A\ge\omic Ted/\mqmzs

F\V\f)e‘f PY\WﬁV\%
—Sappese we netd fo Compare two very lavpe IO;VLO\D Strings
2y (es. +wo cpies A o date set, chek & Gonsistencey)
— Savq ore parh has  x (Saj Alice) and He olter
Py (Bob) as J )
Complexity iy 4 bits Gmmunicated
- C\uvtﬁ any determinishic ol\ﬂork)’(/\vn needs to Sewd
all He birs. (5o F Ix|=\gl=n —= N FHee needed)
o This is o lower bomd Hr  ommunicaton compexity

_ Con we do better?

_ Randonmness can help: we see how we can veduce ths
dom o ol by ) ok,

_In this lecture we wotk wirle  finire felds T
For sivnp\\o\‘)j Wwe  may  assume Fois te &4
ZP: {O,\,Z,---}?Al} Por some prime P wdh operatons
\ocivD modular anYhmeRC tw mod p-

— $V\PP°S€ As A, Az --- An ,3" bl \Oz, - b,\

M . a .
Consider  PoWromials AGL= ?, 0\(1,( BO\)SL\O(_Xl
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- Pick o \ame  enosh P, Say PPN and a
vandom  Ye ZP , Alice  Compwtes AV(")’E
Com?«m

Pol computes B

_ Send AW 4o Rob  and Comp e
o\~

Oy P)  ots Sy Pal
% O(\ep)  oits
3
— So onsistent  if Ar=RU) ) o.w. Savy NO
_ C\eﬂf\b £ A= > returms " Consistent”
_ What 1S He P(o\bo\\o}\'ﬂﬁ & ervor?
(WYOV\ﬁ “eonsisteut © when 3L7£Zj>
_Must have  ACOAEBE) butr AN =R
— (A-P)D=o
_Néxe A, B, and A-BD are cl,e,jree n  polynominds,
> have at wmet n o rosts.

Yer o Yaw&om e ZP ts be A Yest He Pv/‘o\o.

148
IS < — =¢&

‘P
¥ we  Choose pP-n" —> Complex'@ :L\ojw
e Yoy Pfobab’,\i@%

Pwjerprtings Freivalde Tedingue
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“Suppese we are. gwven matvices A,B, and C and we
wWant  fo \/eh?} W oar=C.  (all v vnoadrices)
Fose matvix multiplication  takes 0(") where wy2.391--
— Suppese.  We pick & vondem Y& {o,\}n
we check ik ABDvrz Cr 2
— Compurte o= Br : O(n) fime
_Compuie ¥z Aol i Olnt)  Pre
— Compure 2= Cxy v O(n%) tine
— Ceody iF AB=C — ¢Y-2,
whar i+ 8B #C bur  ABv= (e 7
\et D= (AB-0). So must have Dr=o and Dxo
il Dto 5 3 & non_zeve roww, WLOG s@:}_j

s the 21‘(51‘ Yow éf D aws\l :f,—;o

N S BV
Z‘ di-fy =0 —> = %:i‘-n @
t= ,

ASS\AW\'\VD Hat all s ((32) are dhosen bebre T

5 theve s a vmio\v\L valwe velt Hae s @\\Mﬂ to
RS o () and He prebabiing that v s
equol Yo dhat is & l[_

_ We vepeat He process k- Hmes o ma ke
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exYox ?m\oa\o'\\i@ $J—£E'

’Po\bnomio& lé,eV\’r'ik“s Tesﬁﬂs

_We can e:x:h:wi these ideas v Compahg péljv‘om\aﬁs.

— Given  polynomiads P, A, R over T we want to
chec P B = Ry T degre v polyromial

_ We can we  Fast Founer Transfoons (FFT) 4o
CLompare mm\ﬁP\;c,e\Hm WA @Q,\\C,3 v\> e

_ Faster (Yavx&oleﬁA) rcs—rivg%

et SCF and  pik  (randomly) reS
— Compuie PN - Ru) L O e
— Sey  Yes/no i He vesul 5 0

_what s He PVoloa\oI\\‘ﬂ £ erver?
F Dov= PoQu)-Re) is ot identically zers lout
D=0 (e ¥ IS & vesh).
A—C’Ome L DO £ 2an —5 Lon vests
pra\oo\\oi\‘\D &  eror < %
Grerevnl SeH’Mj; Suppese. e have.  multi ~variado\e polyrominds
Say POy - An) o The lesree L o derm is He sum A

c.\.eyees & te var's (Q,j. &esree A fJ(j_a‘Z,3 s é)

—We \mig\w have an )m))\'\g'd— mj)resenhzﬁom é‘e po(:gnom\‘ua_
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—We \mig\w have an )m))\'\g'd— mj)resenhzﬁom é‘e po(:gnom\‘ua_
29(\'?12, | 7{;
{«D P(ix)')(z/ia)f Q\C‘(' [o 7(1,3(5 A, +6X3
L
_ e may ase  have awes Jo Poljnomioub ﬂwoué\/\
N \a\at\k\oo}\ that an evalware gt a 5\&» Po(vr\-\
_There are NO ]Do\\jnomio& Hime  determinishc 0\\3’5
to  Oheck polynomiad identy) desting i Hhese Stuations)
Theorem (SMW(AYTZ——Z3P}>J>J let Aoy ---%n) be a malhivariate
poynomiok & ol degree d. For Sl (ot .-y
be selecked  wr HFom S, Thew

PYLQ (\r\_-,rn\;o\@@c\_-.:(“);eo] < d

sy
P\roo’—f: Bj induction on n (see e references zml'mg

Per%ecc:f f"\a’fd/\'w@s

CHow can we use  algdbruic dechnique o design efficiont
(owvallel)  a\qorithms  for  detecing B «ﬁV\A‘Nj Perbect matchnys]
— Given  loipardire gmfk Gz (WUVE) , U= V)=n

DCL\MHOW‘;W Tutte matn= o"g G 'S an nxn matn

o UV, EE
’\/\ S:L\ M(,)‘: %v Vy &
q(j \'(\‘VQ'GE
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Detetmi nan T agr M an bve used (o d/nu\c exisfen&%
VY\C*’\’d/\\V\fBS in G

Theorewnm (E&mon4>} Det(M) o «> G has a P@(‘gedf

vvwwd/\’mﬂ.
onﬁe—; US’W\S *H,\e cl,c'ﬂ'm;h‘w\ 04 &eJrCYW){Mvr\’.‘
Sige (1)
DerM) = j:_ (-0 ™ T Moy where P s ¥le

TER,

et o/'c all PCYW'IWTWHOY\S A’ {\7 _\)Yl§ , /\M S o

o - $o- pore covres\)onc\,er\ce \gemeer\ po*euﬁm,q Peifcf vr\md,\'sz (

X and \Dev\mm fathons 5£ [n}

—_A ?ﬁYVNA\‘CAHOV\ v cOV\‘rY\\oud*c} a non-2evo denm 4o

Det (M) W \v\\vm ) YV - - }val‘ 5 o pecbed
vvwﬁfd(/\\g w G
—Se o ?6’-*’?‘&@' VY\a’Vd/\'\vj —> g\ YermS  avr zevo
& Det (M) =0

b e 0w ?ev£t(,‘f' mm—d(mj +Here 5 a non-2¢w
teem 8. Sine  ems are distinet (A erot ser F
\IO\Y\O\\o\es\> no Awo Ferms  Canced oyt  eadk ofer.
Ran domized matciney 2 Usivg Hhis & Sc\/\warrz_?,@?f
Cor Po\n\/\omiaA '\&/V\Jr{m festing  we  @n Hrecke \4@
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Cor ’Po\n\nomiaA '\&;HAD ;es—ﬂyxﬁ we N  dheds \4@
G oy pedet mardhys:
Det (M) s a degree n plyomial. Se # we pick
our  Reld e erongh (savy P>/avx> Hren
b we pik o vamdom  ve T and  chede
i+ Det MY=0 or net  we wll  have
De[G has o pedeut mafo(mﬁ &
we accept ) = |
Pr V” has o perfect W\ov\'oC\'\D &.
we  veject }g%éﬁz—_
Tive ComP\ex‘\B‘, USivg  Gaussian method e cam Compuite
letminant  in 0@?). More elicient  algoridlums
foke  O(n ) whee WX 2.5F)
How 4o ﬁmcl o~ ?eﬂgw“ ma—m&mj{ \f\0\vi\«3 o "d\eda\'j‘
a\3@fi‘f\r\m ) Wwe (an Aesbvx on a\sor{c\/(m\ to Hind” ome.
By each e-wveE  chedk i Goe has o
perfect mactChiy.
i ges delere e Aom G

_ ese vewrse on G-e



para\\ﬁ\ O\\SOﬁ‘W\W\ & 1solaton  \emmaer

Oone O\A\IO\V\’\_U\Sﬂ 4 a\_f)e.\ormc_ ‘\‘eC(AY\\O\\AZSI Can be made
@o\m\\g\ O Yur on MaSswe Q\U\S‘\‘ﬁYS

Fovr e.D. Com?\/\’\'\\\ﬁ deferminamt  Can \e dore m 90\\\6\\M
T(/\Q/OV‘E’/W\?r ’\/Ve Ae{-crvnimw\‘ 5? AN 128 S\ maty A Can \oQ

C/O\N\ywsté (%) O(\oﬁlvﬂ Fime \AS'\\/\j O(y\w%) Processors -

So we an haw o Fasr parallel  aloordtun  fo
dekect £ G hws a Peﬂeﬁ(ﬂ’ vr\q’rd/\(‘@ o 1t
How o find o perfect matchivy i parallel 7

F eadr prowsor delers one edge @uv and check
it G-e has o perfect thff/(/\\_j?

how  do wou Gordinate  differsar processors fo
searde e the Sane mm—oﬂwz)?

Lemma (|solation \emM>% let )(:{g(\“.xms be «
st of elements and P {55 o fanily o
Swbosets of X (all distinet), Swp,oox w;xﬁ{\wm}
5 o positive infeger Binction  Chasen un{Lorm(j at rardom
for  codh element. Then



P LYY\\Y\ _,weis\r\”r Se¢ n o5 um‘\c\v\(l ZAZ
Remavk § This lemma  Seems  Counter —intuitive .
Note +hat K can be wery  \ame, Saw =2
tlen We AWt & eadh set s in the rongy e

2z lm
5\_\,\--/21»/\\‘&, So W efxpecj fo See = _  <Sets

2m>
&  eads weight in X\)v/ZW\lk \‘\

on«f: JFi\/\ an  element o o\mc\ let ¢

(
+ .

Yoo the st & al sets i £ confainy o
Yt’.\’\»e u u o & .o« DNOT COV\W\VZ) X

Ai s min WS) — wmin W(S/»W])
SeV. Sex:

Note  that £ o Lwld) Hen o does nd \oe\ow'j

fo  any min-valne Sef 2 Sme dher 5 o

SeY. whose weight is  smaller Han  LI( 3/—@&%)

Lox any de \(f s w(9) <w(s’, b(gk;%cw((xg)
— W)

_f o > W (%) Fren QueM  ymin-Valwe Set

wmuwst  contoan (..

we Saj A 15 aw\bigv\oms Ed ol = WX)

_ Note 5 A 1S independest & WOE)  and
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— Note 3 A 1S méqew&m &k WOE)  and
) (9(() 1S drosen LAn'onrm\l:) erovr\ {\ - zyr\\j
5 Pe Lxg S am\oigu\ov\sx <

om

Union bomd & P \(Qory\& o IS ambiﬂwou5}$—32—?
i teve s 1o amb]g\/\ms e\ement — 5 min _volre

Set 1S wx\o\vxb
=

/\/\md/\'wxj US Ny iselation  \emyngs

et K=E and sSet dte ebp weldnts mnc!om\ﬂ
fom I\, oml, Hea with Prb. >4 fhe min_ulht
perlect mm“d/\‘mﬁ IS Unique.

How fo Hind 167

In Ao Tate matrix et 9((.9.: 2&)5 where Wej TS
He weigws & U5 ond et B be 4his
(modified) Tutte matrox.

Lemma s if Here iS a unique. min—weiglht Perfet
mafdf\ig n G wih weyhts W AHen

() Det ®) #o  and

() te lagest power f 2 duiding Dare) is 2"
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(1) Tre \QmesT  power or 2 dwisiwe Derp) 15 ¢
Pro i ofler than fhe min_wehht pertect  mahy
all ofers hove weight SWsl . So e derms in
Det (&) are £ e om {iz\,N, iztm,iz,wj—ms
Takirg o lactor £ 2 ) Sme the min—value
(s unigWe  we  get A sum £ tle form
3 (\x 02 QL.?:L+--.> wWhere  a's are
nreger The sum  iside () 15 odd  and 0
_ 5 Det (B) #o  and C):A) s e laoyest Sivider.

=
Paratlke\ Ok\gof Ham &V mod‘d/\\v%:

— Pick  wg m\@orm\j at vandom  Hrom St\zm%
— (ampuic e Tutte matrix B and Compute
Der®) and Bind lamar w sk 37\ Detg)
ik Det () =0 — > no Pefﬁed W\O\’YCAA\V\@
— For eadh uyeE  do in pamllel
— Computt. Des (?;()) whee B, s B
odher deletiy o ¢ & Column 1
it Der (&) £o find He lamest ”i%\Der(Bt',-)

- '\{L V\/()'—srw(-j:\l\/ Hen owfp(,d u('v)‘
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