Bucket Elimination Example

/@
P(A=a) = l w
o
= Z P(A:Oé, C,b7f7dag) @
c,b,f,d,g

Y P(a)P(cla)P(bla)P(f|bc)P(d|a,b) P(g|f)

¢,b,f,d,g

= P(a )ZP( |a)ZP(b|a)ZP(f|bc)
X ZP(dmb)ZP(gm
= Ma(e )ZAC|A<ca)ZAB|A(ba)zx\ﬂm(f,bc)
X ZAD|AB(da b)ZAG|F<g,f)

Note: Each P(X|Y ) is from CP-table.
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Using Buckets l /

P(A=a) = © l

)‘A(Q)ZACHA(Caa) ZAB|A(b7a) Z/\F|B,C(f7bac)
c b f
X > Apap(d,a,b) > Agip(g, f)
d [Y

Buckets:
BlA] BIC] B[B] BLF] B[D] BlG]

Aa(a) H Aga(e a) H Ala(h, a) ‘ Aric( f;b,¢c) ‘ Apja,(d;a,b) H Aair( 9, f) ‘

Plan: Sum out values of each bucket, 1-by-1,
creating new functions
Remove function from that bucket
Add new function to "earlier’ bucket

At each time:
P(A=a) = Z B[A] < B[C] > B[B] > B[ F] > B[D] < 5G]

c,b,f,d,g



Bucket-Elimination Algorithm

Order the variables (Xi,...,X,)
Place each CPtable-function Ax,x, . x,(-..)
into bucket X = argmax,{X;, X;1,...,Xjn}
Go through buckets in reverse order
(BIG], BLDI, BIF], BIB], BIC], BIA])
For bucket X, with B[X] = {Ax1,..-, Axk}:
Let )\(?) = > . >‘X,1 > - ] >‘X,k
Drop A(Y) into B[Yi]
(Y1 has highest index in ordering)

Buckets:
BlA] BIC] BlB] BIF] BID] BlG]
Aa(a) H Aojale,a) H Apja(b,a) ‘ Arigc( f,b,¢) ‘ Apja,p(d,a,b) H Agir(g, f) ‘
g [ | 2xgr(g f)
F F 0.1 { f Aar(f) }
% Given + - 0.9 define F101F+07 = 0.8
- + 8.; — ‘ 08403 = 1.1
% As Agp(f) depends on F,and not D ...
)\A(a) >‘C|A(caa) AB|A(b7a) )‘F|B,C’( f,b,C) )‘D|A,B(d7aab)

’\C¥|F( f)




Operation#1: Summing Out
Buckets:
BlA] plC] B8] BIF] BD] BlG]
>‘A(a) H )‘CIA(C’O‘) H )‘B|A(baa) ‘ >‘F|B,C(f’bac) ‘ >‘D|A,B(daaab) ‘ >‘G|F(gaf)
(g9 [ 2gr(g, f)
+ + 0.1
% Given  gr(g.f) = < + — 0.7 )
— + 0.9
— - 0.3
\ J
( f A(ﬂ}?(jf) \
% define xp(f) =< +10.14+09 = 1.0 ;
— 107403 = 1.0 )
\

%

Aa(a)

As )‘G|F(f) depends on F, and not D ...

Acjae,a) || Apja(h, o)

)‘F|B,C( fa b, C)

’\@|F( f)

)‘D|A,B( da o, b )




Trace, 1

BlA] BIC] BlB] BlF] B[D] BIG]

‘ >‘D|A,B(daaab) H )‘G|F(gaf) ‘

A(a) H)‘C]A(Caa)H Apla(bh, o) H)‘F|B,C’(fabac)

% Let Aap(f) = Zg Aeip( 9, f)

)\A(OC) AB]A(b7a) )‘F|B,C’(f7bac)

)‘@|F( f)

AC]A(Caa) )‘D|A,B(daa7b)

% Let )\D|A,B(aab) - Zd)‘D|A,B(daaab)

A(a) Agla(h,a)

Apap(sb)

)‘F|B,C’( [0, C)
)‘G‘|F(f)

ACIA( (SPpe )




Trace, 11

BlA] BlC] B(B] BLF] BlD.
)\A(O{) >\C|A(C,O¢) >‘B|A(b7a) >‘F|B,C(f7bac) -
)‘E|A,B(aab) )‘G|F(f)

% Let AF;B,C(bac):Zf)‘F|B,C(fabac) X>‘G’|F(f)

Aa(a) Acjae,a) ABja(b,a) — —
)‘E|A,B( &, b)

)‘F:B,C’( b, c)

% Let Apac(a,c) =2 3 Aalb,a) X Apjs (e, b) X Ap.p (b, c)

Aa(a) Acjale,a) — — _
AB:A,C( a,c)

% Let )‘C*:A(O‘):Zc)‘CIA(CaO‘)X)‘B|A,C(O‘ac)
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Operation #2: Multiplying

Function: table wrt some NAMED variables

Given: f(A=a,B=0b), g(A=a,C =c),

“Pointwise Product” h= fixg:

MA=a,B=bC=c) =
f(A=a,B=0b) xg(A=a,C =c)

BN-Inference

a b| f(A=a,B=0») a c|g(A=a,C =c)
t t 0.30 t t 0.22
t f 0.70 t f 0.78
f t 0.91 f t 0.99
f f 0.09 f f 0.01
h(A=a,B=5,C = c)

a b c|f(A=a,B=5>b)xg(A=a,C =c)

t t t 0.30 X 0.22

t t f 0.30 x 0.78

t £ t 0.70 x 0.22

t £ f 0.70 x 0.78

f t t 0.91 X 0.99

f t f 0.91 x 0.01

f f t 0.09 x 0.99

f f f 0.09 x 0.01




Bucket Elimination: Notes

e \What to do with final buckets?
B[A] BIC] B[B] BIF] B[D] BIG]
Aa(a)

So P(A=0)=X(0) X Az4(0)
P(A:].):)\A(]_)XAC:A(].)

e Can deal with > 1 variable:

To compute: P(A=a,C=+v)...

BlA] BlC] glB]  plF] BID] BIG]
)‘B:A,C(aﬂc)

p(éji) = (@) Agialea) - Mgy olae)

e If dealing with CONDITIONAL ...
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BucketElim Notes, 11

e [TO compute

P(A=a|C=1) = P(A=a, C=1)

P(C=1)

P(A=a, C=1)

P(A=0, C=1) +

P(A=1,C=1)

= Just need to compute | P(A=a, C=1)| for all x

e Here...can know C = 1.
Can incorporate this. ..



Operation #3: Setting Value

View each CPtable as a function:

(f g9 | Aqr(g, f) )
+ 4 0.1

Mop(g, f) = § + — 0.9 \
— 4 0.7

- - 0.3

as  Agip: {t,f} x{t,f} —~[0,1]

SubDomain: When G = t, get
Molp(f) = Aqr(tG, [f)

| Map(f)
Morp(f) = + ‘ 0.1
— 0.7

Similarly. ..
Agier(g): {t,£} — [0,1]
by
Agier(tG) = 0.70
Agier(£G) = 0.30



BucketElim: Efficiency Tricks

/@
e
e If know values for some variables: (o) l
(&)
For P(A=a, C=1,G=0)

BlA] BIC] BLB] BLF] BLD] BlG]

>‘A(a) ‘ - >‘B|A(baa) AFIB,C( /s b,C) >‘D|A,B(d’aab) ‘ -
Aciala) A_qir(f)

e Ignore bucket if d-separated (below evidence)
)‘D|A,B(a7b) — Zd )‘D|A,B(d7aab)
= Y,P(D=d|A=0ao,B=b) = 1(a,b)

e Time/Space Efficiency:
depends on size of largest bucket

Eg: if every bucket ever has < 3 variables,
O(D?3)
where D = |Dom(X;)| is size of domain

= Want to minimize
“high-water-mark’ size of largest bucket



