“The test of a man isn’t what you think he’ll do. It’s what he actually does.”

.

S S

Introduction to RL
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Coursera Reminder

You should be enrolled in the private session we created in Coursera for CMPUT 365.
| cannot use marks from the public repository for your course marks.

You need to check, every time, if you are in the private session and if you are submitting
quizzes and assignments to the private section.

The deadlines in the public session do not align with the deadlines in Coursera.

If you have any questions or concerns, talk with the TAs or email us
cmput365@ualberta.ca.

Marlos C. Machado
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Reminders and Notes

e Your last quiz and programming assignments are due on Wednesday.

« Confirmed Guest Lecture by Rich Sutton on April 8th.

Marlos C. Machado
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Chapter 13

Policy Gradient Methods

Marlos C. Machado
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Policy Gradient Methods

o Pretty much everything so far has been about action-value methods.
o They learn value functions and then select an action based on their estimated action values.

o What if we learned the policy directly?

Marlos C. Machado
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Policy Gradient Methods— Why?

» Everything we discussed so far assumed we had a discrete action set.
o Many problems we care about have an action set with continuous actions (e.g., torque in a motor).

« It naturally “scales” to function approximation and sometimes the PG algorithms
have much nicer guarantees.

o Maybe one should directly optimize what they care about, which is the policy.

o It works and it is used everywhere now \_(*J)_/

LLMs (e.g., ChatGPT) Video games Robotics!
Marlos C. Machado (e.g., Dota2, StarCraft 2)
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More Specifically

o Let® € RY denote the policy’s parameter vector. We then write:
n@als, @ =Pr(A =a|S =s, 8 =8).

o We consider some scalar performance measure J(0) with respect to the policy
parameter. We perform gradient ascent in J:

e

Ot—l—l = 01; -+ CYVJ(Ot)

Marlos C. Machado
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Gradient Bandit Algorithms (Chapter 2) — No parameterization

« Bandits! But instead of learning an estimate of the expected reward from each

arm, we learn a numerical preference for each action a, denoted H.(a).
o The larger the preference the more likely you are to take that action, but the preference has no

additional semantics in terms of rewards.
o If we offset all action preferences we will still select actions with the same probability.

« We choose actions according to a softmax distribution (i.e., Gibbs or Boltzmann

dIStrIbUtIOﬂ)Z At first, all action
preferences are the same

kK _H,(b) = m(a)
Zb=1 et \

Notice we are not conditioning on s,
because it is a bandits problem

th (a)

Pr{A;=a} =

Marlos C. Machado
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Some more on the Softmax

a1 a2 a3
H(-) |1 1 1
m-) | 0.33 | 0.33 | 0.33

a1 a2 a3
H(-) 3 1 1
m-) | 0.79 | 0.11 | 0.11

Marlos C. Machado

a1 a2 a3
H(-) | 4 1 1
m-) 091 0.05  0.05

a1 a2 a3
H() | -4 1 1
m+: 0 05 05

a1 a2 a3
H) 3 2 1
m(-) 0.67  0.24 | 0.09

a1 a2 a3
H) 4 3 2
m(-) 0.67  0.24 | 0.09
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Gradient Bandit Algorithms (Chapter 2) — No parameterization

« We change the preferences with stochastic gradient ascent.

e Iheidea:;

OE[Ry]

Ht-f—l(a’) = Ht(a’) + a@Ht(a)

where the measure of performance here is the expected reward:

E[R] =) mi()q«(w)

Obviously, we don’t know Q..

... but we can be clever about it.

Marlos C. Machado
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Gradient Bandit Algorithms (Chapter 2) — Derivation

Let’s look at the exact performance gradient:

OE[Ry]
D H(a) _8Ht [Z” ©)ax(@ ]

Next, we multiply each term of the sum by 11,(x)/T,(x):

OE Rt Z () s ( 37Tt(x) () This is an expectation, we are summing over all possible values x of the
¥ BHt( ) random variable A,, then multiplying by the probability of taking those values.

— ]E[C]*(At)ggiég / Wt(At)] = ]E{R\t?;;;iét)) / 7Tt(At)]

Because, E[R, | A] = a.(A).

Marlos C. Machado
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Gradient Bandit Algorithms (Chapter 2) — Derivation

omi(z) _ 0
OH(a)  OHi(a)

Hi(x) Quotient rule:

ko Hiy) ) )
Oy 0 Hy(x) S 9 | fl=z) _%g(as)—ﬂx)ag&:)
¢(2) e — et

8Ht(a) 3Ht(a) Zglj—l th(y)

Let’s instantiate T(x): 7 (z) = €

g9(z)

ko Hily)
8€Hf Z 1 ¢ S x)azyzl et
(9Ht Y= OH¢(a)

2
k. H
(Zy e t(y)>
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Gradient Bandit Algorithms (Chapter 2) — Derivation

k Hi(
ﬁth(fC) Ek th(y) _ th(x)azyzl e t(y)
y=1 O, (a)

gg((x)) _ [984a) 5 Recall:
Ha
(Zkl th(y)) a_ex _ ot
9= ox
) Thus
H H H H
]]-a,=$€ t(m) 216 t(y) — e t(x)e t(a') ath(x) . th(x)
S y= 8Ht(a) =T

2
( Zk th(y)) that is, when x =y, we

—1 . .
y have the identity, o.w.
we have zero.

Marlos C. Machado
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—E|R A
9Hy(a) [ "0H;(a) / il ”]

Gradient Bandit Algorithms (Chapter 2) — Derivation——————————

k
Lo—zeft (@) 3 eHi(v) _ Hi(z)gHi(a)

Ome(w) _ y=1

OHy(a) ( Zzzl - (y)) 2
R P G eH:(z) gHi(a)
TR e B (Z’;Zl th(y)) 3

= lg—pmi(x) — me(x)me(0)
= 7t(z)(La=z — me(a))

Marlos C. Machado
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Gradient Bandit Algorithms (Chapter 2) — Derivation

OE|Ry] B | 37Tt<At) Omy(x) e s
oH o) | OHa) / m(At)] ot ~ @) (Lamz — (@)
- -Rtﬂ't(At)(]lazAt = Wt(a))
B 7Tt(At)

= B[R, (1aes, — mi(@)]

Marlos C. Machado
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Gradient Bandit Algorithms (Chapter 2) — Baseline

Let’s look at the exact performance gradient:
OE[R¢] (97rt (s)
D H(a) 8Ht [Z mH(@)gx (@ ] Z () 5

Instead, we could do:

Baseline: Any scalar that does not depend on x.
We can do thls because the gradient sums to zero over all the

Rt] Z )am (x) _Z (x)-B o () o ver
8Ht q* x aHt a) = g« \T t BHt(a) actions, ¥, 2 dH( = 0. As H,(a) is changed, some actions’ prob.
x go up and some go down, but the sum of the changes must
be zero because the sum of the prob. Is always 1.

Next, we multiply each term of the sum by 1,(x)/T,(x): /g\ﬁgtelgﬁnrgvtﬁ:j up |
8]E[Rt] o 0’/1'15(1,') - 87rt(At) o 37Tt(At)
0H,(a) ;7”("”) (q*(“’)“Bt) 7E,)) e~k (q*(”)”Bt) 8H,(a) / Rilie)| =E ( aHt / (4:)
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Gradient Bandit Algorithms (Chapter 2) — No parameterization

« We change the preferences with stochastic gradient ascent.
e Theidea:

OE[R
Hij1(a) = Hy(a) + a5 H& (;]) where E[R;] = Z (@) g (@

with our derivation, we then have:

Hii1(a) = Hy(a) + oF [Rt (na:At - m(a))]
Which means:

Hii1(A) = Hy(A,)+aR, (1 - m(At)) and

Hii1(a) = Hy(a)—aRem(a) for all a # A,.

Marlos C. Machado
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Policy Gradient Methods

o Pretty much everything so far has been about action-value methods.
o They learn value functions and then select an action based on their estimated action values.

o What if we learned the policy directly?
o  We parameterize a policy and we learn the values of those parameters \_(*J)_/

o  We can still use a value function to learn the policy params, but it isn’t required for action selection.

Marlos C. Machado
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More Specifically

« Let® € RY denote the policy’s parameter vector. We then write:
n@als, @ =Pr(A =a|S =s, 8 =8).

o We consider some scalar performance measure J(0) with respect to the policy
parameter. We perform gradient ascent in J:

e ——

Ot—l—l — Ot + QVJ(Ot)

o Methods that learn approximations to both policy and value functions are often
called actor-critic methods.
o Actor: learned policy
o  Critic: learned value function

Marlos C. Machado
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Scaling up and Generalizing Policy Gradient Methods

« In the Bandits problem, we used the following softmax:

th (CL)

211;1 eH¢(b) -

Pr{A;=a} = (@)

« More generally, we need to introduce states and to parameterize H.:

eh(s’a”e) T This could be “anything”, such as a
7'('(0,'8’ 0) = neural network or linear in features:

S, eh(s:0.0)

5 Tt
6h(é,a,0) = 60 x(s,a)

Marlos C. Machado
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Some Advantages of Policy Approximation

o The softmax in action preferences can approach a deterministic policy, whereas
e-greedy, for example, will always have a probability € of acting suboptimally.
o These decisions are made per “state” with policy gradient methods, not globally.

Marlos C. Machado
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Some Advantages of Policy Approximation

o The softmax in action preferences can approach a deterministic policy, whereas
e-greedy, for example, will always have a probability € of acting suboptimally.
o These decisions are made per “state” with policy gradient methods, not globally.

o It is not the softmax itself that gives us that, but the use of action preferences. A
softmax over state-action values would never converge to a deterministic policy.
o Action preferences are driven to produce the optimal stochastic policy.

Marlos C. Machado
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Some Advantages of Policy Approximation

o The softmax in action preferences can approach a deterministic policy, whereas
e-greedy, for example, will always have a probability € of acting suboptimally.
o These decisions are made per “state” with policy gradient methods, not globally.

o It is not the softmax itself that gives us that, but the use of action preferences. A
softmax over state-action values would never converge to a deterministic policy.z
o Action preferences are driven to produce the optimal stochastic policy.

o We can select actions with arbitrary probabilities. Sometimes the best policy is a

stochastic one.
S l=l-—|a

o See Example 13.1 of the textbook

Marlos C. Machado
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Some Advantages of Policy Approximation

The softmax in action preferences can approach a deterministic policy, whereas
e-greedy, for example, will always have a probability € of acting suboptimally.
o These decisions are made per “state” with policy gradient methods, not globally.

o It is not the softmax itself that gives us that, but the use of action preferences. A
softmax over state-action values would never converge to a deterministic policy.z
o Action preferences are driven to produce the optimal stochastic policy.

o We can select actions with arbitrary probabilities. Sometimes the best policy is a

stochastic one.
S l=l-—|a

o See Example 13.1 of the textbook

Wall above?

0.13 0.25‘ 0.5 ‘ 1.0 ‘Ol No Yes

« A policy might be a easier to approximate than the VF.
And it is the thing you ultimately care about \_(*/)_/ Up Right

Marlos C. Machado [Das Gupta, Talvitie, Bowling; AAAI 2015]
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The Policy Gradient Theorem

« \We have stronger convergence guarantees for policy gradient methods, in part
because the policy changes more smoothly than, say, e-greedy policies.

o Let’s do gradient ascent, in the full RL problem. To do that we need to define J(0):

J(0) = vrg(50)
o It seems tricky though. “The problem is that performance depends on both the
action selections and the distribution of states in which those selections are
made, and that both of these are affected by the policy parameter.”

o The effect of a change in the policy on the state distribution is typically unknown.

Marlos C. Machado
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The Policy Gradient Theorem

« \We have stronger convergence guarantees for policy gradient methods, in part
because the policy changes more smoothly than, say, e-greedy policies.

o Let’s do gradient ascent, in the full RL problem. To do that we need to define J(0):

J(0) = vrg(50)
o It seems tricky though. “The problem is that performance depends on both the
action selections and the distribution of states in which those selections are
made, and that both of these are affected by the policy parameter.”

o The effect of a change in the policy on the state distribution is typically unknown.

How can we estimate the performance gradient w.r.t the policy parameter when the
gradient depends on the unknown effect of policy changes on the state distribution?

Marlos C. Machado
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The Policy Gradient Theorem

e Ihe Policy Gradient Theorem [Marbach and Tsitsiklis, 1998, 2001; Sutton et al. 2000] pI’OVidGS an
analytic expression for the gradient of performance w.r.t. the policy parameter that
does not involve the derivative of the state distribution.

VJ(0) x Z 1(s) Z q-(s,a)Vm(als,8)

Proportional to On-policy distribution

Marlos C. Machado
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Interlude: The On-Policy Distribution (Page 199)

[In episodic tasks, without discounting.]

o In an episodic task, the on-policy distribution depends on the initial state distribut.

o Let h(s) denote the probability that an episode begins in each state s.

o Letn(s) denote the # of time steps spent, on avg, in state s in a single episode.
Time is spent in a state s if episodes start in s, or if transitions are made into s from a preceding state s in

which time is spent.

n(s) = h(s)+Zn(§)27r(a|§)p(s|§,a), for all s € 8.

Marlos C. Machado
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Interlude: The On-Policy Distribution (Page 199)

[In episodic tasks, without discounting.]

In an episodic task, the on-policy distribution depends on the initial state distribut.
Let h(s) denote the probability that an episode begins in each state s.

Let n(s) denote the # of time steps spent, on avg, in state s in a single episode.
Time is spent in a state s if episodes start in s, or if transitions are made into s from a preceding state s in
which time is spent.

n(s) = h(s)+Z'r](§)27r(a|§)p(s|§,a), for all s € 8.

Solving this system of equations we obtain the on-policy distribution, which is the
fraction of time spent in each state normalized to sum to one:
n(s)
M(S) — )
Zs’ 77(8/)

for all s € 8.

Marlos C. Machado
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The Policy Gradient Theorem — Proof

[For simplicity, we leave it implicit that mtis a function of 8, and all gradients are also implicitly with respect to 0.]

Vo (s) =V [Zw(a\s)qw(s,a)] , forallse$ Reminder

Product rule

Vr(als)gx(s,a) + m(a|ls)Vax (s, a)] V(fg9) =fVg+gVf

I
i\

—Vw(a|s)qw(s, a) +m(als)V ZP(S’, rls,a)(r + Uﬂ(sl))]

s’'.r

s/

)
- Z —Vﬂ'(a|s)q7,(s,a) + m(als) Zp(s’|s, a)V'uﬂ(s’)]
S | n(als)ax(s, o) + (als) 3 p(s'ls, )

S | r@1s)an(s )+ wla1s) (sl a')Vw(s")H

Marlos C. Machado a’ s’
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The Policy Gradient Theorem — Proof

[For simplicity, we leave it implicit that mtis a function of 8, and all gradients are also implicitly with respect to 0.]

_ k=0 k=1
Vor(s) = | 3 lwws)qw(s,a) +(als) 3 p(s'1s,a)
Z {Vﬂ-(aﬂs')qw(s’, a' )|+ m(a’'|s") Zp(s”|s', a')VvW(s")”

If we keep unrolling, considering all time steps:

ZZPr S—QW ZVw alz)gr(z,a)

z€8 k=0

Probability of transitioning from state s to state x in k steps under policy .

Marlos C. Machado
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The Policy Gradient Theorem — Proof

[For simplicity, we leave it implicit that mtis a function of 8, and all gradients are also implicitly with respect to 0.]
VJ(O@) = Vug(s)

= > (ZPr(so — s,k,w)) Y Vr(alz)gx(z,a)
s k=0 a

H Af timo ctoane enant An

= Z n(s) Z Vr(a|r)g-(z,a)

Next, we multiply everything by >-n(s)/ 3 n(s)

— %:77(3’) ZS: ZZ(;ES’) Za: Vr(a|z)g:(z,a)

Marlos C. Machado
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The Policy Gradient Theorem — Proof

[For simplicity, we leave it implicit that mtis a function of 8, and all gradients are also implicitly with respect to 0.]

VIO = Tl X =ty 2 Valeana,o
= Y0l Y () Y Vrlale)gs(z,0)
" uls) Y Vr(alz)ex(a,a)

Q.E.D.

Marlos C. Machado



41 CMPUT 365 — Classes 31-33/35

The Policy Gradient Theorem

e Ihe Policy Gradient Theorem [Marbach and Tsitsiklis, 1998, 2001; Sutton et al. 2000] pI’OVidGS an
analytic expression for the gradient of performance w.r.t. the policy parameter that
does not involve the derivative of the state distribution.

VJ(0) x Z 1(s) Z q-(s,a)Vm(als, )

Marlos C. Machado
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A First Policy Gradient Method

VJ(0) x Z w(s) Z q-(s,a)Vr(als,8)

It weighs the sum by how
often the states occur under
the target policy 1

Any constant of proportionality can = ]E,r[ E qW(St, CL)Vﬂ'(CLl ts
a

be absorbed into the step size a

0t+1 = Ot + Z qA(Sta a, W)Vﬂ-(a’lsta 0)

Marlos C. Machado
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REINFORCE: Monte Carlo Policy Gradient witiams, 1992]

Bt—l-l = Bt + Z qA(Sta CL,W)VT((CLLS%, 0)

We want an update that at time t involves just A,. We need to replace a sum over the
RV’s possible values by an expectation under 11, and then sampling the expectation.

VJ(O) x E, Z ¢ (S, a)Vm(al|St, 0)]

(alS;, 0)

| Vw(AtISt,O)} Vr(As|S, 0)
_]Eﬂ- m S ,A —_ ?
0 (5 402418, 0) = [Gt 7(A¢| Sy, 0) ]

_E. | 7(alS1, 0)¢x(Si, a) V”(‘L'St’a)]

Marlos C. Machado
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REINFORCE: Monte Carlo Policy Gradient wiliams, 1992]

V7 (A|St, 0)
7r(At|St, 0)

VJ(0) x E, [Gt ] "(als, 0)

V7T(At|St,9t)
7 W(Atlst, Bt)

0t+1 — Ht -+ aG

REINFORCE uses the full return,
thus it is a Monte Carlo method.

Marlos C. Machado
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REINFORCE: Monte Carlo Policy Gradient wiliams, 1992]

Marlos C. Machado

VW(At|St, Ot)

0t+1 = Ot -I-OéGt 7T(At|St,9t)

REINFORCE: Monte-Carlo Policy-Gradient Control (episodic) for ,

Input: a differentiable policy parameterization 7(als, @)
Algorithm parameter: step size a > 0
Initialize policy parameter 8 € R% (e.g., to 0)

Loop forever (for each episode):
Generate an episode So, A(), Rl, 000 p ST—l, AT—I, RT,
Loop for each step of the episode t =0,1,...,T — 1:

G + Zf:m o=t IR
0 + 0 + av' GV|In(A|Sy, 0)

following 7(+|-, 0)

(Gt)

Recall:

Ving = ¥&
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Policy Gradient with Baseline

« As before, in the gradient bandits algorithm, we can generalize the policy
gradient theorem to include a comparison of g_ to an arbitrary baseline b(s):

) X Z,u Z(q7r s,a) — b(s ))Vﬂ(a|s,0)'

« The baseline can be any function, even a random variable, as long as it does not
vary with a; because the subtracted quantity is zero (as before):

Zb(s)Vw(a|s,9) = b(s)VZﬂ(a|s,9) = b(s)V1 = 0

Marlos C. Machado
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REINFORCE with Baseline wiliams, 1992]

Vﬂ'(AtlSt,Ot)

0t_|_1 = Ht + a(Gt - b(St)) W(Atlst Ot)

Marlos C. Machado
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REINFORCE with Baseline wiliams, 1992]

REINFORCE with Baseline (episodic), for estimating 7 ~ m,

Input: a differentiable policy parameterization 7(als, )

Input: a differentiable state-value function parameterization 0(s,w)
Algorithm parameters: step sizes a® > 0, a%¥ >0

Initialize policy parameter @ € R% and state-value weights w € R4 (e.g., to 0)

Loop forever (for each episode):
Generate an episode Sy, Ag, R1,...,S7_1,Ar_1, Rr, following 7 (-|-,8)
Loop for each step of the episode t =0,1,...,T —1:
G« Ef:ml YRy (Gt)
0 + G|- ’ﬁ(St,W)
W W+ aV oV (S,w)
00+ a97t5V1n7r(At|St, 0)

Marlos C. Machado
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Actor-Critic Methods

o In BREINFORCE with baseling, the learned state-value function estimates the
value of the first state of each state transition.

o In actor-critic methods, the state-value function is applied also to the second
state of the transition.

o When the state-value function is used to assess actions in this way it is called a
critic, and the overall policy-gradient method is termed an actor—critic method.

Marlos C. Machado
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One-Step Actor-Ciritic

V’iT(Atlst, Ot)
7T(At|St, Bt)

0:11 =0+ Oé(Gt:t+1 = @(Staw))
Vﬂ'(At|St, Ht)

= 0; + a(Rt+1 +70(Sp41,W) — U(St’w)) m(A¢|St, 0¢)

Vﬂ'(At|St, Ot)

=0t et S, 6

Marlos C. Machado
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One-Step Actor-Ciritic

One-step Actor—Critic (episodic), for estimating 7y ~ m,

Input: a differentiable policy parameterization 7(als, 6)
Input: a differentiable state-value function parameterization v(s,w)
Parameters: step sizes >0, a¥ > 0
Initialize policy parameter 8 € R% and state-value weights w € R4 (e.g., to 0)
Loop forever (for each episode):

Initialize S (first state of episode)

I+1
Loop while S is not terminal (for each time step):
A~ 7(:|S,0)
Take action A, observe S’, R
d <+ R+~0(S",w) — 0(S,w) (if S’ is terminal, then 9(S’,w) = 0)

W w+ aVIVo(S,w)
0+ 0+a°15VIinn(AlS,0)
I ~I

S =15

Marlos C. Machado
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Policy Parameterization for Continuous Actions

« But how do we deal with large action spaces”?

o We learn statistics of the probability distribution over actions to take.
o E.g., the action set might be the real numbers, with actions chosen from a normal distribution.

- / \ U=-2, 0%=0.5, =
1 . 2 0.6
p(z) = e exp(— (x%f) ) /\ / \
0.2 |\
i NN |
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Policy Parameterization for Continuous Actions

o We need a policy parameterization, as always \_(*V)_/

= 1 ex . (a’ o ,U’(Sa 0))2
7T(a|8,0) - 0'(8,0)\/% p( 20'(8,0)2 )

u(s,0) =80, 'x,(s) and o(s,0)=exp (HGTXG(S))
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What’s next”?

Undergraduate courses:
CMPUT 366 Search and Planning

« CMPUT 455 Search, Knowledge and Simulation B demi -
. CMPUT 466 Machine Learning Essentials Becearch -
« CMPUT 467 Machine Learning I g ‘

Grad school &)

« CMPUT 656 Human-in-the-Loop Reinforcement Learning by M. E. Taylor

« CMPUT 628 Deep Reinforcement Learning by M. C. Machado

« CMPUT 609 Reinforcement Learning Il by R. Sutton

« CMPUT 653 Theoretical Foundations of Reinforcement Learning by C. Szepesvari
« CMPUT 653 Real-Time Policy Learning by A. R. Mahmood

Marlos C. Machado



“I am glad you are here with me. Here at the end of all things, Sam.”

J. R. R. Tolkien, The Return of the King
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