspiration searching, and
avoids the need to determine the optimal window size. Note that
this result is contrary to an earlier conclusion for the game of
checkers [FISH81], where Calphabeta (that is, PVS) was described
as being "disappointing” and "probably not to be recommended”
[FISH81]. Thus for two different games cohtradictory results
appear, illustrating how game-dependent these methods may be and
the importance of strong move ordering [MARS82] in the efficiency
of tree search algorithms.

Of the two principal refinements: narrow or minimal window
aspiration search and memory tables, it is clear that
preservation and use of the refutations from a previous iteration
is more important than aspiration searching. This can be seen
most clearly from Tables 1, 2 and 3, where full window aspiration
searching supported by a refutation table is more power ful than
aspiration searching without the help of a memory table. These
two effects are not additive, but when combined a further

improvement in performance occurs, especially for the deeper

searches.
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Figure 4: Performance Comparison of Alphabeta Enhancements



