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Abstract

Gamesare a populartestbedfor Al research.Many of the
searchtechniquesthat are currently usedin areassuchas
single-agensearchandAl planninghave beenoriginally de-
velopedfor gamessuchas chess. Gamesshareone funda-
mentalproblemwith mary otherfields suchasAl planning
or operationgesearchhow to evaluateandcomparecomple

states?Theclassicalapproachs to ‘boil down’ stateevalua-
tion to a singlescalarvalue. However, a singlevalueis often
not rich enoughto allow meaningfulcomparisonsetween
statesandto efficiently controla search.

In thecontet of gamegesearchanumberof searchmethods
usingmulticriteria evaluationhave beendevelopedin recent
years. This papersuneys theseapproachesand outlinesa
possiblejoint researchagendafor the fields of Al planning
andgame-playingn thedomainof multicriteriaevaluation.

Intr oduction

The needfor multicriteria evaluationtechniquesn game-
playing programsis not immediatelyobvious. All popu-
lar gameshave final outcomesthat are scalar be it win-
draw-lossasin chessthe numberof pointsin gamessuch
asGo or Awari, or the amountof mone in casinogames.
In gamesthat are simpleenoughto allow a completeanal-
ysis, the exact value of a game position can be com-
putedby the minimax evaluationrule (von Neumann1928;
von Neumann& Morgenstern1947). However, comple
gamessuchascheswor Gorarelyallow a completeanalysis.
Evaluationproblemsarise quickly whena players knowl-
edgeabouta gameis lessthan perfect. In placeof anin-
tractablecompleteanalysis,gamesare usuallyanalyzedoy
a deepbut far from exhaustie searchusinga scalarvalued
heuristicevaluationfunction.

Anothersourceof compleity aregamesvherethe com-
pletegamestateis not known to a playerbecaus®f hidden
informationsuchasthecardsin otherplayershandsn most
cardgamespr becaus®f chancesventssuchasdicethrows
or cardsdravn from adeckduringa game.

In this surwey we will look at severaltechniqueghatuse
multicriteria evaluationin games. We startby summariz-
ing somebasicfactsaboutthe structuresisedin multicrite-
ria evaluation: vectordominanceasusedin multiobjective
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evaluations,andgeneralpartially orderedsets.Vectordom-
inancedefinesa specifickind of partial ordet andin turn
eachfinite-dimensionapartial order can be representedby
a vector with the samedominancerelationthat is usedin
multiobjective evaluation.

Themainpartof the paperconsistof anoverview of two
topicsthatthe authorhasworkedon: the searchmethodof
partial orderbounding,anda classof gamescalled combi-
natorialgameswhich are basedon a partial orderof game
values.We alsobriefly surwey otherrelatedwork on multi-
criteriatechniquesn games.

The final, mostly speculatie part of the paperdiscusses
possiblerelationsbetweenthe two fields of gameplaying
and Al planning. How canmulticriteria planningmethods
beusedin gameprograms?And how cantechniquesievel-
opedfor gametreesearchhe usedin multicriteriaplanning?

Background

In this sectionwe describethe sum-of-featuresnodel for
scalarevaluation,give definitionsof multiobjective andpar
tial order structures,and point out their close correspon-
denceatleastin theory

The standard scalar approach: weighted sum of
features

In the standardnodel of computergame-playingposition
evaluationis atwo stepprocessThefirst stepmapsagame
positionto anabstractepresentationA numberof relevant
attributesarecomputedandcollectedin a high-dimensional
featurevectorv. Within sucha vector singlefeaturesare
usually of a simpletype suchas0-1 (boolean),integer, or
real. Givenafeaturevectorv andaninteger or real-valued
weightvectorw, a scalarvaluedevaluationis computedas
theweightedsumeval(v) = > w;v;.

The weightedsumapproacho evaluationhasbeenvery
successfuln practice. It hasprovento be a usefulabstrac-
tion mechanismwith mary desirableproperties,suchas
simplicity, andeaseof usein efficient minimax-basedlgo-
rithms. Furthermoreijn somegameghereis a naturalmap-
ping of positionsto a numericalevaluation,for examplethe
expectednumberof capturedpiecesn Awari or thebalance
of territory in Go. In gameghatendin a simpleroutcome
suchaswin, lossor draw, a scalarevaluationcanbe inter-
pretedasa measuref therelative chanceof winning.



Despitethe greatsucces®f the weightedsum approach
to evaluation,the methodhasquite a few weaknessesand
mary of the alternatve methodsdiscussedn the surney
(Junghannsl998) were designedto addresssuch weak-
nesses. The main dravback of using a single numberfor
evaluationis thatinformationis lost. All kinds of features
areweighted addedandcomparedeventhosefor which ad-
dition and comparisondo not really makesense.Problem
topics include unstablepositions, long term strateic fea-
tures,andclose-to-terminapositions.For adetaileddiscus-
sion see(Miuller 2001b). It is thereforenaturalto consider
richerevaluationstructuressuchaspartialorders.

Partially Ordered Sets

Our definitionsfollow standaratorventions.For moreinfor-
mationseetextbookssuchas(Stanley 1997; Trotter 1992).

A partially ordered setor posetP is a set(alsocalled P)
togethemwith areflexive, antisymmetri@ndtransitvebinary
relation<. Thedualrelation> is definedby z > y <=
y < z. Two elements: andy of P arecalledcompaableif
z < yory < z, otherwiser andy arecalledincompaable
Therelationz < yisdefinedbyz <y <= z <y Az #
y, andz > y is equialentto y < z. A nonemptysubset
A of P is calledanantichainif andonly if ary two distinct
elementf A areincomparable.

Multiobjective Evaluation

Thestandardpproacho evaluationin multiobjectivesearch
(Stewart & White 1991; Harikumar& Kumar 1996; Das-
gupta, Chakrabarti,& DeSarkar1996b; 1996a)usesa m-

dimensionalrectorof scalavaluesfrom domainsy; . .

A partial orderon suchvectorsis definedby thefollowmg

vectordominanceelation:

y<y ©y <y Viecl, . .. m

In partialorderterminology the posetdefinedby the vec-
tor dominanceelationis the direct(or cartesianproductof
thetotally ordereddomainsy; ® ... ® Yp,.

While it is clearfrom the definitionthateachmultiobjec-
tive evaluationis a partial order the corverseis alsotrue,
in the following sense: Any poset P of finite dimension
dim(P) canberepresentedsthedirectproductof dim(P)
total orders(Ore 1962). However, it might be intractableto
find sucha representatiorfior a given poset. Currentalgo-
rithmsfor constructinga multiobjective representatiofor a
given partial orderare practicalonly for posetsof “modest
size” (Yanez& Montero1999).

Any partial order techniquecanimmediatelybe usedin
a multiobjective framework, whereasmultiobjective tech-
niguesthatrely on the vectordominancen their algorithm
only work for the generalkcaseif a suitablevectorrepresen-
tationcanbefound.

Approachego Multicriteria Evaluation in
Computer Game-Playing

In this sectionwe investigateproblemsof combiningpartial
orderevaluationswith minimaxsearch We discusshow par

tial order evaluationsarisein games,and somealgorithms
for dealingwith them.

Goalsof Partial Order Evaluation Themaingoalof par

tial orderevaluationis to makecomparisondetweenposi-
tions only whenthey are meaningful. In contrast,standard
scalarevaluationsareappliedandusedto compargpositions
regardlesof whetherthe underlyingpositionsarecompara-
ble. By refrainingfrom judgmentin doubtful casespartial
orderevaluationaimsatincreasinghe confidencen theva-

lidity of betterandworsejudgmentsderivedby search.

The Fundamental Problem of Using a Partial
Order Evaluation in Minimax TreeSearch

When using partially orderedevaluations,the result of a
minimax searchcannotbe just a singlevaluefrom the par

tially orderedset, becauseeomputingminima and maxima
of suchvaluesis anill-defined problem. A totally ordered
setsuchastheintegersor realsis closedunderthe applica-
tion of the operatoraminandmax if =y, ..., z, arevalues

from atotally orderedsetT’, thenbothmin(zy, . .., z,) and
max(z1, ..., z,) areagainelementsf 7', with the proper
tiesmin(z,...,z,) < x; andmax(zy,...,z,) > z; for

all 1 < i < n. Furthermorethe minimum andthe maxi-
mum coincidewith oneof thesevalues. For valuesfrom a
partially orderedset,it is nolongerpossibleto definea min
or maxoperatowith theseproperties.

Solutionsfor SpecialCases

Several differentapproacheso overcomethis fundamental
problemhave beentried. In somespecialcasesijt is possi-
ble to definemeaningfulminandmaxoperatorsvith similar
but morerestrictedproperties Onepossibleapproachn the
casewhenthe posetis a lattice is to definethe leastupper
(greatestower) boundof a setof incomparablevaluesas
the maximum(minimum) of thesevalues.(Ginsbeg 2001)
developssucha searchmodeland appliesit to the imper
fectinformationgameof Bridge. For generalattice-valued
evaluations,that do not possesshe specialsemanticaised
in Ginsbeg’s model,this approacHosesinformation,since
propagatingsuchboundsby atreebackupleadsto comput-
ing boundsof boundsof boundsetc., which makesthe ap-
proximationweakerandweaker

Another approach(Dasgupta,Chakrabarti,& DeSarkar
1996b) keepstrack of a set of hondominatedsetsof out-
comes. This canleadto high compleity in the casewhen
thereare mary incomparablevalues. A viable searchpro-
cedureseemsio requireextra assumptionssuchas totally
orderedprivate preference®sf the players,sothis approach
doesnotseemto beusedin practice.

Approximating Scalar Values

Onenaturalway in which partial ordersarisein gamestate
evaluationis uncertaintyaboutthe true value of a scalar
value. Intervals, “fat values” suchas triples containinga
lower bound, a realistic value and an upper bound (Beal
1999), and probability distributions (Baum& Smith 1997)
are prominentexamples. Differentkinds of partial orders



canbe definedover suchstructures. Onenaturalinterpreta-
tion of anintervaliis asa pair of upperandlower boundson
the unknown true value. The correspondingpartial orderis
avectordominanceorder An exampleof arelatively strong
orderingof probability distributionsis stodasticdominance
(Russell& Norvig 1995).

(Lincke 2002)studiesthe problemof building anopening
book for a game,that can containboth exact and heuristic
minimax scores. He definesa new type of min and max
operatorsfor “fat values” that keep value representations
compactyet can presere someinformation aboutchoices
betweenexact and heuristicplays. He further extendsthe
modelto dealwith draw valuesarisingfrom positionrepeti-
tion.

Partial Order Bounding (POB)

Partial orderevaluationsare usefulsincethey aremore ex-

pressie than scalarevaluations. One practicalproblemis

that mary partial ordersearchmethodstry to backup par

tially orderedvaluesthroughthe tree. Dependingon the
methodused, this leadseither to potentially huge setsof

incomparableoptions,or to a lossof information, or both.
In addition,somemethodsare applicableonly to restricted
typesor specificrepresentationsf partialorders.Partial or-

der bounding(POB) (Muller 2001b)avoids suchproblems
by separatingthe comparisonof partially orderedevalua-
tionsfrom thetreebackup.

Partial order boundingis basedon the ideaof null win-
dow searcheswhich have alreadybecomevery popularwith
scalarevaluationthroughsearchmethodssuchas SCOUT
(Pearl1984)and MTD(f) (Plaatetal. 1996). Ratherthan
directly computingminimax values,null window searches
areusedto efficiently computeboundson the gamevalue.
In SCOUT, the purposes to prove thatothermovesarenot
betterthanthebestknown move, while in MTD(f) the mini-
maxvalueis discoreredby aseriesof null window searches.
Thegoalof asinglenull window searclis to establistanin-
equalitybetweena given fixed boundandthe evaluationof
anodein the searchiree. POB extendsthis ideato the case
of partialorderevaluation.

In the caseof a posetP, aboundB C P canbe given
by anantichainin P thatdescribeghe minimal acceptable
outcomesa playerwantsto achieve.

The successetof B in P is definedby S(B) = {z €
P|3b € B: z > b}, andthefailure setof B in P is the
complemenbf thesuccesset,F(B) = P — S(B).

Thesuccessetcontainsall valuesthatare“good enough”
with respecto thegivenboundB, while thefailure setcon-
tainsthe remaininginsufficient values. Minimax searchis
usedto decidewhetherthe first playercanachiee a result
z € S(B), or whetherthe opponentcan prevent this from
happening.In the exampletree shavn in Figure 1, leaves
have beenevaluatedby pairs of integers. The usualvec-
tor dominanceorderis used. In the diagram,squaregep-
resentMAX nodesand circles MIN nodes. For illustra-
tion, we considerthe following two out of the large num-
ber of possiblebounds: B; = {(5,7),(10,3)} and B, =
{(5,8), (6,4)}. In thisexample, MAX canobtainthe bound
Bj but fails to obtainthe bound B;. Leaf evaluationsand

backed-upvaluesare shovn in the figure, with a plus sign
representinguccessnd a minus sign representindailure
for MAX. Notethat MAX would not succeedy selecting
oneof thetwo single-elemensubset®f B, in thisexample.

B]I +

(11,5) (5,7 (6,8) (7.3)
Bli + Bll + Bll + Bli -
Bz: + le - B2§ + B2: -

Figurel: Exampleof searchusingPOB

In POB,thecomparisorof partially orderedvaluesis sep-
aratedfrom the valuebackupprocedurdn the gamegraph.
This simplifiesthecomputatiorcomparedvith previousap-
proachessincethereareno setsof incomparablevaluesthat
mustbe computedstored,andbackedup.

Partial order bounding can be combined with ary
minimax-basedearchmethod,suchasalpha-betar proof-
numbersearch(Allis 1994). A partial orderevaluationcan
beaddedo asophisticatedtateof theartsearchenginewith
minimal effort. Themethodhasbeensuccessfullappliedto
solving capturingracesin thegameof Go (Muller 2001b).

The next topic, decompositiorsearch represents very
differentapproacho minimax gameanalysis,which leads
to a partialorderevaluationaswell.

Combinatorial Gamesand DecompositionSearch

Decompositiorseach (Muller 1999) finds minimax solu-
tionsto gameghatcanbe partitionedinto independensub-
games.Themethoddoesnot usetraditionalminimaxsearch
algorithmssuchasalpha-betahut relieson conceptsrom
combinatorialgametheoryto do locally restrictedsearches.
The result of eachlocal searchis an elementfrom the
partially ordereddomainof combinatorialgames(Conway
1976; Berlekamp,Conway & Guy 1982). In a last step,
combinatorialgamesarecombinedo find a globalsolution.
This divide-and-conquespproachallows the exact solution
of muchlargerproblemsahanis possiblewith alpha-beta.

Combinatorial GameTheory

Combinatorial game theory (Conway 1976; Berlekamp,
Conway & Guy 1982) breaksup game positions into
smaller piecesand analyzesthe overall gamein terms of
thesdocal subgames.

Eachmove in a gamecorrespond$o a move in onesub-
gameand leaves all other subgamesinchanged.A game
endswhenall subgame$iave ended,andthefinal outcome
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Figure2: A threeheapNim positionandits subgames

of the gamecanbe determinedrom thesubgameutcomes.
A well-known example of a combinatorialgameis Nim,
shawn in Figure 2, which is playedwith heapsof tokens.
At eachmove, a playerremoresan arbitrary numberof to-
kensfrom a singleheap andwhoeverrunsoutof movesfirst
loses.EachNim heapconstituteonesubgameWhile win-
ning a single subgameas trivial, winning the sumof several
heapgequiresitherexhaustve analysis,or, muchmoreef-
ficiently, a computatiorusingthe calculusof combinatorial
games.

This theorycanbe seenasbotha generalizatiorandasa
specialcaseof classicaiminimaxgametheory It is agener
alizationbecauséocally, eachplayercanmove in eachpo-
sition, whereasn classicalminimaxgamesonly oneplayer
hasthe move. On the otherhand,from a global viewpoint
combinatorialgamesare a specialcase becausenly some
gamesllow a decompositiorinto subgames.

DecompositionSearch

Decompositionsearch(Muller 1999) is a framework for
solving gamesthrough decompositionfollowed by a par
ticularkind of local searcrnamedocal combinatorialgame
seach (LCGS)andthe analysisof the resultinglocal game
graphsthroughcombinatorialgametheory

Let G beagamethatdecomposemto a sumof subgames
G1+ ...+ G,. Letthecombinatorialgameevaluationof ¢
be C(G). Decompositiorseach is definedasthefollowing
four stepalgorithmfor determiningoptimal play of G:

1. Gamedecompositiorand subgamddentification: given
G, find anequivalentsumof subgamess; + ... + G,.

2. Local combinatorialgamesearch(LCGS): for eachG;,
performasearchto find its gamegraphGG(G;).

3. Evaluation: for eachgamegraphGG(G;), evaluateall
terminalpositions thenfind the combinatorialgameeval-
uationof all interior nodesJ)eadingto the computatiorof
C(Gy).

4. Sumgameplay: throughcombinatorialgameanalysisof
the setof combinatorialgamesC'(G;), selectan optimal
movein Gy + ...+ G,.

We describesteps2 and4 furtherin the following para-
graphs. For further details on the theory the algorithm,
andits applicationssee(Berlekamp Conway & Guy 1982;
Muller 1995;1999).

Local Combinatorial GameSearch Localcombinatorial
gamesearchLCGS)is the maininformationgatheringstep
of decompositiorsearch.lt is performedindependentlyor

eachsubgame LCGS generates: gamegraphrepresenting

all relevantmove sequencethatmight be playedlocally in
the courseof a game. LCGS works differently from mini-
max tree searchin a numberof ways, including move gen-
erationandrecognitionof terminalpositions.

The gamegraph built by LCGS also differs from the
tree generatecby minimax search. In the caseof mini-
max, playersmove alternately so eachpositionis analyzed
with respectto the player on move. In contrast,thereis
no playerto-move-net in a subgame. All possiblelocal
move sequencesnustbe includedin the analysis,includ-
ing sequenceswvith several successie moves by the same
player becaus@layerscanswitchbetweersubgamest ev-
ery move.

Another differenceis the treatmentof cycles. Classical
combinatorialgameevaluationis definedonly for games
without cycles. However, similar methodsbasedon a
techniquecalled thermogaphy are being developed that
can deal with cyclic subgamess well (Berlekamp1996;
Fraser2002;M{ller 2000).

Sum Game Play

To find anoptimalmove in asumgame thefinal stepof de-
compositionsearctselectsamove which mostimprovesthe
position. This improvementis measuredby a combinatorial
gamecalledthe incentiveof a move. The incentivesof all
movesin all subgamearecomputedocally. If oneincentive
dominatesall others,anoptimalmove hasbeendetermined.
This is the usualcasefor gameswith a relatively strongly
orderedsetof valuessuchasGo.

Sinceincentives are combinatorialgamesand therefore
only partiallyorderedjt canhapperthatmorethanonenon-
dominatedcandidatanove remains.In this case anoptimal
move is found by a more comple procedurdanvolving the
combinatoriasummatiorof gamegConway1976).

Sincesucha summationcan be an expensve operation,
thereis no worstcaseguaranteghat decompositiorsearch
is alwaysmore efficient thanminimax search. In practice,
it seemgo work muchbetter The algorithmpresentsnary
opportunitiesfor compleity reductionof intermediateex-
pressiongluring local evaluationaswell asduring summa-
tion.

Even though all searchand most analysisis local, de-
compositionsearchyields globally optimal play, which can
switch back and forth betweensubgamesn very subtle
ways,asin theexampleof Figure3.

An optimal 62 move solutionsequenceomputedoy de-
compositionsearchis shavn in Figure3. On a stateof the
art system4 yearsago,the completesolutiontook only 1.1
secondsFull-boardalpha-betaearchevenwith furtheren-
hancementthatexploit locality, hasno chanceo solve this
kind of problems.It requirestime thatis exponentialin the
sizeof thewhole problem wheread CGS’ worstcasetime
is exponentialin thesizeof thebiggessubpoblem If thelo-
cal combinatorialgameevaluationsgeneratediuringLCGS
canbecomputecandcomparedvithouttoo muchoverhead,
asusuallyseemdo bethe casein the Go endgamenvesti-
gated,adramaticspeedupesults(Muller 2001a).



Figure3: An optimalsolutionto problemC.11

Game Search Techniquesin Multicriteria
Planning

This sectionpresentssomepreliminaryideasfor applying
gamesmethodsin Al planning. Theauthorhopesthatthey
will becomepartof the emeging researctagendan multi-
criteriaplanning.

Partial Order Bounding

Theideaof usingmary simpleyes/noguestiongo approach
a compl problemis intuitively appealing.Canit be made
to work in the domainof multicriteria Al planning? Many
planning systemsare slowed down by their manipulation
of complec structuresduring the search. The challengeof
developinga plannerbasedon partial orderboundingis to
transformthe planning probleminto a seriesof decision
problemsthat can be efficiently searched.One successful
exampleof a similar approacharethe existing methodsfor
compiling planningproblemsinto SAT instances.

DecompositionSearch

Combinatoriagametheoryusesoneof thefundamentabp-
proachedor dealingwith compleity: divide andconquer
The unique point of this approachis the rich partially or-
deredstructureof combinatorialgamesthat can be used
on anintermediatdevel, to represensolutionsto subprob-
lems. Furthermorea powerful mathematicahpparatusan
be usedto combinepartial solutions.

An analogouspproactin Al planningcouldwork asfol-
lows:

¢ Splitaplanningprobleminto subtasks.

¢ Uselocal searcton eachsubtaskwhichis parameterized
by the possibleexternalcontexts in which it might be ap-
plied.

¢ Find a partial orderstructureto representhe parameter
izedsolutionsto subtasks.

o Define a global combinationoperator which might be
basednacombinationof: high-level searchandknowl-
edgeaboutthe partial orderstructureof sub-solutions.

To giveamoreconcretexample thesubtaslof transport-
ing somegood(G from A to B mighthave apartially ordered
solutionspacethat is parameterizedthy the resourcesised,
suchasfuel, time andpersonnel.lt canbe further param-
eterizedby the resultsachieved, suchasthe quantity of ¢
transportedtherisk of failure andsoon. Theideais a“plan
library” with multiattribute annotationsof subtasksandso-
lutions.

Multicriteria Planning in Gamesand Puzzles

Adversarial planning is more comple than single-agent
planning, since normal planning usually assumesan un-
changingervironmentundercompletecontrol of the agent,
whereasin adwersarialplanningall possiblehostile oppo-
nentactionshave to be takeninto accountaccordingto the
minimaxprinciple.

Go

Gois anintricategamewhich requiresacomplec evaluation
(Bouzy & Cazenge 2001; Muller 2002). Most successful
Go programautilize a complec hierarchyof objectsto rep-
resentthe stateof a Go board,andvery selectvely generate
movesthat pursuegoalsrelatedto theseobjects. The basic
evaluationin Go is a scalarmeasuringthe balanceof ter-
ritory, often obtainedby summingup a valuein the range
between+1 (surepoint for player) and -1 (sure point for
the opponentfor all pointson theboard. Even so,in prac-
tice mary othercriteriaareusedto modify this value(Chen
2000).

In termsof planning,high-level plansfor objectson the
boardareused.(Hu & Lehnerl997)proposesereralmodels
for combininglocal plansin a Go framework, taking into
accountthe overall minimax evaluationprinciple aswell as
the questionof keepingthe initiative while executingone
plan,which allows a playerto starton thenext planaswell.

Multicriteria planningappeargo be a naturalframewvork
for thiskind of environment.A situationcanberepresented
asa setof plansfor eachplayer During a game,plansare
in differentstagesf completionandrepresentlifferentde-
greesof local succes®r failure for eachplayer Eachmove
playedin agameof Gotypically haseffectson mary levels
andon mary differentplans.Someof theseeffectsaregood
for the playet while othersare detrimental. This naturally
leadsto a partial orderevaluationstructure.

Planning in Sokoban

In ongoingwork with Adi Botea and JonathanSchaefer
(Botea 2002), we investigatean abstractmodel for plan-
ning in the puzzleof SokobanJunghann4999). This work
roughly follows the decompositiorsearchplanningmodel
outlined abore. A Sokobanpuzzleis split into subprob-
lemscalledroomsandtunnelsrepresentingartsof theover
all maze. Several staticand search-basednalysesre per
formedon the subproblems.This resultsin a compactin-
termediaterepresentatiof the possiblelocal solutionsto



eachsubproblemThehigh-level globalplanneris now able
to work on the muchreducedabstracteglanningproblem
insteadof the original maze.
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