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i Outline

= Motivation
= What is a Belief Net?

= Learning a Belief Net
« Goal?
= Learning Parameters — Complete Data
= Learning Parameters — Incomplete Data
= Learning Structure




*Learning IS ... Training a Classifier

35 95 Y Pale No
22 110 N Clear
10 87 N Pale No

=

32 19 | N | .. | Pale No




35 95 Y Pale No
22 110 N Clear Yes
10 87 N Pale N.O
Then conditionalize, marginalize
to answer any question:
P( +d | temp=30, BP= 100, ...)
—

32

a0 N ... | Pale No
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Learningis ... Training a Model

P(j/bh)
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i Why Learn Bayes Nets?

= Goal#1: Build a classifier
= Whatis P(Cancer=+ |HA=+,Fev=— ..)?
= IsP(Cancer=+]..) >P(Cancer= - | ...)?

= Goal#2: Build a SET of classifiers
= Whatis P(Cancer =+ |HA=+,Fev=— ..)?
= What is P(Meningitis = — | HA =+, Cold =3, ... ) ?
\ = What is P(HospStay = 3 | Smoke = 0.1, BNose = -1, ... ) ?

= Goal#3: Build a model of the world!

= ... all interrelations between all subsets of variables
= Reveal (in)dependencies, connections, ...
= Note: A completely accurate model will produce correct answers

to EVERY P(X | Y') query
“D :
€nsity Estimation "



i Generative vs Discriminative

Q(.)

= Generative Learning:
= Given (sample of)
distribution, P(y,x)

= Seek model Q(y,x)
that matches P(y,x)

P(y,x)

= Discriminative Learning:

= Given (sample of)
distribution, P(y,x)

= Seek model Q(y | x)
that matches P(y | x)

< |o|<|wn
lo o < | >




‘_L KL-Divergence ... = MaxLikelihood

= Seek the BN that minimizes KL-divergence

P, (x)
KL( D; BN ) =) P,(x)ln—2
X PBN (‘X)
= KL-divergence ... e BN* = argmin KL(D; BN)
= always >0 BN
« =0 iff distr’s “identical” = argmax ZFD( r)InPgy(z) @S > Pp(X) In Pp(x)
« not symmetric BN o is independent of BN
] o _ :
but... dIStI‘I!:) N .2not kKnown; . .. max TZlHPBN(d) 25 S drawn from D
Only have instances BV |55
S={d}
drawn iid from 2 AR RR || Pev(d) = argmax Pan(S)
v deD ‘



i Best Distribution

= If goal is
BN that approximates 2:

Find BNV that maximizes likelihood of data S

argmin KL( D; BN ) = argmax P,, (S)
BN

BN

= Approaches:

« Frequentist: Maximize Likelihood
= to address overfitting: BDe, BIC, MDL, ...

« Bayesian: Maximize a Posteriori



Learning Bayes Nets

Data

Structure
Known Unknown
Complete |  Easy NP-hard

Missing Hard ... EM | Very hard!!

CPTs :
— % _I_ P(Xi| Pay:)

structure parameters




i Typical (Benign) Assumptions

1. Variables are discrete

2. Each case ¢ € S is complete
3. Rows of CPtable are independent
0, L 65 ® ==

a | (B=+|A=qa) P(B=9—|A=a)

eB|-|_a J— eBl-a @ ‘_1“ g“"*a b+
+b|—a —b|—a

Bayesian Mode|
A

4. Prior p(®, | G) is uniform
. 054 ~ Beta(1,1)

Later: relax Assumptions 1,2,4

10



Learning the CPTs

f4a

0_a

Structure: G =

Sample § =

= Given
= Fixed structure
= over discrete variables X;
= Complete instances

= O = “empirical frequencies”
s E

g.

= 0,,=2/(2+2) =05

« 0, =3/(3+1) = 0.75

" 00 = 2/ (240) = 1.0

N
—

(>

\1
iy

@

Bin O _n

B4 c|4a4b
Oy a1b
Oy o 4a,—b
B4 c|—a,—b

0_cita+b
O_cl—a4b
O_cl4a,—b

—c|—a,—b

i1
o

e Rl N

oo~ olm

11




REPEAT!! |5, R, A

iOne-Node Bayesian Net
= P(Heads) = 6, P(Tails) = 1-6

@ P(C=h) P(C=t)

0 1-6

= Flips are i.i.d.:
=« Independent events

= Identically distributed according to Binomial
distribution

= Sequence Sof o, Heads and o Tails
P(D|60) =0% (1 —0)°T

12



i Maximum Likelihood Estimation

= Data: Observed set D of
o, Heads and o Tails

= Hypothesis Space: Binomial distributions

= Learning 6 is an optimization problem
= What's the objective function?

= MLE: Choose 6 that maximizes
the probability of observed data:
0 = arg m@ax P(D | 0)
= arg m@ax In P(D | ) ,



i Simple “Learning” Algorithm

H = argm@ax In P(D | 0)

= argmax INOYH(1 — 9)°T

L d
= Set derivative to zero: ¥ INnP(D|0) =0

;—Hln[eha H)]—a—[hln9+tln(l oy ="y "

T
0 (1-6)

& (1-6)




i Factoid wrt Belief Network

= Recall that...
= For a COMPLETE instance, x = (X4, ..., X;,)

P(x) = product of CPtable values
(one from each variable)

15



Probability of Complete Instance

P(—b, e, a, -7, m) =
P({—-b) P(e|—-b) Pl(a|e,—b) P(—jl|la,e,—b) P{(m|—j,a,e, —b)

FP(—-b) P(e) Pla|e,—b) P(—j|la) P({m|a)
0.99 x 0.02 x 0.29 x 0.1 = 0.70

MNode independent of predecessors, given parents

( Burglary ) (Earthquake)

N/
(o)

/N

2(—b, e, a, —j, M) =

P(A|B=bE=c¢)
0.95
/ P(al|—-b,e)
0.001

e | e
LT

(JﬁhnCaiis) (MaryCaIIs)
P(J|A=a) 2 | P(M|A=a)

> I GO ),

F 0.01

16



‘L Likelihood of the Data (Frequentist)
8+a 6-a |(A) {(B) [ o4+ o

\‘- r/ g g
Given: Structure: ¢ = s telHatt F—etatt
+ P(8]©) =TI, P(d/®) il =
tel-a,-5 F_ej_a-b
C
- P d1) = P@(+a, —b, +C) Sample § ::’?%:
= Pg(+a) Pg(-b) Pg(+c|+a, —b) |10 1
= ®+a ®-b ®+C|+a,-b

* P(d,) = Pg(-a, +b, - C)
= Pe(-a) Pe( +b) Pg(-C | -a, +b)
=0,0, ®-c|-a,+b

‘P(S10)=0,20.20,'0,°30 | 20 @,ga 02
=a @_aN-a ®+bN+b ®'bN_b ®+C|+a,+b ®+Cl+a,-bN+C|+a"b e

= ] Lij Ok 17



‘L Example of Parameter 6,

Coon) (P e i
~.

H Fever =7| Cold, Flu, Malaria)

Cold Flu Halaria || True FEJEE-E'
F F F 111 H110
F F T d121 {413:5
F T F B [

qth — |5z . fianoo S el
T F F B1m1 H1ma
T F T f161 162
T T F B 8172
T T T Jm fa0

= Oy = P(X; = vy | Pa; = pay)
= variable#1 -- here, “Fever"
= 4t value of parents — [ Cold=F, Flu=T, Malaria=T |
= 2" value of Fever-node — here, “Fever = FALSE"

= Note: 2, 0 =1

18



Example of Parameter N;;,

Coon) (P e i
~.

F{ Fever =7 |Cold, Flu, Malaria )
cold Flu Malariz § Truoa Falsg
Y1y MLz

F F F

F F T Wz H’:#:

F T F Nym N

4th e S, S e | Mrar . L

T F F MNymp IR

T F T N MNiaz

T T F W V172

T T T Num Mgz

= Ny refers to ...
= variable#1 -- here, “Fever"
= 4™ value of parents — [ Cold=F, Flu=T, Malaria=T ]
= 2" value of Fever-node -- here, “Fever = FALSE"

= N; is number of data-tuples

where variable#i = its kt" value
& parents(variable#i) = jt value 19



Example of Ny,

Ok

B3 =2 00 Vs

Y1 Ys Ym Uil Uik Vir,
U1l U2 Um1 || F111 B11k B11r,
U1l UM Um2 || 121 B12k B12r,
Uyp  Uop Ugy v Bk
Ulr, UDr, Umr, 01 g1 01 gk Elgh
e CPtable: gijk = F"( X;!; :'L=;;;¢|P£1;!; :pﬂg;j)

e ...based on "Buckets"

Y Yo Ym Ui Uik Uip,
U1 U2y Um1 || V111 N1k Niin
U1l U21 um2 || N121 Niop Nioy,
th i AT
0 — | wie  uop Ugp o Niik
Uy, UDp, Umr, N lpl N 1ok N Loury

e Ny is number of data-tuples

where
and

variable#i = its k!* value

parents(variable#i) = ;' value




Task#1:

5 Fixed Structure, Complete Tuples
1

= What are the ML values for 0O,
giveniiddata S={c } ..

PO =l]rc® =] [] ©.-=

cesS ceS | X;=xy.Pa;=pa;lec

N N..
ijk — ijk
[Te..”™ = T] 1 @
ij k

ijk

s OMY) = argmax, { P(S | ©) }

= argmaxg { log P(S | ® Vij Xy O = 1
= argmax { Z@ Ny log ©;,) )




MLE Values

x@MY = argmaxg { X; &, Nj, log ;)

vij 2y Oy = 1

= Notice 6;; is independ
— can solve each 2 N

entof 6. wheni#r or j#s..
i 109 0, i individually!

= For each >, Ny log 6 ... as >, 6, =1, optimum is

N,

ZN

#(X =v,, & Pa, =pa, )
#(Pa, =pa, ;)

= Observed Frequency Estimates !

= Undefined if X,

Ny =0 ... #(Pa; = pa;;)=0

22



i Algorithm

ComputeMLE( graph @, data S):
return MLE parameters [0,

= Walk thru data S

= Whenever see [ Xi=v,, Pa=pa;],
Ny += 1

= Return parameters: ™+~ §

23



i Example .@)A{zio’zgo}

11
| 1+1 1+1

[ o 0}
“ 1 0+8°0+0
= Buckets 2 i

>

Z
&

I

Q
>
™

N =0, Cm 2
a ! + | + m

" N+b|+a 0 1 + | —

= Npjia =0

" N+b|—a =0

24



i Problems with MLE

= 0/0 issues

= Do you really believe 0% if 0/ 0+2 ?

= Which is better?
= 3 heads, 2 tails 6= 3/(3+2) = 0.6
= 30 heads, 20 tails 6= 30/(30+20) - 0.6
= 3E23 heads, 2E23 tails ©= 3E23/(3E3+2E23) = 06

= What if you already know SOMETHING
about the variable... . =

~ 50/50 ...

25



Rep@a /
i Bayesian Learning %

= Use Bayes rule:

likelihood ~ Prior

P(D|0)P(0)
P(D)

P | D) =

/

posterior

= Or equivalently:

PO | D) x P(D|6)P(6)

26



Rep@a /
Bayesian Learning %

P(eT D) P(DT| H)P(TH)

posterior likelihood — prjor

“
.
.
.
.
.
.
.*
.

P(D|6)=0"H(1—0)"T

= What about prior?
= Represent expert knowledge
= Simple posterior form
= Conjugate priors:
= Closed-form representation of posterior
(more details soon)

» For Binomial, conjugate prior is Beta distribution
27



i Beta Prior Distribution — P(e)p%

Beta(1,1) 6 | Beta(2,2) | | Beta(3,2) | . _ Beta(30,20)

Beta pdf

Beta pdf
Beta pdf
Beta pdf

_ QaH—l 1 — 91T — 1
m Prior: P9 = ( ) ~ Beta(agy, aT)
B(ay,ar)

= Likelihood function: P(D|6)=0mH(1—0)™T
= Given X ~ Beta(a, b) :
« Mean: a/(a+ b)

=« Unimodal if a,b>1... here mode: (a-1) / (a+b-2)
= Variance: a x b/ [(a+b)? (a+b-1)]

28



‘L Posterior distribution... from Bées

Beta(1,1) . Beta(2,2) Beta(3,2) ] Beta(30,20) |

Prior P(0) Likelihood P(D|0)

PO |D) x P(#) P(D|0)
=@ 1(1 - ©) T @™i(1 - ©)"D
— @ozH-I—mH—l(l B e)aT—I—mT—l

~ Beta(a ,+ my, ar+mr)

Same form! Conjugate! | 2°




Rep@et/
i Posterior Distribution %

= Prior: 6 ~ Beta(oy, o)
= Data §: my heads, m tails

s Posterior distribution:
0|S ~Beta(my + o, M+ or)

16 Beta(2,2) | Beta(3,2) B Beta(30,20)
14+ g
1.5}
1.2¢
4,
s 1r s S,
o
s 08 s 83
@ o6 @ !
04r | 0.5t
1t
0.2r
O L
: : l : 0 : : : : 0 0.2 04 0.6 0.8 1
O0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 parameter value
parameter value parameter value
Prior
+ observe 1 head + observe

27 more heads:

18 tails 30



Two (related) Distributions:
Parameter, Instances

, Uniform density

&
[
@

0.5 ®

0.8

oo g g g g

cemm= ==

ceemmm= oz |

31




i Distribution over Parameter

|II

= What is “rea
m If ..
= uncertainty in expert opinion
=« limited training data
only a distribution!

value of o,_, ?

Op-1 ~ |Beta( 4, 6)

al Bc-1ja=a Bc-0ja=a
1| 0.200 0.800
0| 0.367 0.633

n‘

Op-1j=b,c=c Op=0i=b,c=c
a| Op1ja=a  Op-oja-a 1| 0.300 0.700
1 0.325 0.675 0| 0.333 0.667
0| 0.440 0.550 1| 0.250 0.750
0| 0.450 0.550




i Distribution over Parameters

o O = = | T




* Beta Distribution

= Model row-parameter

95|a=1 = 9b=0|a=1 / 9b=1|a=1>
as Beta distribution

= eB|A=1 = (Bg=gja=1+ Op=1ja=1) ~ Beta( 1, 1)
kinda like seeing 2 instances with (A=1 ):

1 with (4=1, B=0)
1 with (A=1, B=1)

34



p—

* Beta Distribution, II

u eB|A=1 = (Bg=0ja=1+s O=1ja=1) ™’ Beta( 1/ 1 )

—~

B0y gl =0, = 111 =05

= Now... observe data S':

6 \\(/4=J)"

/

Lo “a=1 B=1)"%

~

4 “A=1,B=0)"

35



i Beta Distribution, III

- eB|A=1 = (Op=oja=1+ OB=1ja=1) * Beta( 1, 1 )
= B0 ] =6, = I_IH =05
= Then observe data S
2 (A=1, B=1)
n 4 (/4_] B=0)
s New distribution is B
0'gja=1 ~ Beta(1+2, 1+4) = Beta(3, 5 )

= E[OB —11A=1 5] = +b|+a 1§ = = (0.375

3+5

36



ieB|A=1 ~ Beta(3,5) Distribution

betapdf(x, 3,5)
|




Posterior Distribution of ®

= ®

‘g—i—r +a,+b ﬂ..r' +a,4b
Orc_a+b O_cj—a+b
O4cta b O _cl4a_b
H-I-c i1, — H—c —i,—b

Beta(1, 1) @ Beta(1, 1)
\ /Beta(l,

Given: Structure: &

1
where © x|, ~ Beta(1l, 1) @ Beta( 1, l;
Beta(1, 1)
Beta(l,1)

| A

dy | 1

e Given sample 5§ = da | O
dlg O

1

oor ol
(=N~

g

Posterior distribution is. ..

Beta(1+2, 1+2) @ Beta(1+ 1,1+ 3)

Beta(140.140)
Beta(1+40.1+41)

Lanrning Beiisd Hots E-.‘:eta( 1424 4 D)
Beta(1+4+1.140)




i Posterior Distribution / \

/
o InltlaIIy P(X ‘ le) \

0, ND/r(oc,Jl, ey O

- Data S includes
N;; examples including [ Xi=v, Pa,=pa;]

s Posterior

|]r

eij ‘S ~ Dir(o‘ijl + Nijll " |Jr+ |\IIJF)
= Expected value o1 Nata,
A ZN +a,

= Compare to Frequentist: = > v

39




i Algorithm

ComputePosterior( graph G, data S, priors [ogy ] ):
return posterior parameters [u; ]

= Initialize uy, < oy
= Walk thru data S
= Whenever see [ X;=vy, Pa;=pa;], Uy +=1
= Set parameters:
0; S ~ Dir( Uy, ...y Uy) -
« If want expected value: £%1=5 -

40




‘L Example

= Buckets
= Ny =0,
s N, =0,
= N+b|+a = Oypl+a
= Nopjta 1= Obpj+a
" N+b| a += U4p|-a
= Nopa 1= Op)a

. 0, ~ Beta(a,,, o)

\ eB|+a nJ BEta(()C+b|+a/ O('-b|+a)

. eB|—a ~ BEta(“+b|-ar OC-b|-a)

A B
+ | +
+ —_—

41



i Example . 6, ~ Beta( 3, 1)

\ eB|.|.a ~ BEta( 2, 2)
6p,_, ~ Beta( 2, 7)

= Buckets ¢
» N,, =1 Al B
s N, =1 , ™~ + |+
® Nipj4a:= I 5 + | —
. N—b|+a =1 e o B2
- N+b|—a =2

pdf
eta pdf

|
Z
=2
&
|
N




i Example

If you want POINT estimates...

= Buckets
= Nia
= N_,

" N+b|+a - =

3+1 3+1
A [ 2 2
®Bl+a: >
‘ | 24+2 242
oA [ 2 7
®B|—a: ’
| 2+7 247
(@)
)
A B
+ ~+
\ +

Note: no 0/0
issues!

In general, should initialize N;, to o, ... called “pseudo-counts” 43




i Answer to a Query...

= Response to query / \
p,( C=c | E=e ) \ A

is function of parameters ®

R,(A=11B=LC=1) = A—le—llA—lec —11A=I
Z 0 4= Op-tiaca Ocmiinza

44




‘_L What is Py( C=c | E=e ) ?

s Po( C=c | E=e ) dependson ®

= AS ® IS r.v., SO IS response

q(®) = Pe( C=c | E=e )
= Properties of q(®)
= Within [0,1]
= Mean

q(0)

A
/]\ g
I »

0.0 w

10 @

[ q(0) ] = |  a(0) P(O) do

45



How to compute
El Po( C=c | E=e ) ]7? \/

q(®) = P(A=1IB=1,C=]) =

/\

eAzl eB=1IA=1 eC =11A=1

2.

OAzaz eB:IIA:a eC=1IA=az

= Draw R samples ®0) from P(®)
| ®A nJ Be(3,7), ®B|+a g

0 @A(l) —
qe)) =
= @)A(Z) —

0.29, 0.71];

= 0.57

0.32, 0.68];

q(®(?)) = 0.61

Be(1,4), ...
g+, = [0.18, 0.82]; ...
g, = [0.23, 0.77]; ...

m Llet qR=1/RX q(60)

m AS R —oo,

q® — E[q]

But ... easier approach:

46



i Predictive Distribution

R
N
©
\®/

« If q(6) is UNCONDITIONAL query,
q(®) — P®(+a, +b, _C) — ®+a ®+b|+a ®—c|+a

§=FE[q©)] = q(Bel®]) = ¢(©) !

;T\TE gk + 1

« BN? = [@, ©°] with 02 = {s( 5D
Compute E[ g(0) ] by using just BN? !
— get Model-Averaging for free!

= More complicated for Conditional Queries!

47




Alternative “"Encoding”

m Beta(a,b)=B(m; u, 1-n)

Beta(1,1)

where

= M = (a+b)
... effective sample size

= U = a/(a+b)

aaaaaaaaaaaaaa

» Beta(1,1) = B( 2; 0.5, 0.5) e
= Beta(10,10) = B( 20; 0.5, 0.5) =

» Beta( 7, 3) = B( 10; 0.7, 0.3)

48



Bayesian Learning for 2-node BN
= Parameters 6, 6y . 0,
= Priors: !

= Oy ~ Dirichlet( oy_q, ..., Oy— ) . Oy x
= P(6yy) : k different distributions:
for each x,
Oyix=x ~ Dirichlet( Oly=1xs +-r Oly=k|x )

Oy)x=0 ~ Dirichlet( Oly—ajor Oy=p|0r Chy=c|0 )
Oyjx=1 ™ Dirichlet( Oly—a|1r Oy=p|1r Cly=c|1 )

= Independent
Oy x=0 L Oy|x=1




‘LImportant Assumption wrt Prior

= Global parameter independence:
= Prior over parameters ==

T 9 inv
product of priors over CPTs 0y v MJ”
nv
= O L Oyt &=
0y i L By G R D o
= \? Wil

«P(®) = ]I P( 6y y) |eors
| MR e |

0 rjAnap — L") (sr0:) @urwesy] (oosed)

T e s

e T D e
D & = e

IIQREF'
=) -




Global parameter independence,
d-separation and local prediction

= Independencies in meta BN:
@D o,
|

= Proposition:
If prior satisfies global parameter independence,
then given fully observable data b,

GYIXJ_OX ‘ D

PO | D) =[] POx,pay. | D) |
’l: 1

GYIX J_ ex




Summary: Parameter Learning

= MLE:
= Score decomposes according to CPTs
= optimize each CPT separately
= Bayesian parameter learning:
= motivation for Bayesian approach
= Bayesian prediction

= Bayesian learning for BN parameters
= Global parameter independence

= Predictive distribution — model averaging, for free!

52



i Outline

= Motivation
= What is a Belief Net?
= Learning a Belief Net
= Goal?
= Learning Parameters — Complete Data

= Learning Parameters — Incomplete Data

« Gradient Descent
« EM
= Gibbs

= Learning Structure

53



‘L #2: Known structure, Missing data

To find good ®, need to compute P(®, 9 | §)

Easy if .. (o1 AN )
{_-'-1 : E _' ’5'1?*'5 incomplete
g = 2\ —' > compiete
: ( : C'i-j : >
L Cm - (‘C-'--m.l Cee f-'-m-f\'r> y

What if S is incomplete
= Somec; = *
= "Hidden variables” (X, never seen: ¢, = * V i)

Here:
= Given fixed structure
= Missing (Completely) At Random:

Omission not correlated with value, etc.

Approaches:
= Gradient Ascent, EM, Gibbs sampling, ...



‘L Gradient Ascent

= Want to maximize likelihood
= OMLE) = argmax, L(6 : S)

= Unfortunately...
= L(6 :S) is nasty, non-linear, multimodal fn

| SO Procedure Gradient-Ascent |
o' /) Initial starting point
I - fobj. // Function to be optimized
- Gradlent Ascent d // Convergence threshold

= ... 1st-order Taylor series ¢ , ' ,_,
2 do
Fobi(0°) = Funy (0%) 4 (0 — 0°)7V fpy(6°) fj_;_fitw

5 while |0 — 07 > 6
§ return (8"

Need derivative!




Gradient Ascent [APN]

View: Pg(S)=P(S|©, G) as fn of ©

s 1Tt

i’j|ﬂp(§}(9) . Zl‘j|ﬂp(§].(f{) . Zl’jP@(Cf)X(jQUL

aa—ijk —1 C}Qijk —1 P@( Cy )
IPs(cp)/00;j _ Po( ¢ | vi, pay; ) Po( pa;; _ Po(vir,pay; | cr)
Pe(ce) Po(cr) Oijr

Alg: fn Basic-APN( BN = ( G, ® ), 9 ): (modified) CPtables
inputs: BN, a Belief net with CPT entries
9P, a set of data cases
repeat untii A® =0
A® <« 0
foreachc. e D
Set evidence in BN to c,
For each X; w/ value v,,, parents w/ j* value pa;
AOy += P( vy, Pay | €. ) / By
®+=o A0
O « project O into constraint region, [0,1]l®!
return(®)

Note: Computed P( vy pa; | ¢, ) to deal with c,
= can “piggyback" computation

56




i Issues with Gradient Ascent

s Constraints
= Oy € [0,1]
" Zr ®ijr =1
= But... ® += o A®;, could violate
« Use @, = exp( Ay ) / X, exp(hy; )

= Find best % ... unconstrained ...

s Lots of Tricks for efficient ascent
= Line Search
= Conjugate Gradient

[See earlier notes on optimization]

X
R
5 ’0..

f‘
)
o

o
X 1::‘3’.."%_\ i

R
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i Expectation Maximization (EM)

= EM is designed to find most likely 0,
given incomplete data !

= Recall simple Maximization needs counts:

#(+X, 1Y), ... O ;
= But is instance [?, +V] in @ '
#(+X, +Y)? #('X, +Y)? Oyix

= Why not put it in BOTH... fractionally ?
= What is weight of #(+x, +y)?
= P,( +x | +y), based on current value of 6

= Compute “expected sufficient statistics”: Ee[ Nijk]
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i EM Approach — E Step

0. | 0. A| B

@ Sample S =575

O.aj+c | O-aj+c \‘ O4bj+c | O-pjc ’(’9 1
6+a|-c e-a|-c @ 6+b|-c e-b|-c /0/ X
fas

= (= O(—=]10

Guess initial values 6° B

0.55 | 0.45 Y '
@ Set SO = [V 1 o] o7
0.8 0.2 \ 0.9 0.1 } |0 0.3
1

1
03 | 07 @ 0.4 | 06 SRR V) T N
0 1 1 0.9

EGO [ N+b|+C] — 09+(02X09)+(08X09) 1 ...... 0
EqO [ Npjsc 1= 0.1+(0.2x0.1)+(0.8x0.1) \\




EM Approach — M Step

0,. | 6.
A|B Q
. 0 0 e+b|+c e-b|+c
eUse fractional data: — Broe | O
S(O) T IO
0 1
o | 0o

eNew estyﬁ/
_ +a|+c (O 8)(0 1)+(O 8)(0 9) O 233
- I/:jw/l T 1(0.8%0.1)+ (0.8%0.9)]+[1+ 0.1+ 0.9) + (0.2x0.1)+ (02x0.9)]
@ g E[N 10+(10)+(10) 075

o[ N+ Eg[N_, ]
E,N,,..] _0.9+(02x0.9)+(0.8x0.9) _,
EB[N+bI+c]+E9[N—bI+c] 3 '
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EM Approach — M Step

0, 0.
A
e-b+c
eUse fractional data: g e_b:_c
g0) = |
0
S

oNew esti es:

+al+c al+c ]

E,[N LO+(Than” ™

_ Egl . ] _ (0.8%0.1)+(0.8x0.9) 033
TEp /:?w/ T1(0.8%0.1) + (0.8%0.9)]+[1+(0.1+0.9) + (0.2x0.1) + (02x0.9)]

Eo[NAT+EGIN_, ] = E-step: estimate expected sufficient statistics (wrt
E,[N,,..] ( missing values) using current 6 values
: E T E =~ = M-step: compute new 6(*1) values, using these
o LN e 1+ Eg LN . ] expected sufficient statistics
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i EM Steps

= E step:
= Given parameters 6
= find probability of each missing value
= ... SO get Ee(t)[ Nijk]
= M step:

=« Given completed (fractional) data
= based on Eg[ Ny |
= find max-likely parameters 6(t+1)
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+

EM Process

e(o) E-Step > { E@(O)[ NUk] }

y

9(1) Eetep > { E@(l)[ NUk] }

{ Ee(k-1)[ Nijk] by

y

9k




EM Approach

e Assign ©(0) = {G,Ejok)} randomly.

e [teratively, k=0, ...

E step: Compute EXPECTED value of Njj,
given (G, ©%)

AKrl:,jk = EP{:I:|.S'._@’°,G )(*’T\‘ré.jk) — Z P( xil p“'—f ‘ Ce,s ekﬁ S)
C{ES

M step: Update values of ©%+1 based on Njj;

o+l — Nijr 4 O
>

e Return ©F




i Facts about EM ...

= Converges eventually

= Always improve likelihood
s L(OED :S§)>L(6D:S)
= ... except at stationary points...

= For CPtable for Belief net:
= Need to perform general BN inference

= Use Click-tree or ClusterGraph
... just needs one pass
(as Nj, depends on node+parents)
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i Outline

= Motivation
= What is a Belief Net?

= Learning a Belief Net
= Goal?
= Learning Parameters — Complete Data

= Learning Parameters — Incomplete Data
= Gradient Descent

\ [ EM
= Gibbs

= Learning Structure
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:L Gibbs Sampling

e Let S(O) be COMPLETED version of S,
randomly filling-in each missing Cij

Let dff) = e
If c;; = =, then d;?j'?} = Random|[ Domain(X;) ]

e For £k = 0.,
— Compute @) from S%)  [frequencies]
— Form sG+1) py .
* di}"’l = cjyj
* IT i = *= Then
Let df;rl be random value for X;,
based on current distr @F over Z — X;




i Gibbs Sampling — Example

0, | 6. New

o
O.aj+c | O-aj+c O4bj+c | O-pjc

O.1a1c | O-ac o O.1pc | O-bjc B
l ' @ . - a Flip 0.3-coin:
/Flip 0.9-coin:
Guess initial values 6° / Flip 0.8-coin:
Flip 0.9-coin:

/@ 0.55 | 0.45
0.8 0 \4 0.9 0.1

Ay 04 T o6

Then
= Use SO to get new 6(2) parameters
= Form new S(® by drawing new values from 6(%)

R Ol o o]lX>
= = = O]

= ([O(—=]10




i Gibbs Sampling (con't)

= Algorithm: Repeat
= Given COMPLETE data SO, compute new ML values for {6, (+!) }
= Using NEW parameters, impute (new) missing values S(+1)

= Q: What to return?

AVERAGE over separated ©0)'s
= €g, @(500), @(600), @(700),
= Q: When to stop?
When distribution over ©()s have converged
= Comparison: Gibbs vs EM
= + EM “splits” each instance

...into 2k parts if k *'s
= — EM knows when it is done, and what to return
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i General Issues

= All alg’s are heuristic...
= Starting values 60
= Stopping criteria
= Escaping local maxima

L(8: D)

= SO0 far, trying to optimize likelihood.

Could try to optimize APPROXIMATION
to likelihood...
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Gaussian Approximation

( Assumes large amounts of data )

o Let g(©) =log[P(S|@,G) P(©|G)]
Let &gy = arg maxe g(@)
...also maximizes P(© |G, S5).

With many samples,
©py =~ ardmaxe{P(S|©,G)}

e 9(©) = g(Opy) — 5(© — Opy)A(© — Opy)*
(2"i-order Taylor; A Is neg. Hesslan of g(©gn))

So. ..
P(O|G, S)xP(S5|©,G) P(©|G)

P(S|®gy.G) P(Ggy |G )l (E&—Ca) A(E—Cay)'}

.. . which looks {:ﬂDDFGElﬂ’]EtEl}") Gausslan!

e Now use
gradient descent or EM

Mote: Can often use values computed during Inference!
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i Summary of Approaches

s Gradient Ascent
= EM-based (many variants)

= Gibbs sampling
= Multiple imputation
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