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A graph class hafew cliquesif there is a polynomial bound on the number of maximal cliques contained in any
member of the class. This restriction is equivalent to the requirement that any graph in the class has a polynomial
sized intersection representation that satisfies the Helly property. On any such class of graphs some problems that are
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complexity of some partitioning and covering problems are determined for the class of all graphs which have fewer
cliques than a given polynomial bound.
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1 Introduction

All graphs we consider are finite, simple, and undirected, and for a graph(V, E') we usen = |V]|
andm = |E| to refer to the number of vertices and edges of the graph.didtancebetween any two
verticesu andv of a graph is the length of a shortest path between them, and is detiated. We set
d(u,v) = o if there is no path fromu to v. A cliquein a graph is a subgraph in which every two vertices
are adjacent. A clique isiaximalif it is not contained in a larger clique. We usg, to denote the graph
consisting of a single clique om vertices andC(G) to denote the set of all maximal cliqgues@h For
graphsG; andG, with disjoint vertex sets, we define the graph uniorGgfandGs, denoted=; U Go,

as the graph consisting 6f; andG-, without any connecting edges between them. For a géapnd

t € N we define, fort > 1,tG = GU (t — 1)G, wherelG = G. For any positive integef, we refer to
the grapht K, asO;; these graphs were calledtahedralgraphs in[[16].

Two sets are said toverlapif they intersect, but neither set is contained in the otherim@rsection
(respectivelypverlap representatiorof a graph is an assignment of sets to the vertices of the graph such
that two vertices are adjacent if and only if the sets assigned to them intersect (respectively, overlap). The
sizeof an intersection or overlap representation is simply the number of elements in the union of all sets
in the collection. The size of a minimum intersection or overlap representation for a graph is known as the
intersection numbeor overlap numbepf the graph, respectively. A family of sets has Hly property
if, for any subfamily that intersects pairwise, there is an element in common to all sets of the subfamily.
We refer to an intersection or overlap representation that satisfies this propertyelly intersection
representatioror aHelly overlap representationThe Helly intersection(respectivelyoverlap number
of a graph is the minimum size of a Helly intersection (respectively, overlap) representation.

For complete definitions of the graph classes mentioned heré,|see [3]. An exposition of the concept of
NP-completeness, as well as some of the problems and hardness results used later, can be{ound in [7].

Moon and Moser, in their 1965 papér [15], show tB&t/3! is the maximum number of maximal
cliques in a graph on vertices, and observe that this bound is attained by the draf) K5.

In this paper, we study classes of graphs that have a polynomial bound on the number of maximal
cliques. A graph class is said to hdeev cliquer to be aew-cliques graph clagéthere is a polynomial
p(n) such that any.-vertex graph in the class has no more thém) maximal cliques([16].

We focus on the complexities of problems on graph classes with few cliques. We are motivated in
part by a connection between few-cliques graph classes and intersection and overlap graphs. It has long
been known that chordal graplhs [11], Helly circular-arc (respectively, circle) graphs [10, 5], and boxicity
2 graphs (see [18]) have Helly intersection representations of size polynomial in the number of vertices
in the graph. Given a Helly intersection representation of polynomial size for a class of graphs, the
maximum weight clique problem can be solved in polynomial time for the intersection Cldss [18] as
well as for the corresponding overlap graph class [4]. Thus since, as noted in [18] and discussed in
more detail in Sectiopn|2, a polynomial bound on the Helly intersection number turns out to be equivalent
to a polynomial bound on the number of maximal cliques in a graph class, the few-cliques classes are
interesting within the context of intersection and overlap graphs. An additional motivation for our work
is found in the study of relationships among graph parameters and algorithms, where it is interesting to
ask which problems become tractable as a result of bounding a particular parameter and which problems
remain as computationally difficult as for graphs in general.
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2 Graphs with Few Cliques

By the definition, each of the following graph classes has few cliques: any finite graph class, complete

graphs, and triangle-free graphs. In addition, since chordal graphs have at mesimal cliques([5],

graphs of boxicityk have at most2n)* maximal cliques[[18], planar graphs have at mos{3 — 6

maximal cliques([16], and<,-free graphs have at mostax{n, nA*=2/2k=2} maximal cliques, where

A is the maximum degree of any vertex in the graph [16], all of these graph classes have few cliques.
Balas and Yu([1] prove the following bound on the number of maximal cliques a graph can have, in

terms of the largest induced subgraph of the farm

Theorem 1 (Balas and Yu[[1]) For any connected grapty = (V, E), whered is the number of pairs
(u,v) € V x V with d(u,v) = 2, andt is the largest integer such th&t contains an induced subgraph
isomorphic toO,, the number of cliques in the graph is bounded by

2! <|K(G)| < o' + 1.

Note that ift is bounded by some constant for a class of graphs, this theorem implies a polynomial
bound on the number of maximal cliques in graphs in the class.

Another partial characterization of the graph classes with few cliques is shown by Prisner in [16], where
he considers classes of graphs havihgas a forbidden induced subgraph, and derives upper bounds on
the number of cliques in such graphs. A corollary to these bounds characterizes the hereditary classes of
graphs which have few cliques.

Theorem 2 (Prisner [16]) A hereditary class of graph&has few cliques if and only if for some constant
t, 0 &C.

A further characterization of graph classes with few cliques relies on the following notions related to
hypergraphs, from[2] and[3]. AypergraphH = (V,€) is a set of verticed” and hyperedges (or
edges), where each element éfis a nonempty subset f. Thedual of a hypergrapd = (V, &) is
hypergraphH* = (£,{F, : v € V}), whereF, is the set of hyperedges &that contain the vertex.
The2-section (H )., of a hypergraptif = (V, &) is the graptG = (V, E), where(u,v) € E if and only
if there is an edge € & such thatu,v € e. We say that a hypergrapii = (V, ) is Helly when the
edge set satisfies the Helly property. A hypergraphis conformalif each clique of( H ), is contained
in an edge ofH. Note that the 2-section of the dual of a hypergrdplis the intersection graph of the
hyperedges ofi. Now, the following theorem can be found IA [2], where it is attributed to Gilmore.

Theorem 3 (see Berge |2, page 396P hypergraph is Helly if and only if its dual is conformal.

Let G = (V, E) be a graph and, for each vertexc V, let S, be the set of all maximal cliques 6f
that contairv. {S, : v € V'} is an intersection representation fgrsince vertices are adjacent if and only
if they appear together in some maximal clique; it satisfies the Helly property since pairwise intersecting
sets represent a clique and all vertices of any clique are contained in some maximal clique. Since the size
of the representation {€(G)|, we have that the Helly intersection numbei(dfs at most/C(G)|.

Furthermore, for an arbitrary Helly intersection representation of gi@ps (V, E), consider the
hypergraphHd = (X,{S, : v € V}) where, for eachv € V, S, is the set representing and X =
Upev Sy. BY Theorenﬂ%, each maximal clique@f= (H*), is contained in an edge &f* and, combined
with the fact that each edge &f* corresponds to a clique i, this implies thatd* has a unique edge
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for each maximal clique off. Therefore|K(G)| is less than or equal to the Helly intersection number of
G.

Thus the next result, which has previously been observed, for example in [18], is an immediate corollary
of TheoreniB.

Corollary 4 For any graphG, the number of maximal cliques @ is equal to the Helly intersection
number ofG.

3 Complexity Observations

The problem of recognizing a few-cliques graph class is, given some polynomial péundoes the

input graph have no more tharin) maximal cligues? This problem is solvable in polynomial time by
using an algorithm that enumerates all maximal cliques in a graph, such as one of the algorithmns of [19] or
[12]. Both of these algorithms have what is referred td in [12] aptignomial delayroperty, that is, the

length of time before the first clique is generated and the length of time between the algorithm generating
any two successive cliques are each bounded by a polynomial in the size of the graph. Thus, we run
the algorithm to enumerate the cliques, and within a polynomial amount of time the algorithm either
generates too many cliques, whence we stop the computation and reject, or enumerates all of the cliques
in the input graph, at which time the algorithm accepts. Thus, given a graptd a polynomiap(n), the
questions: doe& have no more thap(n) maximal cliques? and do&s have Helly intersection number

at mostp(n)? can be answered in polynomial time. Furthermore, for yes instances of the problems, all
maximal cliques can be enumerated, as described above, and a minimum Helly intersection representation
can be constructed in polynomial time. As discussed in Sefclion 2, a minimum Helly representation can
be produced by generating all maximal cliques and then identifying the set of cliques that each vertex is
contained in.

Note that polynomial time algorithms for graphs with few cliques can be maulest (that is, when
given input not in the class of graphs the algorithm is designed for, the algorithm either rejects or continues
computing the correct output [18]) by generating at mgst) + 1 cliques and indicating that the input
was not in the class of graphs if more thaim) cliques are found.

In addition, the maximum clique and weighted maximum clique problems are trivially polynomially
solvable for few-cliques graph classes. We first apply the algorithm_in [19] to find all maximal cliques
in time O(nmp(n)). Then, to solve the maximum clique problem we iterate over the list of all maxi-
mal cliques, selecting the largest one. A similar algorithm solves the vertex-weighted maximum clique
problem, since a maximum weighted clique is some maximal clique with the negative weight vertices
removed.

Our NP-completeness results are provided for the class of all graphs containing not moggsthan
maximal cliques, for a given polynomialn). Since the graph classes we have observed to have few
cliques are contained in the class of graphs with not moregharcliques, for some(n), NP-completeness
results for these classes directly imply tiE-completeness of the same problem on the class of graphs
with not more tham(n) cliques.

Spinrad [18] observed that boxiciB/graphs have no more tham? cliques and, therefore, since
COLOURABILITY, INDEPENDENTSET, and VERTEX COLOUR areNP-complete [[14, 17] for boxicity2
graphs, they arblP-complete for those graphs with no more thiai¥ maximal cliques.

The NP-completeness of the Hamiltonian cycle and Hamiltonian path problems on planar graphs is
shown in [9] and the dominating set problem on planar graphs is shiiscomplete in[[7]. Thus, by the
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bound in [16] which limits the number of maximal cliques in a planar graphit® — 6 we know that
these problems afgP-complete for the class of graphs with no more thiari3 — 6 maximal cliques.

4 Covering and Partitioning Problems

In this section we consider the complexity of covering and partitioning problems under the restriction that
the input graph has few cliques. Our results reveal that the hardness of many of these problems lies not
only in choosing the cliques in a cover from an exponential collection, but in choosing those cliques that
lead to a minimum cover.

In Sectior B, we saw that having a polynomial bound on the number of maximal cliques does not help to
solve the problem of finding the minimum colouring of a graph; in this section, we consider the problem
of colouring a graph with no more than some constant number of colounderek > 3.

Problem. k-COLOURABILITY

Instance: A graph,G = (V, E).

Question: Can the vertices of7 be coloured withk or fewer colours such that adjacent vertices are
assigned distinct colours?

Theorem 5 k-COLOURABILITY, for k£ > 3, is NP-complete on the class of graphs with no more than
™n/3 — 6 maximal cliques.

Proof: 3-COLOURABILITY is known to beNP-complete on planar graphs| [8], and thus, by the bound
given in [16], the problem is alsblP-complete for the class of graphs with no more tifan'3 — 6
maximal cliques. However, this result does not extend, on planar graphs, to valkdargér than3,
since it is known that any planar graph can be coloured using only four colours.

We use a simple reduction from thecolouring problem to thé: + 1-colouring problem to form an
inductive proof for graphs with no more than /3 — 6 maximal cliques. We take a graggh= (V, E),
an instance of thé-colourability problem, and create a gragh by adding a single universal vertex.
Note that|K(G)| = |K(G’)| and thatG is k-colourable if and only ifG’ is k + 1-colourable, since a
k-colouring for G together with a new colour for the universal vertex is & 1-colouring for G’ and
vice versa. Therefore, by induction dn for £ > 3, this demonstrates thdP-completeness of the
k-colourability problem on the class of graphs with not more tfiaji3 — 6 maximal cliques, for any
constantc > 3. a

We now examine the problem of partitioning the vertices of a graph into disjoint cliques of,dize
some constark.

Problem. k-CLIQUE PARTITION
Instance: A graph,G = (V, E).
Question: Can the vertices of the graygh can be partitioned into cliques of siz@

This problem can be shown to b#P-complete, for anye > 3, by a reduction similar to the one used
in the proof of Theorerp|5. The cage= 3 is done by Garey and Johnson lin [7], where the exact cover
by 3-sets problem is used to show thi>-completeness df-CLIQUE PARTITION (which they call the
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triangle partition problem), but most importantly for our purposes, the reduction they use prodiiges a
free graph. Thus, this result can be immediately extended ta1®& PARTITION on graphs with no
more tharp(n) cliques, for some cubic polynomia(n), since there are no more thas cliques in ak,

free graph.

Theorem 6 k-CLIQUE PARTITION, for & > 3, is NP-complete for the class of graphs with no more than
n* maximal cliques.

Proof: We apply a simple transformation to reach from the dase the casé: + 1. For a graphG =
(V, E) onn vertices that is an instance of tikeclique partition problem, we construct the gragh =
(V', E"), where we obtaitz’ from G by addingn/k vertices, each connected to every vertex;of
Notice that a graph cannot be partitioned into disjdirgliques unlesg divides|V| = n, and so, if
this is not the case, we can simply output a trivial no instance, such as the one vertex graph, which cannot
be partitioned intd:-cliques for anyk > 1. If on the other handk dividesn, we construct/” andE’ as

V' = VU{w;:1<i<n/k}
E' = EU{(wjv):veV,1<i<n/k}.

This can clearly be done in polynomial time. Notice first that, as long as we do not output the trivial no
instance, we know that + 1 divides|V’| = n + n/k.

We prove that the reduction is correct by inductionkothe base case, fér= 3 is the triangle partition
problem [7]. Fork > 3, we build a grapliG’ using the transformation given above. If we takke-elique
partition forG, we can extend it to &+ 1 clique partition forG’, as we must use/k cliques of size: to
partition G, so we can take one of the new vertices into eaclique to form ak + 1 clique. In the other
direction, anyk + 1 partition of G’ must use one of the new vertices in each clique, as no two of the new
vertices are adjacent. Since there are exactly new vertices, and there afe + n/k)/(k+ 1) = n/k
cliques in anyk + 1 clique partition ofG’, so we will use all of the newly added vertices. Thus, we can
simply remove the new vertices from the clique partition to obtakrdique partition ofG. Thus, by
induction onk, this reduction reduces the 3-clique partition problem toktfedique partition problem for
all £k > 3. Notice also that at each step of the induction we increase the number of maximal cliques by
a factor ofn/k. Hence, the number of cliques in the final graph is bounded*oyp(n), if p(n) is a
bound on the number of cliques in the instance of the 3-clique partition problem, and since one possible
choice forp(n) is n?, as the initial instance of the triangle partition problem asfree, the constructed
instance of thé-clique partition problem has no more thahcliques, which is polynomial in, for fixed
k. Thus we have shown théP-completeness of the-clique partition problem on the graphs with not
more tham”* maximal cliques. O

We now consider the vertex clique partition problem.
Problem. VERTEX CLIQUE PARTITION

Instance: A graph,G = (V, E), and a natural numbér.
Question: Can the vertices of grapfl can be partitioned inté or fewer cliques?

Note that the vertex clique partition and vertex clique cover problems are equivalent, since any subgraph
of a clique is again a clique.
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In light of the preceding results, we show that vertex clique partition probleNPisomplete by re-
ducing ann-vertex K, free instances of 3-CLIQUE PARTITION to the instancéG, |n/3]) of VERTEX
CLIQUE PARTITION. G can be partitioned into at most./3] cliques if and only if it can be partitioned
into triangles, since the graph i, free. A potential complication arises on an instance where 3 does not
divide n, but such an instance cannot be partitioned into triangles, so the reduction can output an arbitrary
no instance of the clique partition problem. We conclude thekMx CLIQUE PARTITION for the class
of graphs with no more tham® cliques isNP-complete.

In addition to theNP-completeness of FRTEX CLIQUE COVER, we also have thBP-completeness of
EDGE CLIQUE CoVER for graphs with a polynomially bounded number of maximal cliques. This result
comes directly from a result in [13], where the vertex clique cover problem is reduced to the edge clique
cover problem by taking an instan¢gof VERTEX CLIQUE COVER, and addingn + 1 vertices to the
graph that are adjacent to all the vertice<hfwherem is the number of edges id. If G has no more
thanp(n) maximal cliques, then the resulting instance of the edge clique cover problem has no more than
(m + 1)p(n) maximal cliques. Thus, using this reduction, we haveNfecompleteness of the edge
clique cover problem, that is, the intersection number problem, for graphs with no morgithan )n?
maximal cliques.

Finally, we encounter a problem that is solvable in polynomial time on graphs with few cliques. This
problem is simply thé:-colourability problem in the complement graph.

Problem. VERTEX CLIQUE k-PARTITION
Instance: A graph,G = (V, E).
Question: Can the vertices of grapfl can be partitioned inté or fewer cliques?

Related to this problem are the problems of covering the vertices and edges of a graph with/at most
cligues. These problems can once again be obtained from the previous problem by allowing the vertices
of the graph to be in multiple cliques in the cover. The essential idea behind a polynomial time algorithm
for these problems on a graghwith no more tharp(rn) maximal cliques is that if we can cover a graph
with cliques, we can also cover the graph with the same number of maximal cliques, by simply enlarging
each of the cliques to some maximal clique. We can thus consider only collectibmaafimal cliques.

For graphG = (V, E), we first computeC(G) = {C4, Cs, . . ., C,.} using the algorithm ir [19], which
runs inO(nmr) time. Then we consider each of th) sets ofk maximal cliques of5. If any of these
forms a clique cover, we output yes. If none of these are clique covers wk output no. Checking if
each setis a clique cover can be performe@ {n?) time, for a total runtime 0O (n?(})) = O(n*p(n)*)
wherep(n) is a polynomial bound on the number of cliques, and so we have a polynomial time algorithm
for the cliquek-cover problem for graphs with a polynomially bounded number of maximal cliques.

Once again, by the equivalence oENTEX CLIQUE COVER and VERTEX CLIQUE PARTITION, this
algorithm solves thé:-partitioning problem as well, and since we can form a minimum edgique
cover from maximal cliques by using the same approach, we have a polynomial time algorithm, for any
class of graphs with few cliques, for the edgelique cover problem. This problem is exactly the problem
of determining for a graplé’ whether there is an intersection representatiorGfaf size at mosk, for
constantc [13].
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Problem Complexity Bound
CLIQUE O(nmp(n))
COLOURABILITY NP-complete 4n?
DOMINATING SET NP-complete| 7n/3 —6
EDGE CLIQUE COVER NP-complete| (m + 1)n3
EDGE CLIQUE k-COVER O(n%p(n)k)
HAMILTONIAN CYCLE NP-complete| 7n/3 —6
HAMILTONIAN PATH NP-complete| 7n/3 —6
INDEPENDENTSET NP-complete 4n?
k-CLIQUE PARTITION NP-complete nk
k-COLOURABILITY NP-complete| 7n/3 —6
VERTEX CLIQUE COVER NP-complete n?
VERTEX CLIQUE k-COVER O(n?p(n)¥)
VERTEX CLIQUE k-PARTITION | O(n%p(n)¥)
VERTEX CLIQUE PARTITION NP-complete n3
VERTEX COVER NP-complete 4n?
WEIGHTED CLIQUE O(nmp(n))

Tab. 1: Complexity results on graphs with vertices,m edges, and no more tharfn) maximal cliques. The
NP-completeness results hold for the class of graphs that do not have more maximal cliques than the given bound.

5 Conclusion

We have seen that the graphs with few cliques are exactly those graphs with polynomially bounded Helly
intersection number.

We have also examined several well-knoMR-complete graph problems, and shown that the majority
of them remain hard when restricted to the graphs with few cliques.

Table[] lists the complexity results on the problems considered here, for graphs with few cliques. It is
interesting to note that thdP-completeness of edge clique cover implies that it remains hard to find a
minimum intersection representation even when given a minimum Helly intersection representation.

The problems that admit efficient algorithms on these restricted classes appear to be only those problems
where the restriction allows a brute force algorithm to run efficiently. Whether there is a problem that
allows this restriction to be used in the construction of a nontrivial efficient algorithm is unknown.
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