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11.1 Recap

We will start by reviewing some useful concepts from the previous lecture.

Definition 1 A graph G = (V ;E) is factor critical if G− {v} has a perfect matching for all v ∈ V .

Definition 2 For X ⊆ V , define qG(X) to be the number of connected components C = (VC , EC) of G − X
with |VC | odd.

We left off proving Tutte’s theorem:

Theorem 1 (Tutte’s theorem) Graph G = (V ;E) has a perfect matching iff qG(X) ≤ |X| ∀X ⊆ V

We saw the proof of the (⇒) implication, and started proving the (⇐) implication using induction on the
number of vertices. We assumed qG(X) ≤ |X| ∀X ⊆ V (call this ? for ease of reference), and let X ⊆ V be any
maximal set satisfying |X| = qG(X). We saw in the last lecture that such an X must exist, and that for such an
X, G−X has no even-size connected components. Finally, we showed that qG(X)+ |X| ≡ |V | (mod 2) ∀X ⊆ V
(call this ?? for ease of reference). With these ideas in mind, we will now finish this proof.

11.2 Finishing the Proof of Tutte’s Theorem

Define the graph H as follows: Starting from G, contract each connected component of G−X to a single vertex
(discard loops), and let C be the set of vertices formed by these contractions. Also, remove all edges in the set
{uv ∈ E : u, v ∈ X}.

H is a bipartite graph, with partitions X and C: we removed all edges with both endpoints in X, and no edge
can have its endpoints in two different connected components (otherwise they would not be different connected
components), so each edge has one endpoint in X, and one endpoint in C.

Moreover, we specifically chose X so that |X| = qG(X), that is, G − X has |X| odd-cardinality connected
components, and we also saw that G−X has no even-cardinality connected components, so G−X has exactly
|X| connected components. Therefore |C| = |X|, meaning that H could have a perfect matching. We will now
show that this is indeed the case.

Lemma 1 The graph H, as defined above, has a perfect matching.

Proof. Consider arbitrary C ′ ⊆ C.
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We have |C ′| ≤ qG(NH(C ′)), as each c ∈ C represents a connected component formed by the removal of
X, and removing these neighbours of C ′ disconnects the components represented by C ′, giving at least |C ′|
odd-cardinality connected components.

We also have qG(NH(C ′)) ≤ |NH(C ′)| by ? (which we assumed to prove this direction). Therefore, by transi-
tivity, |C ′| ≤ |NH(C ′)|. So Hall’s criteria holds in H. Therefore, a perfect matching exists in H.

Where does this result get us? Now that we have proven such a matching must exist, let M ⊆ E be a matching of
size |X|, between X and C. Clearly M matches every vertex in X, and one vertex in each connected component
of G − X (we defined M as a set of edges in the contracted graph H, but we can use the obvious mapping
to edges in the original graph; intuitively, we can imagine reversing the contraction to see what the edge was
before). We know that all the connected components of G−X have odd cardinality, so M leaves an even number
of vertices in each connected component unmatched.

Suppose that, for each connected component C of G−X, there existed a matching which matched all |C|−1 of
the vertices in C which M left unmatched. There are no edges between connected components, by definition,
so these matchings would not “interfere” with each other: the union of these matchings, along with M , would
be a matching which left no vertices unmatched – a perfect matching. The notion of a factor critical graph will
help us prove that this is the case.

Lemma 2 Let Gi = (Ci;Ei) be a connected component of G−X. Then Gi is factor critical.

Proof. Suppose Gi = (Ci;Ei) is not factor critical. Then by definition, there is some v ∈ Ci such that Gi−{v}
has no perfect matching. By the inductive hypothesis1 there is some Y ⊆ Ci−{v} such that qGi−{v}(Y ) > |Y |.

By ??, and since |Ci − {v}| = |Ci| − 1 is even, we have qGi−{v}(Y ) ≥ |Y |+ 2. Therefore:

qG(X ∪ Y ∪ {v}) = |X| − 1 + qGi(Y ∪ {v})
= |X| − 1 + qGi−{v}(Y )
≥ |X| − 1 + |Y |+ 2
= |X|+ |Y |+ 1

This contradicts ? and the maximality of X.

Now all we need to do is wrap up. We know all the connected components are factor critical, so a perfect
matching for each connected component exists when we exclude the vertex which is matched by M to a vertex
in X. So, as planned, we have shown that there exists a matching for the vertices in each connected component
not matched by M , and so, as outlined above, G has a perfect matching. So, by the principle of mathematical
induction, Tutte’s theorem is proven. �

11.3 Finding Maximum Matchings in General Graphs

Earlier in the course, we saw how to find a maximum matching in a bipartite graph. Now we want to do this
in a general graph. The idea is the same: find an alternating path which begins and ends at an unmatched
(or “exposed”) vertex. Then exchange the edges in the path in the matching, for those in the path not in the
matching, to obtain a larger matching. However, there is a problem which does not occur in bipartite graphs:
odd-length cycles. We will generalize this notion with the idea of a blossom, and explore how we can adapt our
ideas to this setting.

Definition 3 Let G = (V ;E) be a graph, and let M be a matching in G. An M-blossom is a subgraph

1Recall this is a proof by induction: see the previous lecture’s notes to see how we set it up.
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B = (VB ;EB) such that |M ∩ EB | = (|VB | − 1)/2 and B is factor critical. The vertex in VB not matched by
M ∩ EB is the base of the blossom.

Note that the base need not be unmatched by M ; it need only be unmatched by M ∩ EB .

Definition 4 Let M be a matching and B = (VB , EB) an M -blossom with base u. A stem for B is an
alternating path with vertices v1, . . . , vk such that:

1. v1 is M -exposed (i.e. unmatched by M)

2. k is odd

3. VB ∩ {v1, . . . , vk} = {vk}

These imply vk = u.

Note that, if u is exposed (even from outside B), then the trivial 0-edge path starting and ending at u is a stem.

Intuitively, when finding a matching, we can safely work around a blossom with a stem by contracting the
blossom. We will now formalize this idea.

Recall that ν(G) denotes the size of a maximum matching in G.

Theorem 2 Let M be a matching, B = (VB ;EB) an M -blossom with base vk and stem v1, . . . , vk consisting of

the edge set P . Then ν(G) = |M | iff ν(G/VB) = |M | − |VB |−1
2 (= |M − EB |)

Proof. We have ν(G/VB) ≥ |M | − |VB |−1
2 , since the edges of M − EB yield a matching in G/VB . Suppose N

is a matching in the contracted graph G/VB with |N | > |M | − |VB |−1
2 . We will break the proof into cases.

Case 1: N does not match the contracted node VB .
This implies N ∪ (EB ∩M) is a matching in G of size |N |+ |EB ∩M | > |M |.

Case 2: N matches VB in the contracted graph. View N as a matching in G that matches at most one vertex
v in VB (using the corresponding edge in G/VB that matched the contracted blossom). If N did not match any
vertex in VB , let v be any vertex of VB . Because B is factor-critical, we can find a matching NB of B−{v}. So

N ∪NB is a matching of size |N |+ |VB |−1
2 > |M |.

In either case, we see that M is not a maximum matching of G. We will show the converse in the next lecture:
if M is not a maximum matching of G then M − EB is not a maximum matching of G/VB .


