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Today’s lecture
G

e Introduction to complex numbers
e Continuous Fourier Transform

Complex Numbers- Definition
G

Imaginary unit: i2=-1
Rectangular form:

Y X:Re(z)-real part
p(ab) y= |m(Z) - Imaglnafy part

/ abi

K :

Complex Numbers - Properties
G

Conjugate: 7=x- iy
Modulus:

[d=Vx+y”
Addition

Z, +z, = (X +iyy) + (% +iy,)

= (X %) +i(Y;, +Y,)
Multiplication .z, = (X, +1Y,)(X, +1Y,)
= (X% + ViY,) (XY, + XY,




Polar Form

r —modulus

q - argument

z=Xx+iy=r(cosq +ising) =re"

Polar form - Properties

Conjugate: |z| =reg
Multiplication: 2z, = rleiqlrzeiqz — rlrze‘ (CRPY

2" =(re*) = rgm

Power:

Polar form - Formulas
.

e De Moivre’s Formula
(cosq +ising)" =cosng +isinng

e Euler Formula

gl +gld e

] q _ e-iq
COsq :T, ang =

Combination of sines
.




Constructing an image

Analyzing an image

All basisimages

intensity ~ that frequency’s coefficient

Basis vectors Linear Combination
2
w
Till now ...
]
im mal | *ay b | +...+a,] |,

Red Basis

Im can be recovered from aif | invertible

Fourier transform = real and imaginary part

Fourier Transform - definition
.

Direct:
¥

AT} =F(U) = f (e ™ dx =

¥
= Of (X)(cos2pux - isinZpux)dx =
-y

¥ ¥
:_9f(x)x- |_9f(xx

odd




Oddness and Evenness
. |
Any function ... f(x)=0(x)+ E(x)
Where O(x) is an odd function and E(x) is an even function

E() = Z(F(0+ 1(- %)
O<x):—(f<x) f(-x))

The Fourier transform
A f(x)}= ZOE(X) cos(2pux)dx - 2i d:)(x)sm(Zpux)dx
FT of areal even functionisreal (and even)
real odd function isimaginary (and odd)

FT- spectrum and phase

. |
F(u) = R(u) +i l(u)

e Spectrum IF (u)| = /RE(u) +1%(u)

e Phase F (u) = atan— |((U))

F(u) = R(u)e™ ™

Inverse FT
_

AYF@U) = f(x)= Oc(u) &2 gy

Convolution
.

¥

f(¥)* g(x) = Of (U)g(x- u)du
Convolution the;Jrem

ALELO0* 1,00} = ALTLOOMA f,(x)} = F(W)F, (u)

Product theorem

ALE(X) £,00} = AL ()} AL f,(X)} = F(u)* F,(u)
Obs: Discrete case — FFT + convolution theorem = fast
convolution




Properties
G

f(x) F(u)
e Linearity af,(x) +bf,(x)  aF(u) +bF,(u)
e Time shifting f(x- %) F(u)e
e Frequency shifting f (x)e > Fu- u)

e Scaling f (ax) la| *F (u/a)




