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Abstract7

In this paper we consider a classic scheduling problem known as Machine Minimization (MM). The8

input to MM is a set J of n jobs, where each job j has processing time pj , release time rj , and9

deadline dj . The goal is to schedule the jobs to run non-preemptively on minimum number of10

machines such that each job is fully scheduled within its [rj , dj ] interval and each machine runs at11

most one job at a time. This problem generalizes several NP-hard problems (e.g. the case of identical12

release time and deadlines reduces to the bin packing problem). Using Randomized Rounding [24]13

one can get an O( logn
log logn )-approximation. Chuzhoy et al. [11] presented an algorithm that uses14

O(opt2) machines (i.e. O(opt)-approximation). Combined with the earlier work this yields an15

O(
√

logn
log logn )-approximation and this remains the best known result for over 20 years. Even for16

when the ratio of largest to smallest processing time pmax/pmin is bounded, or the number of distinct17

processing times are bounded, there is no (universal) constant approximation. In this paper, we18

present a number of results. When pmax/pmin = ρ we present an algorithm that yields an asymptotic19

(2 + ε)-approximation in time nO(ρ4/ε4). When the number of distinct processing times is c, we20

present a 2-approximation with run time nO(c2 log3 n). If we have c distinct processing times and21

pmax/pmin = ρ we present an asymptotic (1 + ε)-approximation that runs in time nO(c2·ρ2·log3 n/ε2).22
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1 Introduction27

Scheduling remains a cornerstone of combinatorial optimization and operations research28

and problems in this field have been studied over the last several decades due to their wide29

applications. Despite this, there are still several fundamental problems in this area that30

are not resolved or fully understood. One such class of scheduling problems are those for31

scheduling of jobs with release times and deadlines in order to optimize some objective32

function. These problems include Machine Minimization, Throughput Maximization, Flow33

time, and the weighted variants of them [12, 23, 22, 21]. In this paper we consider the34

Machine Minimization (MM) which is a classic scheduling problem and present several35

approximation algorithms for it. In MM we are given a set J of n jobs, where each job j36

has a release time rj , deadline dj , and processing time pj . We would like to schedule these37

jobs non-preemptively on minimum number of machines such that each machine runs at38

most one job at any given time and each job is completely run between its release time and39

deadline. Note that this problem generalizes many classic problems. For instance, when all40

release time and deadlines are identical, this reduces to the bin packing problem. So the41

problem is NP-hard and in fact NP-hard to approximate within a factor better than 3
2 . The42

MM problem defined above is also referred to as the continuous version as there is a discrete43

version of it defined below. In the discrete version of MM each job j is given with a collection44
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134:2 Approximation Algorithms for Machine Minimization

of intervals I(j) (instead of just an interval [rj , dj ]) and in any feasible schedule j can be45

scheduled in any of these intervals. The discrete version of MM seems to be significantly46

more difficult than the continuous version. Chuzhoy and Naor [13] proved that discrete MM47

is Ω(log logn)-hard to approximate. From now on by MM we mean the continuous version48

and will explicitly use the term discrete MM to refer to the discrete version of it.49

The classic randomized rounding approach of Raghavan and Thompson [24] implies an50

O(logn/ log logn)-approximation for MM (for both the continuous and discrete version).51

In fact, one can see that it generates a solution of value at most opt +O(logn/ log logn),52

where opt is the value of the optimum solution. This can be improved to d(1 + ε)opte if53

opt = Ω(logn/(ε log logn)), which yields an asymptotic PTAS. Chuzhoy et al. [12] presented54

an O(opt)-approximation for MM. This, combined with the above randomized rounding55

algorithm, yields an O(
√

logn/ log logn)-approximation and this has remained the best56

approximation so far. In [11] Chuzhoy and Codenotti presented an algorithm with a claimed57

approximation ratio of O(1) for MM but unfortunately, the proof is wrong [10]. Im et58

al. [23] presented a DP based framework for several scheduling problems. Their results59

include a quasi-polynomial (1 + ε, 2) bicriteria approximation for MM, i.e. an algorithm60

with time 2polylog(n, 1
ε ) that finds a 2-approximate solution using machines that have (1 + ε)61

speed up. They also presented a (2 + ε, 1) bicriteria approximation with the same time62

complexity, i.e. an algorithm that finds a solution using machines that are 2+ ε faster but the63

solution uses opt machines where opt is the optimum value for the solution using normal64

speed machines. In this paper, we present three results for when the number of distinct65

processing times and/or the ratio of the largest to smallest processing times are bounded.66

Although these results seem more restricted, they in fact imply the above mentioned bicriteria67

approximations as explained below. Our first (and perhaps the main) result is an asymptotic68

(2 + ε)-approximation for when the ratio of the largest to smallest processing time, i.e.69

pmax/pmin is bounded.70

I Theorem 1. Given an instance I for machine minimization with pmax/pmin ≤ ρ and an71

ε > 0, there is an algorithm with time nO(ρ4/ε4) that can produce a solution using d2(1+ε)opte72

machines where opt is the value of optimum.73

Note that the previous best known approximation for such case is a 6 · (pmax/pmin)-74

approximation [31]. So we give first the (universal) constant factor approximation for when75

pmax/pmin is bounded. This result is obtained by presenting an asymptotic PTAS for two76

separate cases: when all jobs are large (compared to their span) or when all jobs are small.77

For the first case we show there is a near optimum solution with certain structures and how78

one can find an optimum structured solution using Dynamic Programming. For small jobs79

we show existence of near optimum solutions with other structures. Then we show how to80

find an approximation for a structured optimum solution using LP rounding.81

Our next two theorems are for when the number of distinct processing times (and82

pmax/pmin) are bounded.83

I Theorem 2. Given an instance I for machine minimization with c distinct processing84

times, we can produce a 2-approximate solution for it in time nO(c2 log3 n).85

An immediate corollary is the following, which recovers the bicriteria approximations for86

MM obtained by Im et al. [23].87

I Corollary 3. There is a (1 + ε, 2) bicriteria approximation for MM and there is a (2 + ε, 1)88

bicriteria approximation for MM, both running in time nO(log (1/ε)·log4 n). These guarantees89

apply to arbitrary instances; no constant bound on the number of distinct processing times is90

assumed.91
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I Theorem 4. Given an instance I for machine minimization with c distinct processing times92

and pmax/pmin ≤ ρ, for any ε > 0 there is an asymptotic (1 + ε)-approximation algorithm93

with running time nO(c2·ρ2·log3 n/ε2).94

Note that using Theorem 4 when pmax/pmin ∈ polylog(n), using (1 + ε)-speed up machines95

we get bicriteria (1 + ε, 1 + ε) approximation. These two theorems use hierarchical Dynamic96

Programming similar to the bicriteria approximations developed in [23]. For Theorem97

2, we show that any solution on M machines can be converted into a pseudo-feasible98

solution, in which a machine may run two jobs of the same processing time in parallel, for a99

modified instance whose release times and deadlines are trimmed by a recursive (hierarchical)100

procedure; an optimum pseudo-feasible solution can be found by a DP over this hierarchical101

decomposition and turned into a feasible schedule on 2M machines. For Theorem 4, we use a102

similar DP with a refined notion of pseudo-feasibility, where each machine may additionally103

run a small fraction of one other job of the same processing time in parallel; these fractional104

pieces are then moved to d2ε ·Me extra machines.105

1.1 Related Works106

For MM, Garey and Johnson showed that deciding whether all the jobs can be scheduled107

on one machine or not is NP-hard [20, 19]. For restricted cases on one machine, Elffers et108

al. showed that even with only two processing times greater than one, the problem remains109

NP-hard [18]. On the positive side, when all jobs have the same processing time, the problem110

is solvable in polynomial time [27, 28].111

For approximation results (excluding [12, 10]), several works studied the problem under112

additional assumptions. Cieliebak et al. [15] gave multiple approximation guarantees,113

including 9 · (pmax/pmin) for bounded aspect ratio, 4.62-approximation for common release114

time, and 14.9-approximation when all spans contain a common point. Later, [31] presented115

greedy approaches yielding a 6 · (pmax/pmin) approximation for bounded processing-time116

ratio and a 2-approximation for common release time/deadline.117

The online variant has also been studied, where jobs arrive over time and must be118

scheduled before their deadline. Saha [25] introduced this model and gave a log(pmax/pmin)119

approximation (competitive ratio), and also showed some lower bounds. (see also [16]).120

Related generalizations have also been studied. In the rent minimization variant, instead of121

minimizing the number of machines, the objective is to minimize the number of machine rentals122

of duration T . This problem generalizes machine minimization, and the first approximation123

result is due to Saha [25], who gave an o(α)-approximation, where α is the approximation124

factor for machine minimization. For the unit-processing-time case, Bender et al. [6] gave125

a 2-approximation, later improved to a PTAS by Chen et al. [8]. Whether there exist any126

polynomial-time algorithms for this variant is still an open question. Saha [25] also gave a127

tight log(pmax/pmin) approximation algorithm for the online rent minimization problem. For128

when pj ’s are 1, [9, 30] gave 3e+ 7 and 6 approximations, respectively.129

Throughput maximization is a related objective: with a fixed number of machines,130

maximize the number of scheduled jobs. Spieksma [29] gave early approximation results,131

including a greedy 1/2-approximation (schedule the shortest available job when a machine132

becomes idle) and an LP gap of 2. Bar-Noy et al. [5] further analyzed greedy rules and133

obtained ratio 1− 1/(1 + 1/m)m for m identical machines. Chuzhoy et al. [14] considered134

the discrete variant, where each job j has an explicit set Ij of feasible intervals and must135

be assigned to one of them. Although related to the continuous model, neither formulation136

directly reduces to the other in polynomial time, since enumerating all length-pj subintervals137

ESA 2026



134:4 Approximation Algorithms for Machine Minimization

of [rj , dj ] can be pseudo-polynomial. They gave a (1−1/e− ε)-approximation for the discrete138

case [14]. Chuzhoy et al. [14] also gave a pseudo-polynomial exact algorithm with running139

time O(npoly(k)T 4), where k = maxj(dj − rj)/pj and T = maxj dj . For the weighted version,140

[2] showed polynomial-time solvability for m = 1 when all jobs have equal processing time.141

For m = O(1) and uniform processing times, polynomial-time algorithms were given in [3, 17].142

For general processing times, [7, 4] gave 2-approximation algorithms, which remained the143

best known for this weighted setting. Im et al. [22] improved throughput approximations for144

all m: for unweighted throughput they gave an (α0 − ε)-approximation (for some absolute145

α0 > 1−1/e) in time nO(m/ε5) form = O(1), and also a 1−O(
√

(logm)/m−ε) approximation146

that tends to 1 as m grows. More recently, Armbruster et al. [1] improved this to 1.551 + ε.147

Hyat et al. [21] gave a PTAS for the throughput maximization problem when number of148

different processing times is constant.149

1.1.0.1 Organization.150

We start with some preliminaries in the next section. We prove Theorem 1 in Section 3.151

Some parts of proof of Theorem 2 is given in Appendix A, and the full details and the proof152

of Theorem 4 are deferred to the full version of the paper.153

2 Preliminaries154

Recall that we have a set J of n jobs where each job j ∈ J has a processing time pj , a release155

time rj as well as a deadline dj , which we assume all integers in the range [0, T ] (we can think156

of T as the largest deadline, or dmax). For each job j ∈ J we refer to [rj , dj ] as span of job j,157

denoted by spanj and |spanj | = dj − rj . The jobs are to be scheduled non-preemptively on158

minimum number of machines which can process only one job at a time within their span.159

We use OPT to denote an optimum schedule and M∗ the value of it (i.e. minimum number160

of machines on which we can have a feasible schedule of all the jobs). For an instance J , let161

rmin = minj∈J rj , dmax = maxj∈J dj , pmin = minj∈J pj , and pmax = maxj∈J pj .162

Note that in any schedule, we can shift-left the jobs so that each job either starts at its163

release time or immediately after a job has been finished on the same machine. Therefore,164

we can partition the jobs in any schedule into continuous segments of jobs being run, whose165

leftmost points are release times and the jobs in each segment are being run back to back.166

We call such a maximal continuous segment of jobs a block in a schedule. So if there are167

c different processing times among the jobs then there are at most nc+1 different possible168

start times for the jobs in a left-shifted solution. To see this, we upper bound the number169

of distinct ri +
∑
j∈J′ pj values for any subset J ′ ⊆ J . First note that there are at most n170

different ri values. Also, for each set J ′ ⊆ J , the sum
∑
j∈J′ pj can have at most nc possible171

values as the number of jobs in J ′ with a specific processing time can be at most n and we172

assumed there are only c distinct processing times.173

We can assume T ≤ 2n2 · pmax by the following argument. First we can assume any time174

t belongs to at least one span or else the timeline can be divided into independent instances.175

Given any instnace J , if jmax is the job with largest span we can assume spanjmax ≤ 2n ·pmax.176

Else in any feasible solution to J−jmax, there is at most n ·pmax busy time on any machine in177

spanjmax , so there is enough idle time and we can repeat this argument. Thus T ≤ n ·spanjmax .178

For any time point t ∈ [0, T ], we use Jt to denote the set of jobs whose spans cross t, i.e.179

Jt := {j ∈ J : t ∈ [rj , dj ]}. For any two times t1 ≤ t2, we use J [t1, t2] to denote the set of180

jobs whose spans are fully contained in [t1, t2], i.e. J [t1, t2] := {j ∈ J : rj ≥ t1, dj ≤ t2}.181
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We often use M∗ to denote the value of an optimum solution (i.e. minimum number of182

machines in a feasible solution). Many of our approximation algorithms take a parameter M183

and either produce a solution on M machines or say there is no solution on ≤M machines.184

We can use a binary search and find the smallest value of M ≥M∗ for which such algorithm185

returns a feasible solution. As mentioned earlier, careful analysis of the known results186

[24] imply that if M∗ ∈ Ω( 1
ε logn/ log logn) is sufficiently large, then a simple randomized187

rounding yields a PTAS for MM. So from now on we assume that M∗ ∈ O( 1
ε logn/ log logn).188

Under this assumption, for any fixed time point t, we can guess the set of jobs running at189

time t in time nM∗ (i.e. quasi-polynomial).190

3 Asymptotic (2 + ε)-Approximation for Bounded pmax/pmin191

In this section, we prove Theorem 1. Our objective is to compute, in polynomial time192

(for a sufficiently small fixed ε > 0), a feasible schedule that uses at most d(2 + ε)M∗e193

machines. As mentioned earlier we assume M∗ ∈ O( logn
log logn ). Given δ ∈ (0, 1), we classify194

the jobs as small (or δ-small) and large (or δ-large) as follows. We say a job j is δ-small195

if pj ≤ δ · |spanj |, otherwise it is called δ-large. Let JS , JL be the subsets of δ-small and196

δ-large jobs, respectively (so J = JS ∪ JL). We present different asymptotic PTASs for each197

of JS and JL, separately. The union of the schedules for these two sets gives the desired198

approximation for J . In fact we can ensure that the total number of extra machines used199

for both JS and JL is at most dε ·M∗e. We will use δ = ε2/(100ρ), where ρ = pmax/pmin, in200

this section and we simply call the jobs small and large (instead δ-small or δ-large). To get201

an asymptotic PTAS for large jobs we first show there is a structured near optimum solution.202

Then we show how to find an optimum structured solution using a DP. For small jobs we203

prove the existence of a near optimum solution with a different structure. We then show204

how we can find an approximately optimum structured solution using LP rounding.205

3.1 Asymptotic PTAS for Large Jobs206

In this section we show that for JL if the optimum solution uses M∗L machines, then we207

can give an algorithm that produces a schedule using d(1 + δ)M∗Le machines (recall that208

δ = ε2/(100ρ)). In order to get this asymptotic PTAS for the large jobs we first show209

the existence of a near optimum solution that has certain structures. The near optimum210

structured solution has the property that the jobs in the schedule appear in sequences of211

back-to-back running jobs with no idle time in between jobs within a sequence, where the212

length of each sequence is at most pmax/δ
2, and the start of each of these sequences is either213

the release time of a job, or is a multiple of pmin. In order to find an optimum solution with214

such structure, we use dynamic programming. Our approach relies on the fact that, when215

all the jobs are large and pmax/pmin = ρ, for any time point t, the set of jobs whose span216

contains time t has size O(ρ ·M∗L/δ).217

I Lemma 5. Consider an instance JL of large jobs that is scheduled on M machines. For218

any time point t, the number of jobs whose span contains t is at most 2ρ
δ M .219

Proof. Fix any time point t, and recall Jt := {j ∈ IL : t ∈ [rj , dj ]}. Let r = minj∈Jt rj220

and d = maxj∈Jt dj . Since each j ∈ Jt is δ-large, we have δ · |spanj | < pj ≤ pmax, hence221

|spanj | ≤ pmax/δ. Together with t ∈ [rj , dj ], this implies rj ≥ t−pmax/δ and dj ≤ t+pmax/δ,222

so d− r ≤ 2pmax
δ . All the jobs in Jt must be processed inside [r, d], therefore223 ∑

j∈Jt

pj ≤M · (d− r) ≤
2pmax

δ
M.224

ESA 2026



134:6 Approximation Algorithms for Machine Minimization

Also pj ≥ pmin for all the jobs, so225

pmin · |Jt| ≤
∑
j∈Jt

pj ≤
2pmax

δ
·M =⇒ |Jt| ≤

2
δ
· pmax

pmin
·M ≤ 2ρ

δ
M,226

where we used pmax/pmin ≤ ρ. J227

3.1.1 Near Optimal Well Structured Solution for Large Jobs228

For any feasible schedule for JL, without loss of generality, we can assume it is left-shifted.229

Therefore, for each job, if we know the first job in its block and all the jobs before it in the230

block, then we can compute its exact position.231

I Definition 6 (Position-Fixed Job). A job j is called position fixed if its start time is one232

of the following: 1) its release time rj; or 2) d · pmin for some integer d.233

We say a schedule S is well structured if each job is either position fixed, or is scheduled234

back-to-back after a position-fixed job whose start time differs by at most P̂ = pmax/δ
2. In235

other words, in the left-shifted solution, we want the start of each block be either a release236

time, or a multiple of pmin and the length of a block is at most pmax/δ
2.237

I Theorem 7. Consider any feasible solution for δ-large jobs on M machines. Then there238

exists a well structured solution on d(1 + δ)Me machines.239

Proof. Consider any feasible solution S on M machines indexed 1 to M . Let σ = b1/δc240

and we group the machines into bundles of size σ: bundle i contains machines with index241

(i − 1) · σ + α, for α ∈ [1, σ]. We show how for each bundle i, we can schedule the jobs242

currently scheduled on those machines in S on σ + 1 machines s.t. the schedule is well243

structured. So we use 1 extra machine for each σ machines and this implies the total extra244

machine bound of δ ·M . So let’s focus on one bundle, say bundle 1.245

Now let the time horizon be divided into consecutive windows of length P̃ = bpmax/δc,246

where window Wi starts at time (i− 1) · P̃ to i · P̃ ; let these windows be W1,W2, . . . ,Wh,247

where h = d|T |/P̃ e. Our goal is to remove (at most) one job from each machine in every σ248

consecutive windows (and shift-left the subsequent jobs) so that at least one job becomes249

position fixed (or else the window has no job that has started in that window). We do the250

following for 1 ≤ i ≤ σ. We look at the windows with indices Wi,Wσ+i,W2σ+i,W3σ+i, . . .,251

remove the first job that is started in these windows on machine i (if there are any), and252

schedule each of those jobs in the same window and same time on the auxiliary machine, and253

then left-shift it to be position fixed. Note that this removal of a job (if exists) ensures that254

any block of back to back jobs of length at least pmax/δ
2 on any machine is “chopped” (by255

removing a job). Also, in the left-shift operation, these jobs that are removed (and scheduled256

on the auxiliary machine) move at most pmin and because the size of a window is sufficiently257

large (compared to pmin) these jobs will not overlap on the auxiliary machine. Observe258

that by these “chopping” operation, we cannot have a block of back to back jobs of length259

longer than pmax/δ
2 on any machine. We also left-shift all the jobs in all the windows (after260

removing the first job) on machine i so that the first job in that window is now position fixed.261

So for any scheduled job at a time t on a machine, within the time of [t− P̂ , t] there is at least262

one position fixed job on that machine. This means we have well-structured solution. J263

3.1.2 DP For Finding A Well Structured Solution264

Next we explain how to find a well structured solution on d(1 + δ)M∗Le machines for JL.265

Recall that although we don’t know M∗L, we can use binary search to find the smallest266



M. Mohammadi and M.R. Salavatipour 134:7

value M ≥M∗L for which we can find a well structured solution on M machines. So in the267

remaining we describe a DP to check if we can find a well structured solution on M machines.268

Note that in a well-structured solution, for any job scheduled at a time t on a machine,269

within the time of [t− P̂ , t] there is at least one position fixed job on that machine. Such a270

window can have at most P̂ /pmin = ρ/δ2 jobs in it. The idea of our DP is a sweeping line271

that goes left-to-right on timeline (at increments of pmin) and for any time point t keeps272

track of the last block (if any) on machine i (for each 1 ≤ i ≤ M) where the block starts273

before t and extends beyond t. More specifically, let Vi (1 ≤ i ≤ M) be an ordered list of274

size at most ∆ = ρ/δ2 of jobs which describes the list of jobs of the last block scheduled on275

machine i, assuming that this block crosses time t (if no such block exists, Vi = ∅). Note276

that by the above arguments, the first job of each block (Vi) is position fixed. So we also277

have value fi (1 ≤ i ≤ M) for those Vi’s that are non-empty, which describes the start278

time of the head of the block: this is either the release time of the head of the block or the279

multiple of pmin that it starts at. Recall that Jt is the set of jobs whose span contains t. We280

keep a set U ⊆ Jt as the set of jobs which are not scheduled yet. Note that by Lemma 5:281

|Jt| ≤ 2ρ ·M/δ. So the number of choices for U is at most 2|Jt| ∈ O(2ρ/ε2poly(n)) since we282

assumed M ∈ O(logn/ log logn).283

Our DP table is a True/False table which has entries of the form284

A[t, V1, . . . , VM , f1, . . . , fM , U ] and this is true if and only if the following holds: There is a285

feasible well-structured schedule of a subset of jobs such that all the jobs whose deadline is286

at most t are scheduled and the description of the last block on each machine that crosses287

time t is given by the lists V1, . . . , VM (these are the sequences of the jobs in these last288

blocks) and f1, . . . , fM (start time of the head of the blocks), and U is the set of jobs from289

Jt that are not scheduled yet. First, let us show that the table size is polynomial. Note that290

the length of a block is at most P̂ , therefore the start of each block is in the interval [t− P̂ , t]291

and that first job is position fixed. This means its start time is either its release time or has292

the form d · pmin which can be indexed based on t; i.e. we keep which multiple of pmin before293

t it starts at. Therefore the number of choices for value d is at most P̂ /pmin ≤ ∆. So the294

information needed to specify each fi is O(∆): a flag which indicates its start time is its295

release time or a value for d indicating which multiple of pmin before t it starts at. Now we296

bound the complexity of vectors Vi. Note that each job in Vi must be a job whose span297

crosses some point in [t − P̂ , t]. So if we define Tt,P̂ to be the set of time points that are298

multiple of pmin in this interval [t− P̂ , t], then the span of each job in Vi must cross at least299

one time t′ ∈ Tt,P̂ . Since |Jt| ≤ 2ρ ·M/δ and |Tt,P̂ | ≤ ∆, the number of choices for each job300

in Vi is at most (2ρ ·M/δ) ·∆ ∈ O(ρ2 ·M/δ2). Since |Vi| ≤ ∆, so the total number of choices301

for all Vi’s and ordering of them is O((∆ ·M)O(ρ2·M/δ2)). Noting that ∆ = ρ/δ2 = ρ2/ε4,302

and δ = ε2/100ρ, and M = O(logn/ log logn), the total runtime is nO(ρ4/ε4).303

We compute the entries in increasing values of t. For small values of t (base cases)304

the table is easy to compute as the number of jobs to consider is bounded by O(ρ ·305

M/δ). Now we describe the recurrence to compute the entries of this table. For each306

table entry A[t, V1, . . . , VM , f1, . . . , fM , U ] we consider all the entries of the form A[t −307

pmin, V
′

1 , . . . , V
′
M , f

′
1, . . . , f

′
M , U

′] such that V ′1 , . . . , V ′M , f ′1, . . . , f ′M , U ′ is consistent (defined308

below) with V1, . . . , VM , f1, . . . , fM , U and we set A[t, V1, . . . , VM , f1, . . . , fM , U ] = True if309

at least one of the consistent ones is true. We say V ′1 , . . . , V ′M , f ′1, . . . , f ′M , U ′ is consistent310

with V1, . . . , VM , f1, . . . , fM , U if:311

1. Consistency of Vi, V ′i , fi, f ′i (for each 1 ≤ i ≤M): there are three cases.312

a. If Vi is empty then the last job of V ′i must have ended at t or V ′i is also empty. If V ′i313

is empty (but not Vi) then fi must be in [t − pmin, t] and Vi consist of only one job314
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that starts at fi (and is finishing before its deadline).315

b. If fi = f ′i , then the block on machine i is continued from time t − pmin to time t.316

Then either V ′i = Vi (when the last job continues from time t− pmin to t) or either Vi317

contains exactly one extra job appended at the end of V ′i and it starts in [t− pmin, t]318

and finishes before its deadline. Also the block-size bound must hold, i.e. |Vi| ≤ ∆.319

c. If fi 6= f ′i , then a new block starts at time fi. In this case Vi must consist of exactly320

one job, and that job must start in [t− pmin, t] and finishes before its deadline.321

2. Consistency of U and U ′: first, every job in U must have deadline larger than t;322

otherwise the current entry is False. For transitions between U ′ and U :323

a. if j ∈ U \ U ′, then rj ≥ t− pmin (otherwise j should already be in U ′), and324

b. if j ∈ U ′ \ U , then job j must start in [t− pmin, t] (and finishes before its deadline),325

which can be checked from the chosen lists V1, . . . , VM .326

3. Recurrence condition: A[t, V1, . . . , VM , f1, . . . , fM , U ] is True if and only if there exists327

at least one True entry of the form A[t−pmin, V
′

1 , . . . , V
′
M , f

′
1, . . . , f

′
M , U

′] that is consistent328

with it under items 1 and 2 above. Since by definition all jobs with deadline at most329

t− pmin are already scheduled in the previous entry, and the consistency checks enforce330

correct updates from U ′ to U , no job with deadline at most t can be missed.331

So for each entry of the table we have to consider all other entries that are consistent332

which are at most nO(ρ4/ε4) others. So the total time to compute all the entries has the same333

time complexity.334

3.2 Asymptotic PTAS for Small Jobs335

Now we describe an asymptotic PTAS for JS , i.e. small jobs. Let M∗S be the value of336

optimum solution for JS . We show there is a near optimum solution where the jobs appear337

in windows or blocks of O(M∗S) jobs each where each window is specified by a start and end338

time and all the jobs of a window are scheduled between its start and end. To do this, we339

first show the existence of a near optimum window-based structured solution. We then show340

we can modify the instance by trimming the spans of jobs to be a smaller subset of their341

original span while loosing only an O(ε) factor in the optimum. We then show how we can342

find an asymptotic PTAS for this new instance using LP rounding. This solution will give us343

an asymptotic PTAS for JS as well.344

For this section we define P̃ = 16pmax/ε and consider the timeline partitioned into345

windows of size P̃ each. So window Wi (i ≥ 1) starts from time (i− 1) · P̃ to time i · P̃ and346

we will have h = dT/P̃ e windows (note that h = poly(n) since T ≤ 2n2 · pmax). Note that347

since all the jobs are δ-small (where δ = ε2/(100ρ)), the span of each job j intersects at least348

100/(16ε) windows. Also, the window sizes are much greater than any processing time. So in349

any feasible schedule a job position cannot be intersecting more than two windows. For each350

job j, we use W(j) to denote the indices of the windows that intersect the span of job j, i.e.351

W(j) := {i ∈ [h] : [rj , dj ] ∩Wi 6= ∅}. The head window of j, denoted by h(j) is the index352

of the window that contains rj and the tail window of j, denoted by t(j), is the (index of)353

window that contains dj . We define core windows of j to be the set of all those windows354

that intersect span of j but are not head or tail windows, i.e. C(j) = W(j) − h(j) − t(j).355

Note that all windows in C(j) are fully contained in spanj . In a schedule, we say a job j is356

position-crossing if it starts in a window Wi and finishes in Wi+1 (i.e. its position crosses357

two windows).358
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3.2.1 Near-Optimal Structured Solution359

Next, we show that there exists a near-optimal solution with no position-crossing jobs. Given360

a feasible solution S on, say M , machines we build a solution with no position-crossing jobs361

on M + dε ·Me machines. The idea is that for any time t that is start/end of a window362

we remove all the jobs whose position (in S) is crossing t and schedule them all on dε ·Me363

auxiliary machines. The intuition is that these jobs (crossing t) have a lot of space to be364

scheduled either to the left or right of t (at least half the span of them). So these (at most)M365

jobs removed (for time t) can be scheduled in the interval [t− P̃ , t+ P̃ ] on dε ·Me machines366

and we can ensure that the schedule for “removed” jobs for time t and t+ P̃ (i.e. the two367

ends of a window) are not overlapping on the auxiliary machines as they differ by at least368

P̃ . In fact, we will use only at most 1
4 of available time on each auxiliary machine (in each369

window) and the reserve space will be used later for other jobs we reschedule. The following370

lemma is easy to see since the span of each job j intersects at least 100/16ε windows:371

I Lemma 8. For every δ-small job j, we have |C(j)| ≥ 100
16ε − 2.372

I Theorem 9. Given a feasible solution S on M machines we can build a solution S′ with373

no position-crossing jobs on M + dε ·Me machines and at most the first 1
4 of time of the374

extra dε ·Me machines are used in each window.375

Proof. For each i < h, define Xi to be the set of jobs whose position in S intersects the376

end of Wi. Note that |Xi| ≤M . We partition each Xi into two parts X l
i , X

r
i . For each job377

j ∈ Xi if rj ∈Wi then we place j in Xr
i otherwise we place it in X l

i . Note the span of each378

job in X l
i contains Wi and the span of each job in Xr

i contains Wi+1 using the fact that span379

of each job intersects at least 1/ε (consecutive) windows. We will show that for each i, all380

the jobs in X l
i and Xr

i−1 can be scheduled on dε ·Me auxiliary machine in window Wi such381

that each auxiliary machine is busy in at most the first 1/4 fraction of each window and is382

free the rest of Wi. This space will be used later. Hence, there exists a near-optimal solution383

in which no position-crossing job exists on M + dε ·Me machines and each auxiliary machine384

still have 3/4 of their time free in each window.385

Fix some window Wi and all the position-crossing jobs in Ai = X l
i ∪ Xr

i−1 that need386

to be scheduled in window Wi on the auxiliary machines. Recall that for each job j in Ai:387

Wi ⊆ spanj . Also |Wi| = P̃ = 16pmax/ε and pj ≤ pmax for j ∈ Ai. Note that we want to use388

no more than the first 1/4 of each window Wi. Looking at each job as an item of size pj and389

the quarter window as a bin of size P̃ /4, we have a total of at most 2M items in Ai, each390

of which is small compared to the bin size P̃ /4 since pmax = ε · P̃ /16. So greedy packing391

the items into these bins, using dεMe bins and using only the first 1/4 of their capacity392

we can pack all the items; since we pack at least P̃ /4 − pmax in each quarter bin and the393

total sizes of the items is at most 2M · ε · P̃ /16 = ε · P̃ ·M/8, which means we use at most394

d ε·P̃ ·M
8(P̃ /4−pmax)e = d ε

8−4ε ·Me ≤ dε ·Me quarter bins. J395

Given a feasible schedule, a job j is called head-scheduled (tail scheduled) if it is scheduled396

in its head (tail) window (we sometimes call it a head job or a tail job as well). If j is397

scheduled in one of its core windows then it is called a core scheduled (or simply a core) job.398

We next show that given a solution with no position crossing as generated by Theorem 9,399

we can reschedule all the head or tail jobs by using the empty space (3/4 of each window400

Wi) on the auxiliary machines so that no job is scheduled in its head or tail window. Before401

proving that we state a simple lemma that we will use in our proof.402
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I Lemma 10. Given a feasible schedule S with no no position-crossing jobs, we can assume403

that for each window Wi and each machine, the jobs in Wi appear in the following order: all404

the tail scheduled jobs, then the core scheduled jobs, and then the head scheduled jobs.405

Proof. Suppose that two jobs j, j′ are scheduled consecutively in this order (with possible406

idle time between them) on a machine where j is a core job while j′ is a tail job. Suppose407

that j starts at sj and j′ starts at sj′ . We can simply swap the order of the jobs and let j′408

start at sj followed immediately by j. It’s easy to see that this remains a feasible schedule.409

We can do similar swaps if a head job j appears immediately before a core job. J410

I Theorem 11. Given a feasible schedule generated by Theorem 9 on M + dε ·Me machines411

with no position-crossing jobs, we can build a feasible schedule with no position-crossing jobs412

and no head-scheduled or tail-scheduled job on the same machines.413

Proof. Consider the feasible solution S on M + dε ·Me machines as generated by Theorem414

9. Note that for each auxiliary machine, only the first 1/4 of each window the machine is415

busy. Also, the jobs that were moved to be scheduled on these machines in Theorem 9 are416

scheduled in their core (so they do not need to move). We show how to build a new solution417

by modifying S by moving those jobs on the first M machines that are head or tail scheduled.418

To do this, in the first phase we reschedule the head-scheduled jobs to be scheduled in a419

different window (other than their heads). We do the same for tail scheduled jobs, separately.420

So let’s focus on the first phase for now.421

Starting from i = 1 and for increasing values of i, we consider each window Wi and422

remove all the jobs that are scheduled in Wi and this is their head window; let’s say λi,j is423

the total freed up space (which by Lemma 10 we can assume is one continuous block) on424

machine j in this window. When considering Wi, we try to schedule as many of the jobs425

removed from the previous windows in this window on the freed up spaces λi,1, . . . , λi,M plus426

using half of the remaining empty space in window Wi (i.e. the next 3
8 |Wi| empty space) on427

the auxiliary machines (we will use the last 3
8 |Wi| space on auxiliary machines to reschedule428

the tail scheduled jobs). We use the deadline-first order to schedule these jobs. We will show429

that this generates the desired schedule of all the jobs and all the head-scheduled jobs are430

rescheduled in their core windows.431

Algorithm 1 Rescheduling head-scheduled jobs

1: Initialize queue Q ← ∅; Q′ ← ∅
2: for i = 1 to h do
3: Remove the head scheduled jobs of Wi (and place them in Q′); say the total freed up

space in window Wi on machine 1 ≤ j ≤M has length λi,j
4: Schedule as many jobs from Q as possible by earliest deadline first ordering into the

free spaces in Wi on machines 1, . . . ,M and on the 3
8 |Wi| of dεMe auxiliary machines

and remove them from Q.
5: Add all jobs of Q′ to end of queue Q and reset Q′ = ∅
6: end for

I Lemma 12. Consider the iteration i and let Qi be the value of Q at the start of this432

iteration and P (Qi) =
∑
j∈Q pj. If λi,1, . . . , λi,M are the freed up spaces in Wi by removing433

head scheduled jobs in Step 3 then the total processing time of the jobs we schedule in Step 4434

is at least: min
{∑M

k=1 λi,k + 4pmaxM, P (Qi)
}
.435
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Proof. Note that in iteration i the space we use to schedule jobs in Step 4 consists of436

two parts:
∑M
k=1 λi,k created by removing head scheduled jobs in Step 3; and the half of437

remaining 3|Wi|
4 free space of each window Wi on the auxiliary machines. For each free space438

λi,k we can schedule a total of at least max{λi,k − pmax, 0} by greedy scheduling. So the439

total processing time of the jobs scheduled in the freed up spaces is at least440

M∑
k=1

max{λi,k − pmax, 0} ≥
M∑
k=1

(λi,k − pmax) =
M∑
k=1

λi,k −M · pmax.441

For the space in Wi on auxiliary machines, since |Wi| = 16pmax/ε, and 3
4 of this remains442

free (after using the at most 1/4 in Theorem 9) and we use 1/2 of that (which is 3
8 |Wi|)443

for rescheduling head jobs, we can schedule a total of at least 3
8 |Wi| − pmax = 6pmax

ε − pmax444

processing time on each auxiliary machine. Therefore, the total processing time of the445

jobs scheduled (from Qi) on the auxiliary machines on Wi is at least εM
( 6pmax

ε − pmax
)

=446

6M ·pmax−εM ·pmax ≥ 5M ·pmax, where we use ε ≤ 1
6 . Combining the two, the total processing447

time of the jobs from Qi scheduled in Step 4 is at least
(∑M

k=1 λi,k −M · pmax

)
+5M ·pmax =448 ∑M

k=1 λi,k + 4M · pmax. J449

Note that this lemma shows that the total amount of processing time scheduled in Step 4450

is at least
∑M
k=1 λi,k + 4M · pmax (if Q is not entirely rescheduled in this iteration).451

I Lemma 13. Algorithm 1 reschedules all the head-scheduled jobs within their core windows452

and they use only 3
8 of each window Wi on each auxiliary machine.453

Proof. We show that Algorithm 1 will successfully schedule all the head-scheduled jobs that454

it removes (and places in Q) into one of its core windows. To prove this, we need to show that455

each job j added to Q is scheduled in one of the windows before it reaches its tail window.456

By way of contradiction, suppose that some j is added to Q at iteration i (so Wi was its head457

window) but is never scheduled before iteration i′, which is its tail window and this is the458

first job for which this happens. So j has remained in Q in iterations i+ 1, i+ 2, . . . , i′ − 1,459

i.e. for a total of for k = i′ − i − 2 iterations. Since j is δ-small, by Lemma 8, we have460

k ≥ 100
16ε −2. Note that if at some iteration Q becomes empty, then all the previously removed461

head-scheduled jobs are rescheduled and therefore we can reset the analysis from that window462

onward (i.e. the next window be window 1). So without loss of generality, we assume from463

window 1 until i′ − 1, Q has never become empty. Note that using Lemma 12 (and the464

observation after this lemma) over iterations 2, . . . , i′ − 1, the total processing time of jobs465

from Q that are rescheduled in windows W2, . . . ,Wi′−1 on the M machines, plus the space466

on auxiliary machines is at least: Λ =
∑i′−1
`=2

∑M
r=1 λ`,r + 4pmaxM · (i′ − 2).467

On the other hand, the total processing time of the jobs added to Q in iterations468

1, . . . , i′ − 2 is Λ′ =
∑i′−2
`=1

∑M
r=1 λ`,r. Clearly, if Λ ≥ Λ′ then job j must have been scheduled469

before window i′. We derive a contradiction if this inequality doesn’t hold (i.e. if Λ′ > Λ).470

Suppose Λ′ − Λ =
∑M
r=1 λ1,r −

∑M
r=1 λi′−1,r − 4M · pmax · (i′ − 2) > 0. By definition of λ1,r,471

the total head length in window W1 is at most window size times number of machines, so472 ∑M
r=1 λ1,r ≤ |W1| ·M = 16pmax

ε ·M . Thus we must have 16pmax
ε ·M − 4M · pmax · (i′ − 2) > 0.473

But this is impossible since k ≥ 100
16ε −2 (and so i′−1 ≥ 100

16ε −2) we have 4M ·pmax · (i′−2) ≥474

4M · pmax
( 100

16ε − 3
)
> 16pmax

ε M , where the last inequality holds for ε < 1
6 . Therefore no job475

can be missed. J476

Now we a ready to complete the proof of Theorem 11. Lemma 13 implies that we can477

reschedule all the head scheduled jobs on the 3
8 |Wi| of the free spaces of the extra machines.478
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Similar arguments work for rescheduling the tail scheduled jobs using the rest of the free479

spaces on auxiliary machines. At the end we have a schedule on M + dε ·Me machines with480

no position crossing and no head or tail scheduled job. J481

We should note that given a feasible solution S with M machines, the modifications done482

in Theorem 9, generates a solution on M + dε ·Me machines with no position crossing jobs483

and all the jobs on the auxiliary machines are running in their core. Therefore, applications484

of Theorem 9 and Theorem 11 results in a feasible solution with no position crossing and no485

head or tail jobs on M + dε ·Me machines.486

3.2.2 LP rounding for Finding A Near-Optimal Solution487

Theorems 9 and 11 show that there is a solution for JS in which there is no position-crossing488

jobs and no job is scheduled in their head or tail window on M∗S + dε ·M∗Se machines. In this489

subsection, we explain how to find a solution on M∗S + 2dε ·M∗Se (i.e. using dε ·M∗Se extra490

machines) satisfying these properties using LP rounding. The LP relaxation we present is491

insipred by the LP relaxation for the Generalized Assignment Problem (GAP) [26]. Again,492

we find the smallest value of M ≥M∗S for which we find a feasible solution.493

Let S be any feasible solution with no position-crossing jobs and no head-scheduled or494

tail-scheduled jobs on M machines. Recall that the timeline is partitioned into h windows,495

each of length P̃ = 16pmax/δ. A machine-slot is a pair (i, µ) where i ∈ [h] is a window index496

and µ ∈ [M ] is a machine index. Hence the set of all slots isM = [h]× [M ], and |M| = hM .497

We are looking for an assignment of each job to one of its core windows to be scheduled in498

one of the slots (i.e. on a machine) on that window so that all the jobs assigned to a slot (i.e. a499

machine in a window) can fit into P̃ . For each job j ∈ J , letM(j) := {(i, µ) ∈M : i ∈ C(j)}500

be the set of slots in which j can be placed (i.e. windows fully contained in its allowed core501

range, on any machine). For each slot (i, µ) ∈M, define J (i, µ) := {j ∈ J : (i, µ) ∈M(j)}.502

For each pair ((i, µ), j) with (i, µ) ∈ M(j), let x(i,µ),j denote whether job j is assigned to503

slot (i, µ). Our LP relaxation is a feasibility LP described below:504 ∑
j∈J (i,µ)

pj · x(i,µ),j ≤ P̃ ∀(i, µ) ∈M (1)505

∑
(i,µ)∈M(j)

x(i,µ),j = 1 ∀j ∈ J,506

x(i,µ),j ≥ 0 ∀j ∈ J, ∀(i, µ) ∈M(j).507

Note that the solution S is an integer feasible solution to this LP. Also one can see that508

this is a special case of the GAP and hence the same LP rounding method as for GAP509

implies the following lemma:510

I Lemma 14. Given a fractional solution x to the feasibility LP (1), there exists an integral511

assignment of jobs to machine-slots such that for every slot (i, µ) ∈M the total processing512

time of jobs assigned to it is at most P̃ + pmax. More specifically, there is one job from those513

assigned to (i, µ) s.t. when removed, the total processing time of the remaining jobs is at514

most P̃ .515

Proof. Fix a slot (i, µ) ∈M. Let516

k(i,µ) =


∑

j∈J (i,µ)

x(i,µ),j

 .517
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Create k(i,µ) integer sub-slots for slot (i, µ), each of unit capacity. Sort jobs with x(i,µ),j > 0518

in non-increasing order of pj , and distribute their fractional values x(i,µ),j into these sub-slots519

by first-fit (fill sub-slot 1 up to 1, then sub-slot 2, etc.).520

Now build a bipartite graph between jobs and sub-slots: connect a job j to a sub-slot if a521

positive fraction of j was placed there in the previous step. This gives a fractional matching522

between jobs and sub-slots that assigns a total fraction of 1 to each job and uses at most523

capacity 1 at each sub-slot. By integrality of bipartite matching polytope, there is an integral524

matching between jobs and sub-slots that matches every job exactly once. For each sub-slot,525

let its representative size be the largest processing time among jobs adjacent to it. The job526

matched to that sub-slot has processing time at most this representative size. Hence the527

total load on slot i is bounded by the sum of representative sizes of all of its k(i,µ) sub-slots.528

Because we filled sub-slots in non-increasing order of job sizes, for each sub-slot k ≥ 2 of529

(i, µ), the size of the representative for it is no more than the size of the smallest job that530

had been fractionally assigned for the previous sub-slot (i.e. k − 1). So we can say, the531

size of representative of sub-slot k is no more than the average size of the jobs fractionally532

assigned to slot k − 1. This implies that the total sizes of the representatives of sub-slots533

2, . . . , k(i,µ) is no more than the average of the jobs in slots 1, . . . , k(i,µ) − 1. Therefore the534

sum of representative sizes over sub-slots 2, . . . , k(i,µ) is at most
∑
j∈J (i) pjxij ≤ P̃ . The535

first sub-slot contributes at most pmax. So total load on slot i is at most P̃ + pmax.536

J537

3.2.2.1 Rescheduling the excess load.538

We now describe how to change the assignment of jobs assigned using Lemma 14 to a feasible539

solution, by removing the largest job from each slot and schedule them on some auxiliary540

machines. Since P̃ = 16pmax
ε , the additive load (total processing time) assigned to each slot541

is at most pmax which is bounded by εP̃ . The next lemma shows this extra load can be542

moved to a small number of extra machines. The argument here is essentially the same as543

what we had to move the position-crossing jobs to some extra machines as in Lemma 9.544

I Lemma 15. An integral assignment with per-slot total processing time at most (1 + ε)P̃545

can be converted into a feasible schedule (slot capacity P̃ ) using at most dεM/8e additional546

machines per window.547

Proof. Fix one window Wi. It has M slots, each with total processing time of jobs assigned548

to it (called load) Li ≤ P̃ + pmax. If Li > P̃ , remove the largest job from those assigned to549

this slot so the remaining load is at most P̃ . Hence total removed processing in window Wi550

is at most
∑M
µ=1 pmax = M · pmax. Each auxiliary machine contributes capacity P̃ in that551

window and when we use greedy to pack the (δ-small) jobs, it will be at least P̃ −pmax full. So552

the number of auxiliary machines needed is at most
⌈
M ·pmax
P̃−pmax

⌉
=
⌈

M ·pmax
16pmax/ε−pmax

⌉
= dεM/8e.553

Since removed jobs are δ-small and their spans contain the corresponding window, they can554

be scheduled on these auxiliary machines. J555

Combining the structural results and the rounding steps, we obtain a feasible schedule on556

M∗S + 2dε ·M∗Se machines. By being a bit more careful in choosing parameters δ, P̃ we can557

reserve enough empty space on the dεMe auxiliary machines generated in Theorem 11, and558

then modify the slot sizes in the LP for the auxiliary machines (to be the empty reserved559

space on the auxiliary machines) so that the reserved space is used in the LP rounding560

without the need to get another dεMe. This yields the asymptotic (1 + ε)-approximation for561

small jobs. By being even more careful in solving the large and small jobs, we can ensure562
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that we use a total of dε ·Me auxiliary machines across both of them; where the large jobs563

use about 1/2 the space of auxiliary machines and the small jobs use the other half.564
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A A 2-Approximation Algorithm for Constant Number of Processing659

Times660

In this section we prove Theorem 2. We assume that in the given instance I, the processing661

times are drawn from the set {p1, p2, . . . , pc}. Suppose we are given a solution S for I using662
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M machines. We describe a method to modify I to a new instance I ′ with certain properties,663

while building a pseudo-feasible solution S′ for I ′ in the sense that in S′ each machine m664

might be running two jobs j, j′ of the same processing time in parallel at the same time,665

i.e. they both start and finish at the same time on m. Such a schedule S′ can be easily666

transformed into a feasible schedule S′′ on 2M machines by making a copy for each machine667

and let the two jobs that are running in parallel on the same machine to run on the two668

copies. The instance I ′ has the same set of jobs as I (but with a possibly reduced span) and669

therefore S′ will be a pseudo-feasible solution for I as well. In building I ′ from I we trim670

the release time and deadline of jobs in a recursive (heirarchical) procedure such that the671

number of distinct release time and deadlines of jobs relevant to each step of the recursive672

procedure is bounded by a polylog(n). This reduced size allows us to compute solution S′ in673

quasi-polynomial time.674

Building I ′ and S′: We start by I ′ = I and we consider a pseudo-feasible schedule675

S′ where initially the schedule of machines of S′ are identical to those of S. We modify676

the release time and deadline of jobs in I ′ in a recursive procedure. We describe a set of677

cut-points on time horizon recursively.678

The first cut point h1 is chosen such that max{|J(0, h1)|, |J(h1, T |} ≤ n/2, i.e. at most679

half the jobs have their span entirely to the left or right of h1. We say h1 is a balanced680

cut-point for 0, T . We focus on J(h1) and we call them jobs of level 1. For any t, let S(t) be681

the set of jobs whose schedule in S crosses time t (i.e. the job starts before t in S and finishes682

after t in S). Note that S(h1) ⊆ J(h1) has at most M jobs. We remove all S(h1) ⊆ J(h1)683

from I. Now we partition the remaining jobs of J(h1) ∩ I into two parts: JL(h1), JR(h1)684

where JL(h1) consists of those jobs whose position in S is entirely to the left of h1 (similarly685

for JR(h1)). We do the following for each processing time pc separately.686

For now, fix an arbitrary processing time pα and JαL (h1) is the subset of JL(h1) restricted687

to this processing time. For each machine 1 ≤ m ≤M , consider the jobs of JαL (h1) scheduled688

on m, denoted by Jm,αL (h1) and consider them in the order of their schedule in S from h1 to689

the left. We partition them into groups Gm0 , Gm1 , . . . , Gmσm (σm = blog |Jm,αL (h1)|c ∈ O(logn))690

where Gm0 and Gm1 consist of the first and the 2nd job respectively (so each group has size 1),691

then Gm2 consists of the next two jobs, Gm3 consists of the next 22 jobs, and in general Gmk692

consists of jobs with rank 2k−1 + 1 to 2k (i.e. the next 2k−1 jobs), where the last group Gmσm693

might have less than 2σm−1 jobs. Note that |Gmk | = 2|Gmk−1| for k ≥ 2 and also the number694

of jobs scheduled after the last job of Gmσm is at most 2|Gmσm |. This allows us to shift the695

schedule of the jobs (on S′) in each group Gmk to positions of jobs in Gmk−1 by allowing two696

jobs per position to run in parallel. (for each k ≥ 2). More specifically, starting from Gm1 , we697

move its single job to be scheduled in the same position as the first job on machine m (i.e.698

the job of Gm0 ); this frees up the space of the job of Gm1 on machine m. Then we move the699

jobs in Gm2 to be scheduled in positions of jobs in Gm1 on machines m (two jobs per position700

of a job in Gm1 ), and so on. And finally the jobs scheduled after the last job in Gmσm are all701

moved to be scheduled on the positions of the jobs in Gmσ (that are now moved) on machines702

m.703

So in general, the jobs of Gmk are now scheduled in positions of jobs Gmk−1 in S′ with two704

jobs running in parallel on each machine. We remove these shifted jobs from I. Next we705

change the release time and deadline of the jobs in Jm,α(h1) in I ′ accordingly. For each706

group Gmk , let smk be the start time of the first job scheduled in S in this group. For the707

jobs that were in Gmk (k ≥ 2) in S and are now moved to be scheduled in positions of jobs708

Gmk−1 in S′ we change their release time to be smk−1 and their deadline to be smk−2 . For both709

jobs that are now scheduled in place of the single job in Gm0 , their release time is sm0 and710
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deadline is h1. Now after trimming release times and deadlines of jobs of each Gmk , all the711

jobs in Gmk has same release time and deadline and processing time, so we call all of them as712

a group with same job profile. Note that with this change, S′ is a pseudo-feasible solution713

for I ′ and these new spans for different groups are non-overlapping for each machine and the714

total number of different spans the jobs of JL(h1) belong to is O(logn) per machine, for a715

total of O(M · logn).716

Doing the above for each processing time pα, we see that all the jobs in JL(h1) are now717

scheduled on M machines in S′ (while each machine might run two parallel jobs of the718

same processing time simultaneously) and their release time and deadlines belongs to one of719

O(M · logn) groups (one start time and finish time for each group). We can do symmetrically720

for jobs in JR(h1) and move those jobs to be scheduled in S′ on M machines (2 jobs per721

machine) and change the release time and deadline of them to be one of O(M · logn) possible722

start/release times (defined by the groups). We also remove JR(h1) from I. This completes723

the description of modifying I and I ′ based on the first cut-point h1. Note that the jobs724

that were in S(h1) ∩ I are at most M and we have not trimmed their span. However, the725

total number of distinct span intervals (or job profiles) for all the jobs of J(h1) after the726

modification is still at most O(M · logn).727

Note that for all the remaining jobs in I, their span is now either entirely to the left of728

h1 or entirely to the right of h1 and these two sets of jobs have at most n/2 jobs each. We729

consider a balanced cut-point for each of these two sub-problems separately and recursively730

repeat the same procedure as above. More specifically, let JL, JR be the set of (remaining)731

jobs of I whose span is completely to the left and right of h1, respectively. Assuming that732

JL 6= ∅, let h′ be the balanced cut-point for JL (where the time horizon is now [0, h1]) and733

assuming that JR 6= ∅ let h′′ be the balanced cut-point for JR. Jobs in JL(h′), JR(h′′) are734

level 2 jobs. We consider JL(h′) and first trim the release time and deadline of S(h′) (those735

jobs whose position in S crosses h′) and remove them from I. Then for jobs of JL(h′) whose736

position in S is to the left of h′ and those whose position in S is to the right of h′ and use737

the same grouping and shifting as we did for h1 and remove them from I and update S′738

accordingly. We do similarly for JR(h′′). Now the remaining jobs in I can be partitioned739

into 4 parts: those whose span is to the left of h′, those whose span is between h′, h1, those740

with span between h1, h
′′, and finally those whose span is to the right of h′′ and we recurse.741

We continue this process as long as the set of jobs for the current subproblem (and time742

horizon) is non-empty.743

One can associate (naturally) a rooted binary tree T (with root r) with this procedure744

where the root node r corresponds to h1 with time horizon [0, T ] and the set of jobs associated745

Jr = J being all the jobs. The root is level 1 and all the jobs whose span crosses h1 are746

level 1 jobs. For each node v with time horizon [av, bv] and a set of jobs Jv = J [av, bv] and747

balanced cut-point hv, the left child corresponds to interval [av, hv] and the set of jobs will748

be all those in Jv − Jv(hv) whose span is to the left of hv and the right child corresponds to749

interval [hv, bv] and the set of jobs will be all those in Jv − Jv(hv) whose span is to the right750

of hv. A level i job is a job that is not of level i′ < i and whose span is crossing hv for a751

level i node v. The following observations are easy to see.752

I Observation 16. The height of this tree is at most O(logn) (since we pick balanced cut-753

points). Also, for each original job j that is scheduled in S on a machine, say m, at most754

once we move two jobs to be scheduled in place of j on machines m. Once this happens we755

remove j from I and this rescheduling in position of j never happens.756

I Observation 17. The selection of balanced cut-points is independent of S: given original757

instance I we can determine all the balanced cut-points associated with this recursive procedure.758
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Accordingly, we can find all the jobs of level i for each level.759

Note in the described procedure for building S′ that moves from top to bottom level of the760

tree, for each level i, the jobs of level i are partitioned into at most 2i−1 parts (corresponding761

to nodes at level i of the tree) and for each part the spans of the jobs after the change to their762

release time and deadline belong to a set of size at most O(logn) non-overlapping intervals763

on each machine, for a total of O(M · logn) intervals.764

The discussion above implies the following theorem regarding the existence of a pseud-765

feasible structured solution with each machine running two jobs in parallel.766

I Theorem 18 (Structured approximate solution). Given a set J of jobs and a solution S on767

M machines, we can modify the release time and deadlines of the jobs in a hierarchical way768

and build a pseudo-feasible solution with load 2 per machine on M machines such that the769

resulting instance has the following property:770

1. For each node v (at level i) of the tree T with balanced cut-point hv and set of jobs Jv,771

for the set Jv(h) the number of different spans (job profiles) corresponding to these jobs772

in the new instance is at most O(c ·M · logn+M) = O(c ·M · logn), and773

2. For every node v at level i, the number of already trimmed spans or job profiles (from774

ancestors of v) that cross the interval of v is at most O((i− 1)c ·M · logn).775

It is easy to see that the following theorem together with a simple binary search for776

the smallest value of M imply Theorem 2 by replacing each machine in the pseudo-feasible777

solution with with 2 machines.778

I Theorem 19. Given instance I with a set of jobs J and an integer M , there exists a779

dynamic programming algorithm that, if I has a feasible solution S on M machines, it780

returns a pseudo-feasible solution S′ with load 2 per machine on at most M machines in781

time O
(
nc

2·M ·log2 n
)
, or returns “No solution”.782

We defer the proof of this theorem to the full version of the paper. The idea is to build a783

hierarchical dynamic program on the binary tree T described above for S′ by guessing the784

jobs of each level as well as guessing the number of jobs of each job profile (trimmed spans),785

starting from the root interval and the original instance I.786
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