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Comments for the lecture
• Please ask questions (this is a summer school)


• I will pause a few times and get you to answer questions/exercises


• Outcomes: you will 


• understand how models can be used to learn optimal values/policies 


• understand in-depth one strategy, called Dyna, for online setting


• recognize some of the other ways models can be used
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• Particularly looking at a formalism called Dyna


• Part 3: A brief discussion about other ways to use models



Imagine we have the model

• Joint transition and reward dynamics


• Then, we can learn offline without interacting with the world!

p(s′�, r |s, a)
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• We can directly solve for the (optimal) action-values, using Bellman equations
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Bellman equations & Dynamic Programming 
to find the optimal policy

• We can directly solve for the (optimal) action-values, using Bellman equations

q*(s, a) = ∑
s′�

∑
r

p(s′�, r |s, a)[r + γ max
a′�

q*(s′�, a′�)]
qk+1(s, a) = ∑

s′�

∑
r

p(s′�, r |s, a)[r + γ max
a′�

qk(s′�, a′�)]
called Value Iteration



4.4. Value Iteration 83

case is when policy evaluation is stopped after just one sweep (one update of each state).
This algorithm is called value iteration. It can be written as a particularly simple update
operation that combines the policy improvement and truncated policy evaluation steps:

vk+1(s)
.
= max

a

E[Rt+1 + �vk(St+1) | St =s, At =a]

= max
a

X

s0,r

p(s0, r |s, a)
h
r + �vk(s0)

i
, (4.10)

for all s 2 S. For arbitrary v0, the sequence {vk} can be shown to converge to v⇤ under
the same conditions that guarantee the existence of v⇤.

Another way of understanding value iteration is by reference to the Bellman optimality
equation (4.1). Note that value iteration is obtained simply by turning the Bellman
optimality equation into an update rule. Also note how the value iteration update is
identical to the policy evaluation update (4.5) except that it requires the maximum to be
taken over all actions. Another way of seeing this close relationship is to compare the
backup diagrams for these algorithms on page 59 (policy evaluation) and on the left of
Figure 3.4 (value iteration). These two are the natural backup operations for computing
v⇡ and v⇤.

Finally, let us consider how value iteration terminates. Like policy evaluation, value
iteration formally requires an infinite number of iterations to converge exactly to v⇤. In
practice, we stop once the value function changes by only a small amount in a sweep.
The box below shows a complete algorithm with this kind of termination condition.

Value Iteration, for estimating ⇡ ⇡ ⇡⇤

Algorithm parameter: a small threshold ✓ > 0 determining accuracy of estimation
Initialize V (s), for all s 2 S

+, arbitrarily except that V (terminal) = 0

Loop:
| � 0
| Loop for each s 2 S:
| v  V (s)
| V (s) maxa

P
s0,r p(s0, r |s, a)

⇥
r + �V (s0)

⇤

| � max(�, |v � V (s)|)
until � < ✓

Output a deterministic policy, ⇡ ⇡ ⇡⇤, such that
⇡(s) = argmax

a

P
s0,r p(s0, r |s, a)

⇥
r + �V (s0)

⇤

Value iteration e↵ectively combines, in each of its sweeps, one sweep of policy evaluation
and one sweep of policy improvement. Faster convergence is often achieved by interposing
multiple policy evaluation sweeps between each policy improvement sweep. In general,
the entire class of truncated policy iteration algorithms can be thought of as sequences
of sweeps, some of which use policy evaluation updates and some of which use value
iteration updates. Because the max operation in (4.10) is the only di↵erence between

, a ∈ 𝒜
Q(s, a)

Q(s, a) ← Σs′ �,r p(s′�, r |s, a)[r + γ max
a′ �

Q(s′�, a′�)]
Δ ← max(Δ, |v − Q(s, a) | )

Q(s, a)

Initialize Q(s,a) = 0 for all s,a
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High-level Outline

• Part 1: Learning the optimal policy given the model (offline)


• Part 2: Moving to learned models (online) 

• Part 3: A brief discussion about other ways to use models

RL with learned models can use a similar approach to Dynamic Programming 

but online
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Online Reinforcement Learning

EnvironmentAgent

reward

states

actions

A2 …A0 R1 S1 A1 R2 S2S0

Tuples of experience: 
(S0, A0, R1, S1) 
(S1, A1, R2, S2) 
(S2, A2, R3, S3) 

…Q-learning update:  
Q(S, A) = Q(S, A) + 𝛂 [ R +  𝝲 max Q(S’, A’) - Q(S, A)] 
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Online RL with a Model

Environment

Agent

reward

states

actionsPolicy

Model

(St, At, Rt+1, St+1)

One Goal: Improve Sample Efficiency



What are possible learned models?

• Most obvious answer:


• Realistically: models with state abstraction and temporal abstraction


• For now: let’s assume we learn approximation 

p̂(s′�, r |s, a)

p̂(s′�, r |s, a)



Outline for Part 2:  
Moving to Learned Models

• Introduce a planning framework called Dyna 


• Explain how Experience Replay is a simple instance of Dyna


• Discuss two key choices in Dyna: Model and Search Control


• Discuss different choices for the Model


• Discuss different choices for Search Control



What is Dyna?



What is Dyna?

w = w + 𝛂 𝛅 x(s)
e.g., Q-learning



What is Dyna?

w = w + 𝛂 𝛅 x(s)
e.g., Q-learning



What is Dyna?

(s,a)

s’, r ~ M(s,a)

w = w + 𝛂 𝛅 x(s)
e.g., Q-learning



What is Dyna?

(s,a)

s’, r ~ M(s,a)

w = w + 𝛂 𝛅 x(s)

w = w + 𝛂 𝛅 x(s)
e.g., Q-learning



What is Dyna?

(s,a)

s’, r ~ M(s,a)

w = w + 𝛂 𝛅 x(s)

w = w + 𝛂 𝛅 x(s)
e.g., Q-learning



What is Dyna?

(s,a)

s’, r ~ M(s,a)

w = w + 𝛂 𝛅 x(s)

w = w + 𝛂 𝛅 x(s)
e.g., Q-learning

Key Idea: Use RL updates on simulated experience 
from a model as if it is the real world
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Let’s see how much better an agent can do with Dyna



Agent in the first episode



Q(s, a) ← Q(s, a) + α (r + γ ⋅ maxa′ �
Q(s′�, a′�) − Q(s, a))

Agent in the first episode



Agent’s knowledge after the first episode
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Agent has the optimal policy after 
just one episode



Agent has the optimal policy after 
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Dyna = Background Planning
• Given unlimited computation, each planning update in the background 

could essentially solve the Bellman equation for the current model 


• Loop over all states and actions many times


• At extreme of computation, behaves like Dynamic Programming


• In practice, have limited computation 


• Use any extra computation for background planning: do as many 
updates to the value function or policy as computation allows



Advantages of Dyna
• Anytime planning (asynchronous, occurs in the background)


• contrasts Decision-time planning


• Can take advantage of parallelism 

• Naturally enables partial models 


• Can still do long-term planning use temporal abstraction, but avoids 
multi-step rollouts 



Now let’s dive into specific instances of Dyna
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Important choices: Search Control

• The type of model


• Search-control



Let’s look at a simple example of Dyna: 

Experience Replay



Experience Replay

• Essentially using a batch method in an online setting


• Store buffer of recent transitions (s, a, s’, r)


• e.g., sliding window buffer


• Sample mini-batch updates from the buffer, for updates to the value 
function or policy

Exercise: How can ER be seen as an instance of Dyna?

What is the choice for the Model and for Search Control?



Experience Replay Pseudocode

Exercise: How can ER be seen as an instance of Dyna?

What is the choice for the Model and for Search Control?

buffer B and Q(s,a)

Add (S, A) to buffer B, drop oldest sample

Grab random (S, A, S’, R) from buffer B



Experience Replay: 
A Simple Example of Dyna

(s,a)

s’, r ~ M(s,a)
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(s1, a1, r2, s2) 
(s2, a2, r3, s3) 

…

(s,a)

s’, r ~ M(s,a)
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Model is tuples of experience: 
(s0, a0, r1, s1) 
(s1, a1, r2, s2) 
(s2, a2, r3, s3) 

…

(si, ai)

(ri+1, si+1)            



Experience Replay: 
A Simple Example of Dyna

Model is tuples of experience: 
(s0, a0, r1, s1) 
(s1, a1, r2, s2) 
(s2, a2, r3, s3) 

…

(si, ai)

(ri+1, si+1)            

We should be able to get a better Model 

and smarter Search Control



Advantages of a Learned Model  
over a Transition Buffer

• Compactness: summarizes experience


• Coverage: cannot store all experience, so in ER common to use most 
recent experience (does not cover space)


• Querying: can query a model from a particular (s,a)



Important choices: Model

• The type of model


• Search-control
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What are possible learned models?

• Most obvious answer:

• Transition Model with agent state


• agent state = constructed vector summarizing key information

• Predictions about some observations/features in the future

• Predictions about (cumulative) rewards in the future

• …or even Q(s,a)?

p̂(s′�, r |s, a)

Increasing 
Abstraction 

and/or 
Simplicity



So is Sarsa a                             
model-based RL algorithm?

• This question only arises due to being imprecise


• Let’s try to be more precise



What does the model do?

• The agent uses knowledge/predictions about the world (a model) to 


• improve estimates of the optimal value function/policy


• learn about new things faster


• e.g., learn new option policies (new skills)


• e.g., help agent re-visit parts of the space in non-stationary problems

Notice now that Q(s,a) does not really count as a model



What does the model do?

• The agent uses knowledge/predictions about the world (a model) to 


• improve estimates of the optimal value function/policy


• learn about new things faster


• e.g., learn new option policies (new skills)


• e.g., help agent re-visit parts of the space in non-stationary problems

Notice now that Q(s,a) does not really count as a model
But the model does not have to be the transition dynamics



Important aspects of the model
• State-to-State vs Observation-to-Observation



Models on Agent State

• Construct agent state


• e.g., recurrent neural network to summarize history (POMDPs)


• e.g., remove unnecessary detail from an image, only keep key info in the agent 
state needed to make predictions


• Learn one-step model for agent state


• Only model what the agent thinks is important, avoid pixel-to-pixel models

p̂( ̂s′�, r | ̂s, a)

̂s



Important aspects of the model
• State-to-State vs Observation-to-Observation


• Expectation vs Sample Models



Sample Models

• Given (s,a), obtain a sample of s’ and r


• Examples:


• Conditional Gaussian distribution


• Conditional Mixture Model


• Mixture Density Network

(s, a)

each actions above a threshold uniformly, potentially providing a more stable

update from the approximation errors of the Expert.

Algorithm 4: Conditional CEM for the Actor
Input: St and Q✓

Sample N actions ai ⇠ ⇡w(·|St)
Obtain empirical distribution Î(St) = {a⇤1, . . . , a⇤h}
by evaluating a1, . . . , aN on Q✓

. Increase likelihood for high-value actions
w w + ↵ 1

N

PN
j=1 aj2Î(St)

rw ln ⇡w(aj|St)

In this subsection we have extended CEM to be conditioned on states.

CEM is a sound approach to iteratively find the maximum for non-convex

functions, but it can be unclear whether the Actor using CCEM would behave

like the expected CEM optimizer across states. A formal proof is provided in

Lim et al. 2018 showing that the Actor asymptotically behaves like the CEM

optimizer, using two-timescale stochastic approximation analysis.

st
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at
<latexit sha1_base64="z/+tcOpZFl9p8IWm8NhlEGvmvy0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2m3bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwnt4X/+MS1EYl6wGnKg5iOlIgEo2gl348pjsMop7MBDuoNt+nOQVaJV5IGlGgP6l/+MGFZzBUySY3pe26KQU41Cib5rOZnhqeUTeiI9y1VNOYmyOeZZ+TMKkMSJdo+hWSu/t7IaWzMNA7tZJHRLHuF+J/XzzC6DnKh0gy5YotDUSYJJqQogAyF5gzl1BLKtLBZCRtTTRnammq2BG/5y6uke9H03KZ3f9lo3ZR1VOEETuEcPLiCFtxBGzrAIIVneIU3J3NenHfnYzFaccqdY/gD5/MHbM uR7A==</latexit><latexit sha1_base64="z/+tcOpZFl9p8IWm8NhlEGvmvy0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2m3bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwnt4X/+MS1EYl6wGnKg5iOlIgEo2gl348pjsMop7MBDuoNt+nOQVaJV5IGlGgP6l/+MGFZzBUySY3pe26KQU41Cib5rOZnhqeUTeiI9y1VNOYmyOeZZ+TMKkMSJdo+hWSu/t7IaWzMNA7tZJHRLHuF+J/XzzC6DnKh0gy5YotDUSYJJqQogAyF5gzl1BLKtLBZCRtTTRnammq2BG/5y6uke9H03KZ3f9lo3ZR1VOEETuEcPLiCFtxBGzrAIIVneIU3J3NenHfnYzFaccqdY/gD5/MHbM uR7A==</latexit><latexit sha1_base64="z/+tcOpZFl9p8IWm8NhlEGvmvy0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2m3bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwnt4X/+MS1EYl6wGnKg5iOlIgEo2gl348pjsMop7MBDuoNt+nOQVaJV5IGlGgP6l/+MGFZzBUySY3pe26KQU41Cib5rOZnhqeUTeiI9y1VNOYmyOeZZ+TMKkMSJdo+hWSu/t7IaWzMNA7tZJHRLHuF+J/XzzC6DnKh0gy5YotDUSYJJqQogAyF5gzl1BLKtLBZCRtTTRnammq2BG/5y6uke9H03KZ3f9lo3ZR1VOEETuEcPLiCFtxBGzrAIIVneIU3J3NenHfnYzFaccqdY/gD5/MHbM uR7A==</latexit><latexit sha1_base64="z/+tcOpZFl9p8IWm8NhlEGvmvy0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2m3bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwnt4X/+MS1EYl6wGnKg5iOlIgEo2gl348pjsMop7MBDuoNt+nOQVaJV5IGlGgP6l/+MGFZzBUySY3pe26KQU41Cib5rOZnhqeUTeiI9y1VNOYmyOeZZ+TMKkMSJdo+hWSu/t7IaWzMNA7tZJHRLHuF+J/XzzC6DnKh0gy5YotDUSYJJqQogAyF5gzl1BLKtLBZCRtTTRnammq2BG/5y6uke9H03KZ3f9lo3ZR1VOEETuEcPLiCFtxBGzrAIIVneIU3J3NenHfnYzFaccqdY/gD5/MHbM uR7A==</latexit>

µ1
<latexit sha1_base64="RX77uKFZGkbkW+xU+d+eRcCb/O8=">AAAB+3icbVBLSwMxGMz6rPW11qOXYBE8lV0R9Fj04rGCfUB3WbLZbBuax5JkxbL0r3jxoIhX/4g3/43Zdg/aOhAyzHwfmUycMaqN5307a+sbm1vbtZ367t7+waF71OhpmStMulgyqQYx0oRRQbqGGkYGmSKIx4z048lt6fcfidJUigczzUjI0UjQlGJkrBS5jSCWLNFTbq8i4Pks8iO36bW8OeAq8SvSBBU6kfsVJBLnnAiDGdJ66HuZCQukDMWMzOpBrkmG8ASNyNBSgTjRYTHPPoNnVklgKpU9wsC5+nujQFyX8ewkR2asl71S/M8b5ia9DgsqstwQgRcPpTmDRsKyCJhQRbBhU0sQVtRmhXiMFMLG1lW3JfjLX14lvYuW77X8+8tm+6aqowZOwCk4Bz64Am1wBzqgCzB4As/gFbw5M+fFeXc+FqNrTrVzDP7A+fwBf9+UuA==</latexit><latexit sha1_base64="RX77uKFZGkbkW+xU+d+eRcCb/O8=">AAAB+3icbVBLSwMxGMz6rPW11qOXYBE8lV0R9Fj04rGCfUB3WbLZbBuax5JkxbL0r3jxoIhX/4g3/43Zdg/aOhAyzHwfmUycMaqN5307a+sbm1vbtZ367t7+waF71OhpmStMulgyqQYx0oRRQbqGGkYGmSKIx4z048lt6fcfidJUigczzUjI0UjQlGJkrBS5jSCWLNFTbq8i4Pks8iO36bW8OeAq8SvSBBU6kfsVJBLnnAiDGdJ66HuZCQukDMWMzOpBrkmG8ASNyNBSgTjRYTHPPoNnVklgKpU9wsC5+nujQFyX8ewkR2asl71S/M8b5ia9DgsqstwQgRcPpTmDRsKyCJhQRbBhU0sQVtRmhXiMFMLG1lW3JfjLX14lvYuW77X8+8tm+6aqowZOwCk4Bz64Am1wBzqgCzB4As/gFbw5M+fFeXc+FqNrTrVzDP7A+fwBf9+UuA==</latexit><latexit sha1_base64="RX77uKFZGkbkW+xU+d+eRcCb/O8=">AAAB+3icbVBLSwMxGMz6rPW11qOXYBE8lV0R9Fj04rGCfUB3WbLZbBuax5JkxbL0r3jxoIhX/4g3/43Zdg/aOhAyzHwfmUycMaqN5307a+sbm1vbtZ367t7+waF71OhpmStMulgyqQYx0oRRQbqGGkYGmSKIx4z048lt6fcfidJUigczzUjI0UjQlGJkrBS5jSCWLNFTbq8i4Pks8iO36bW8OeAq8SvSBBU6kfsVJBLnnAiDGdJ66HuZCQukDMWMzOpBrkmG8ASNyNBSgTjRYTHPPoNnVklgKpU9wsC5+nujQFyX8ewkR2asl71S/M8b5ia9DgsqstwQgRcPpTmDRsKyCJhQRbBhU0sQVtRmhXiMFMLG1lW3JfjLX14lvYuW77X8+8tm+6aqowZOwCk4Bz64Am1wBzqgCzB4As/gFbw5M+fFeXc+FqNrTrVzDP7A+fwBf9+UuA==</latexit><latexit sha1_base64="RX77uKFZGkbkW+xU+d+eRcCb/O8=">AAAB+3icbVBLSwMxGMz6rPW11qOXYBE8lV0R9Fj04rGCfUB3WbLZbBuax5JkxbL0r3jxoIhX/4g3/43Zdg/aOhAyzHwfmUycMaqN5307a+sbm1vbtZ367t7+waF71OhpmStMulgyqQYx0oRRQbqGGkYGmSKIx4z048lt6fcfidJUigczzUjI0UjQlGJkrBS5jSCWLNFTbq8i4Pks8iO36bW8OeAq8SvSBBU6kfsVJBLnnAiDGdJ66HuZCQukDMWMzOpBrkmG8ASNyNBSgTjRYTHPPoNnVklgKpU9wsC5+nujQFyX8ewkR2asl71S/M8b5ia9DgsqstwQgRcPpTmDRsKyCJhQRbBhU0sQVtRmhXiMFMLG1lW3JfjLX14lvYuW77X8+8tm+6aqowZOwCk4Bz64Am1wBzqgCzB4As/gFbw5M+fFeXc+FqNrTrVzDP7A+fwBf9+UuA==</latexit>

µ2
<latexit sha1_base64="P7XEepZCOXIBlEpTeRKVhDhoX8o=">AAAB+3icbVDNS8MwHE3n15xfdR69BIfgabRD0OPQi8cJ7gPWUtI03cKSpiSpOEr/FS8eFPHqP+LN/8Z060E3H4Q83vv9yMsLU0aVdpxvq7axubW9U99t7O0fHB7Zx82BEpnEpI8FE3IUIkUYTUhfU83IKJUE8ZCRYTi7Lf3hI5GKiuRBz1PiczRJaEwx0kYK7KYXChapOTdX7vGsCDqB3XLazgJwnbgVaYEKvcD+8iKBM04SjRlSauw6qfZzJDXFjBQNL1MkRXiGJmRsaII4UX6+yF7Ac6NEMBbSnETDhfp7I0dclfHMJEd6qla9UvzPG2c6vvZzmqSZJglePhRnDGoByyJgRCXBms0NQVhSkxXiKZIIa1NXw5Tgrn55nQw6bddpu/eXre5NVUcdnIIzcAFccAW64A70QB9g8ASewSt4swrrxXq3PpajNavaOQF/YH3+AIFjlLk=</latexit><latexit sha1_base64="P7XEepZCOXIBlEpTeRKVhDhoX8o=">AAAB+3icbVDNS8MwHE3n15xfdR69BIfgabRD0OPQi8cJ7gPWUtI03cKSpiSpOEr/FS8eFPHqP+LN/8Z060E3H4Q83vv9yMsLU0aVdpxvq7axubW9U99t7O0fHB7Zx82BEpnEpI8FE3IUIkUYTUhfU83IKJUE8ZCRYTi7Lf3hI5GKiuRBz1PiczRJaEwx0kYK7KYXChapOTdX7vGsCDqB3XLazgJwnbgVaYEKvcD+8iKBM04SjRlSauw6qfZzJDXFjBQNL1MkRXiGJmRsaII4UX6+yF7Ac6NEMBbSnETDhfp7I0dclfHMJEd6qla9UvzPG2c6vvZzmqSZJglePhRnDGoByyJgRCXBms0NQVhSkxXiKZIIa1NXw5Tgrn55nQw6bddpu/eXre5NVUcdnIIzcAFccAW64A70QB9g8ASewSt4swrrxXq3PpajNavaOQF/YH3+AIFjlLk=</latexit><latexit sha1_base64="P7XEepZCOXIBlEpTeRKVhDhoX8o=">AAAB+3icbVDNS8MwHE3n15xfdR69BIfgabRD0OPQi8cJ7gPWUtI03cKSpiSpOEr/FS8eFPHqP+LN/8Z060E3H4Q83vv9yMsLU0aVdpxvq7axubW9U99t7O0fHB7Zx82BEpnEpI8FE3IUIkUYTUhfU83IKJUE8ZCRYTi7Lf3hI5GKiuRBz1PiczRJaEwx0kYK7KYXChapOTdX7vGsCDqB3XLazgJwnbgVaYEKvcD+8iKBM04SjRlSauw6qfZzJDXFjBQNL1MkRXiGJmRsaII4UX6+yF7Ac6NEMBbSnETDhfp7I0dclfHMJEd6qla9UvzPG2c6vvZzmqSZJglePhRnDGoByyJgRCXBms0NQVhSkxXiKZIIa1NXw5Tgrn55nQw6bddpu/eXre5NVUcdnIIzcAFccAW64A70QB9g8ASewSt4swrrxXq3PpajNavaOQF/YH3+AIFjlLk=</latexit><latexit sha1_base64="P7XEepZCOXIBlEpTeRKVhDhoX8o=">AAAB+3icbVDNS8MwHE3n15xfdR69BIfgabRD0OPQi8cJ7gPWUtI03cKSpiSpOEr/FS8eFPHqP+LN/8Z060E3H4Q83vv9yMsLU0aVdpxvq7axubW9U99t7O0fHB7Zx82BEpnEpI8FE3IUIkUYTUhfU83IKJUE8ZCRYTi7Lf3hI5GKiuRBz1PiczRJaEwx0kYK7KYXChapOTdX7vGsCDqB3XLazgJwnbgVaYEKvcD+8iKBM04SjRlSauw6qfZzJDXFjBQNL1MkRXiGJmRsaII4UX6+yF7Ac6NEMBbSnETDhfp7I0dclfHMJEd6qla9UvzPG2c6vvZzmqSZJglePhRnDGoByyJgRCXBms0NQVhSkxXiKZIIa1NXw5Tgrn55nQw6bddpu/eXre5NVUcdnIIzcAFccAW64A70QB9g8ASewSt4swrrxXq3PpajNavaOQF/YH3+AIFjlLk=</latexit>

�2
<latexit sha1_base64="SIOm0+UOZDX/m359jlEKqS698eM=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqewWQY9FLx4r2gd0lyWbTdvQPJYkK5Sl4F/x4kERr/4Ob/4bs+0etHUgZJj5PjKZOGVUG8/7dlZW19Y3Nitb1e2d3b199+Cwo2WmMGljyaTqxUgTRgVpG2oY6aWKIB4z0o3HN4XffSRKUykezCQlIUdDQQcUI2OlyD0OYskSPeH2yoN7OuRoGjUit+bVvRngMvFLUgMlWpH7FSQSZ5wIgxnSuu97qQlzpAzFjEyrQaZJivAYDUnfUoE40WE+iz+FZ1ZJ4EAqe4SBM/X3Ro64LhLaSY7MSC96hfif18/M4CrMqUgzQwSePzTIGDQSFl3AhCqCDZtYgrCiNivEI6QQNraxqi3BX/zyMuk06r5X9+8uas3rso4KOAGn4Bz44BI0wS1ogTbAIAfP4BW8OU/Oi/PufMxHV5xy5wj8gfP5A6JyleY=</latexit><latexit sha1_base64="SIOm0+UOZDX/m359jlEKqS698eM=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqewWQY9FLx4r2gd0lyWbTdvQPJYkK5Sl4F/x4kERr/4Ob/4bs+0etHUgZJj5PjKZOGVUG8/7dlZW19Y3Nitb1e2d3b199+Cwo2WmMGljyaTqxUgTRgVpG2oY6aWKIB4z0o3HN4XffSRKUykezCQlIUdDQQcUI2OlyD0OYskSPeH2yoN7OuRoGjUit+bVvRngMvFLUgMlWpH7FSQSZ5wIgxnSuu97qQlzpAzFjEyrQaZJivAYDUnfUoE40WE+iz+FZ1ZJ4EAqe4SBM/X3Ro64LhLaSY7MSC96hfif18/M4CrMqUgzQwSePzTIGDQSFl3AhCqCDZtYgrCiNivEI6QQNraxqi3BX/zyMuk06r5X9+8uas3rso4KOAGn4Bz44BI0wS1ogTbAIAfP4BW8OU/Oi/PufMxHV5xy5wj8gfP5A6JyleY=</latexit><latexit sha1_base64="SIOm0+UOZDX/m359jlEKqS698eM=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqewWQY9FLx4r2gd0lyWbTdvQPJYkK5Sl4F/x4kERr/4Ob/4bs+0etHUgZJj5PjKZOGVUG8/7dlZW19Y3Nitb1e2d3b199+Cwo2WmMGljyaTqxUgTRgVpG2oY6aWKIB4z0o3HN4XffSRKUykezCQlIUdDQQcUI2OlyD0OYskSPeH2yoN7OuRoGjUit+bVvRngMvFLUgMlWpH7FSQSZ5wIgxnSuu97qQlzpAzFjEyrQaZJivAYDUnfUoE40WE+iz+FZ1ZJ4EAqe4SBM/X3Ro64LhLaSY7MSC96hfif18/M4CrMqUgzQwSePzTIGDQSFl3AhCqCDZtYgrCiNivEI6QQNraxqi3BX/zyMuk06r5X9+8uas3rso4KOAGn4Bz44BI0wS1ogTbAIAfP4BW8OU/Oi/PufMxHV5xy5wj8gfP5A6JyleY=</latexit><latexit sha1_base64="SIOm0+UOZDX/m359jlEKqS698eM=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqewWQY9FLx4r2gd0lyWbTdvQPJYkK5Sl4F/x4kERr/4Ob/4bs+0etHUgZJj5PjKZOGVUG8/7dlZW19Y3Nitb1e2d3b199+Cwo2WmMGljyaTqxUgTRgVpG2oY6aWKIB4z0o3HN4XffSRKUykezCQlIUdDQQcUI2OlyD0OYskSPeH2yoN7OuRoGjUit+bVvRngMvFLUgMlWpH7FSQSZ5wIgxnSuu97qQlzpAzFjEyrQaZJivAYDUnfUoE40WE+iz+FZ1ZJ4EAqe4SBM/X3Ro64LhLaSY7MSC96hfif18/M4CrMqUgzQwSePzTIGDQSFl3AhCqCDZtYgrCiNivEI6QQNraxqi3BX/zyMuk06r5X9+8uas3rso4KOAGn4Bz44BI0wS1ogTbAIAfP4BW8OU/Oi/PufMxHV5xy5wj8gfP5A6JyleY=</latexit>

�1
<latexit sha1_base64="swJS6/5aGoKhCMxcGB7Z9r0LAQU=">AAAB/nicbVBLSwMxGMzWV62vVfHkJVgET2VXBD0WvXisaB/QXZZsNm1D81iSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hk4pRRbTzv26msrK6tb1Q3a1vbO7t77v5BR8tMYdLGkknVi5EmjArSNtQw0ksVQTxmpBuPbwq/+0iUplI8mElKQo6Ggg4oRsZKkXsUxJIlesLtlQf3dMjRNPIjt+41vBngMvFLUgclWpH7FSQSZ5wIgxnSuu97qQlzpAzFjExrQaZJivAYDUnfUoE40WE+iz+Fp1ZJ4EAqe4SBM/X3Ro64LhLaSY7MSC96hfif18/M4CrMqUgzQwSePzTIGDQSFl3AhCqCDZtYgrCiNivEI6QQNraxmi3BX/zyMumcN3yv4d9d1JvXZR1VcAxOwBnwwSVoglvQAm2AQQ6ewSt4c56cF+fd+ZiPVpxy5xD8gfP5A6DuleU=</latexit><latexit sha1_base64="swJS6/5aGoKhCMxcGB7Z9r0LAQU=">AAAB/nicbVBLSwMxGMzWV62vVfHkJVgET2VXBD0WvXisaB/QXZZsNm1D81iSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hk4pRRbTzv26msrK6tb1Q3a1vbO7t77v5BR8tMYdLGkknVi5EmjArSNtQw0ksVQTxmpBuPbwq/+0iUplI8mElKQo6Ggg4oRsZKkXsUxJIlesLtlQf3dMjRNPIjt+41vBngMvFLUgclWpH7FSQSZ5wIgxnSuu97qQlzpAzFjExrQaZJivAYDUnfUoE40WE+iz+Fp1ZJ4EAqe4SBM/X3Ro64LhLaSY7MSC96hfif18/M4CrMqUgzQwSePzTIGDQSFl3AhCqCDZtYgrCiNivEI6QQNraxmi3BX/zyMumcN3yv4d9d1JvXZR1VcAxOwBnwwSVoglvQAm2AQQ6ewSt4c56cF+fd+ZiPVpxy5xD8gfP5A6DuleU=</latexit><latexit sha1_base64="swJS6/5aGoKhCMxcGB7Z9r0LAQU=">AAAB/nicbVBLSwMxGMzWV62vVfHkJVgET2VXBD0WvXisaB/QXZZsNm1D81iSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hk4pRRbTzv26msrK6tb1Q3a1vbO7t77v5BR8tMYdLGkknVi5EmjArSNtQw0ksVQTxmpBuPbwq/+0iUplI8mElKQo6Ggg4oRsZKkXsUxJIlesLtlQf3dMjRNPIjt+41vBngMvFLUgclWpH7FSQSZ5wIgxnSuu97qQlzpAzFjExrQaZJivAYDUnfUoE40WE+iz+Fp1ZJ4EAqe4SBM/X3Ro64LhLaSY7MSC96hfif18/M4CrMqUgzQwSePzTIGDQSFl3AhCqCDZtYgrCiNivEI6QQNraxmi3BX/zyMumcN3yv4d9d1JvXZR1VcAxOwBnwwSVoglvQAm2AQQ6ewSt4c56cF+fd+ZiPVpxy5xD8gfP5A6DuleU=</latexit><latexit sha1_base64="swJS6/5aGoKhCMxcGB7Z9r0LAQU=">AAAB/nicbVBLSwMxGMzWV62vVfHkJVgET2VXBD0WvXisaB/QXZZsNm1D81iSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hk4pRRbTzv26msrK6tb1Q3a1vbO7t77v5BR8tMYdLGkknVi5EmjArSNtQw0ksVQTxmpBuPbwq/+0iUplI8mElKQo6Ggg4oRsZKkXsUxJIlesLtlQf3dMjRNPIjt+41vBngMvFLUgclWpH7FSQSZ5wIgxnSuu97qQlzpAzFjExrQaZJivAYDUnfUoE40WE+iz+Fp1ZJ4EAqe4SBM/X3Ro64LhLaSY7MSC96hfif18/M4CrMqUgzQwSePzTIGDQSFl3AhCqCDZtYgrCiNivEI6QQNraxmi3BX/zyMumcN3yv4d9d1JvXZR1VcAxOwBnwwSVoglvQAm2AQQ6ewSt4c56cF+fd+ZiPVpxy5xD8gfP5A6DuleU=</latexit>

c1
<latexit sha1_base64="yRjoBq99koyFx8YvuYkRx/CJ8Y4=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpgfX9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AeujjYs=</latexit><latexit sha1_base64="yRjoBq99koyFx8YvuYkRx/CJ8Y4=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpgfX9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AeujjYs=</latexit><latexit sha1_base64="yRjoBq99koyFx8YvuYkRx/CJ8Y4=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpgfX9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AeujjYs=</latexit><latexit sha1_base64="yRjoBq99koyFx8YvuYkRx/CJ8Y4=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpgfX9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AeujjYs=</latexit>

c2
<latexit sha1_base64="tH/lnfdmPbXeWx2i9xfZDS+3iMU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ1qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH+0njYw=</latexit><latexit sha1_base64="tH/lnfdmPbXeWx2i9xfZDS+3iMU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ1qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH+0njYw=</latexit><latexit sha1_base64="tH/lnfdmPbXeWx2i9xfZDS+3iMU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ1qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH+0njYw=</latexit><latexit sha1_base64="tH/lnfdmPbXeWx2i9xfZDS+3iMU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ1qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH+0njYw=</latexit>

a
<latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit>

µ1
<latexit sha1_base64="RX77uKFZGkbkW+xU+d+eRcCb/O8=">AAAB+3icbVBLSwMxGMz6rPW11qOXYBE8lV0R9Fj04rGCfUB3WbLZbBuax5JkxbL0r3jxoIhX/4g3/43Zdg/aOhAyzHwfmUycMaqN5307a+sbm1vbtZ367t7+waF71OhpmStMulgyqQYx0oRRQbqGGkYGmSKIx4z048lt6fcfidJUigczzUjI0UjQlGJkrBS5jSCWLNFTbq8i4Pks8iO36bW8OeAq8SvSBBU6kfsVJBLnnAiDGdJ66HuZCQukDMWMzOpBrkmG8ASNyNBSgTjRYTHPPoNnVklgKpU9wsC5+nujQFyX8ewkR2asl71S/M8b5ia9DgsqstwQgRcPpTmDRsKyCJhQRbBhU0sQVtRmhXiMFMLG1lW3JfjLX14lvYuW77X8+8tm+6aqowZOwCk4Bz64Am1wBzqgCzB4As/gFbw5M+fFeXc+FqNrTrVzDP7A+fwBf9+UuA==</latexit><latexit sha1_base64="RX77uKFZGkbkW+xU+d+eRcCb/O8=">AAAB+3icbVBLSwMxGMz6rPW11qOXYBE8lV0R9Fj04rGCfUB3WbLZbBuax5JkxbL0r3jxoIhX/4g3/43Zdg/aOhAyzHwfmUycMaqN5307a+sbm1vbtZ367t7+waF71OhpmStMulgyqQYx0oRRQbqGGkYGmSKIx4z048lt6fcfidJUigczzUjI0UjQlGJkrBS5jSCWLNFTbq8i4Pks8iO36bW8OeAq8SvSBBU6kfsVJBLnnAiDGdJ66HuZCQukDMWMzOpBrkmG8ASNyNBSgTjRYTHPPoNnVklgKpU9wsC5+nujQFyX8ewkR2asl71S/M8b5ia9DgsqstwQgRcPpTmDRsKyCJhQRbBhU0sQVtRmhXiMFMLG1lW3JfjLX14lvYuW77X8+8tm+6aqowZOwCk4Bz64Am1wBzqgCzB4As/gFbw5M+fFeXc+FqNrTrVzDP7A+fwBf9+UuA==</latexit><latexit sha1_base64="RX77uKFZGkbkW+xU+d+eRcCb/O8=">AAAB+3icbVBLSwMxGMz6rPW11qOXYBE8lV0R9Fj04rGCfUB3WbLZbBuax5JkxbL0r3jxoIhX/4g3/43Zdg/aOhAyzHwfmUycMaqN5307a+sbm1vbtZ367t7+waF71OhpmStMulgyqQYx0oRRQbqGGkYGmSKIx4z048lt6fcfidJUigczzUjI0UjQlGJkrBS5jSCWLNFTbq8i4Pks8iO36bW8OeAq8SvSBBU6kfsVJBLnnAiDGdJ66HuZCQukDMWMzOpBrkmG8ASNyNBSgTjRYTHPPoNnVklgKpU9wsC5+nujQFyX8ewkR2asl71S/M8b5ia9DgsqstwQgRcPpTmDRsKyCJhQRbBhU0sQVtRmhXiMFMLG1lW3JfjLX14lvYuW77X8+8tm+6aqowZOwCk4Bz64Am1wBzqgCzB4As/gFbw5M+fFeXc+FqNrTrVzDP7A+fwBf9+UuA==</latexit><latexit sha1_base64="RX77uKFZGkbkW+xU+d+eRcCb/O8=">AAAB+3icbVBLSwMxGMz6rPW11qOXYBE8lV0R9Fj04rGCfUB3WbLZbBuax5JkxbL0r3jxoIhX/4g3/43Zdg/aOhAyzHwfmUycMaqN5307a+sbm1vbtZ367t7+waF71OhpmStMulgyqQYx0oRRQbqGGkYGmSKIx4z048lt6fcfidJUigczzUjI0UjQlGJkrBS5jSCWLNFTbq8i4Pks8iO36bW8OeAq8SvSBBU6kfsVJBLnnAiDGdJ66HuZCQukDMWMzOpBrkmG8ASNyNBSgTjRYTHPPoNnVklgKpU9wsC5+nujQFyX8ewkR2asl71S/M8b5ia9DgsqstwQgRcPpTmDRsKyCJhQRbBhU0sQVtRmhXiMFMLG1lW3JfjLX14lvYuW77X8+8tm+6aqowZOwCk4Bz64Am1wBzqgCzB4As/gFbw5M+fFeXc+FqNrTrVzDP7A+fwBf9+UuA==</latexit>

µ2
<latexit sha1_base64="P7XEepZCOXIBlEpTeRKVhDhoX8o=">AAAB+3icbVDNS8MwHE3n15xfdR69BIfgabRD0OPQi8cJ7gPWUtI03cKSpiSpOEr/FS8eFPHqP+LN/8Z060E3H4Q83vv9yMsLU0aVdpxvq7axubW9U99t7O0fHB7Zx82BEpnEpI8FE3IUIkUYTUhfU83IKJUE8ZCRYTi7Lf3hI5GKiuRBz1PiczRJaEwx0kYK7KYXChapOTdX7vGsCDqB3XLazgJwnbgVaYEKvcD+8iKBM04SjRlSauw6qfZzJDXFjBQNL1MkRXiGJmRsaII4UX6+yF7Ac6NEMBbSnETDhfp7I0dclfHMJEd6qla9UvzPG2c6vvZzmqSZJglePhRnDGoByyJgRCXBms0NQVhSkxXiKZIIa1NXw5Tgrn55nQw6bddpu/eXre5NVUcdnIIzcAFccAW64A70QB9g8ASewSt4swrrxXq3PpajNavaOQF/YH3+AIFjlLk=</latexit><latexit sha1_base64="P7XEepZCOXIBlEpTeRKVhDhoX8o=">AAAB+3icbVDNS8MwHE3n15xfdR69BIfgabRD0OPQi8cJ7gPWUtI03cKSpiSpOEr/FS8eFPHqP+LN/8Z060E3H4Q83vv9yMsLU0aVdpxvq7axubW9U99t7O0fHB7Zx82BEpnEpI8FE3IUIkUYTUhfU83IKJUE8ZCRYTi7Lf3hI5GKiuRBz1PiczRJaEwx0kYK7KYXChapOTdX7vGsCDqB3XLazgJwnbgVaYEKvcD+8iKBM04SjRlSauw6qfZzJDXFjBQNL1MkRXiGJmRsaII4UX6+yF7Ac6NEMBbSnETDhfp7I0dclfHMJEd6qla9UvzPG2c6vvZzmqSZJglePhRnDGoByyJgRCXBms0NQVhSkxXiKZIIa1NXw5Tgrn55nQw6bddpu/eXre5NVUcdnIIzcAFccAW64A70QB9g8ASewSt4swrrxXq3PpajNavaOQF/YH3+AIFjlLk=</latexit><latexit sha1_base64="P7XEepZCOXIBlEpTeRKVhDhoX8o=">AAAB+3icbVDNS8MwHE3n15xfdR69BIfgabRD0OPQi8cJ7gPWUtI03cKSpiSpOEr/FS8eFPHqP+LN/8Z060E3H4Q83vv9yMsLU0aVdpxvq7axubW9U99t7O0fHB7Zx82BEpnEpI8FE3IUIkUYTUhfU83IKJUE8ZCRYTi7Lf3hI5GKiuRBz1PiczRJaEwx0kYK7KYXChapOTdX7vGsCDqB3XLazgJwnbgVaYEKvcD+8iKBM04SjRlSauw6qfZzJDXFjBQNL1MkRXiGJmRsaII4UX6+yF7Ac6NEMBbSnETDhfp7I0dclfHMJEd6qla9UvzPG2c6vvZzmqSZJglePhRnDGoByyJgRCXBms0NQVhSkxXiKZIIa1NXw5Tgrn55nQw6bddpu/eXre5NVUcdnIIzcAFccAW64A70QB9g8ASewSt4swrrxXq3PpajNavaOQF/YH3+AIFjlLk=</latexit><latexit sha1_base64="P7XEepZCOXIBlEpTeRKVhDhoX8o=">AAAB+3icbVDNS8MwHE3n15xfdR69BIfgabRD0OPQi8cJ7gPWUtI03cKSpiSpOEr/FS8eFPHqP+LN/8Z060E3H4Q83vv9yMsLU0aVdpxvq7axubW9U99t7O0fHB7Zx82BEpnEpI8FE3IUIkUYTUhfU83IKJUE8ZCRYTi7Lf3hI5GKiuRBz1PiczRJaEwx0kYK7KYXChapOTdX7vGsCDqB3XLazgJwnbgVaYEKvcD+8iKBM04SjRlSauw6qfZzJDXFjBQNL1MkRXiGJmRsaII4UX6+yF7Ac6NEMBbSnETDhfp7I0dclfHMJEd6qla9UvzPG2c6vvZzmqSZJglePhRnDGoByyJgRCXBms0NQVhSkxXiKZIIa1NXw5Tgrn55nQw6bddpu/eXre5NVUcdnIIzcAFccAW64A70QB9g8ASewSt4swrrxXq3PpajNavaOQF/YH3+AIFjlLk=</latexit>

⇡(a|st) = c1 N (µ1,�1)

+ c2 N (µ2,�2)
<latexit sha1_base64="VYxwlKwM94IiuThrB/C8LDpLkx4="></latexit><latexit sha1_base64="VYxwlKwM94IiuThrB/C8LDpLkx4="></latexit><latexit sha1_base64="VYxwlKwM94IiuThrB/C8LDpLkx4="></latexit><latexit sha1_base64="VYxwlKwM94IiuThrB/C8LDpLkx4="></latexit>

Q(st,at)
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Figure 4.2: Actor-Expert with an Actor learning a bimodal gaussian mixture.
The Actor learns the conditional mixture distribution ⇡w(·|St) parameterized
with coe�cients ci, means µi an diagonal covariances ⌃i. Such multimodal
stochastic Actor provides a natural exploration mechanism to gather data for
the Expert. The Expert learns the action-value function Q✓(St, At), where the
action comes in through late fusion.

We conclude with a description of the actual implementation of Actor-
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Expectation Model

• Given (s,a), output expected next state and reward 


• Exercise: Imagine you train a feedforward NN with input-output pairs 
( (s,a), (s’, r) ), with a squared error


• Would this result in a Sample Model or Expectation Model 


• or something else?



Expectation Model
• Given (s,a), output expected next state and reward 


• Exercise: Imagine you train a feedforward NN with input-output pairs 
( (s,a), (s’, r) ), with a squared error


• Would this result in a Sample Model or Expectation Model 


• or something else?


• Answer: Expectation Model



Expectation Model

• Given (s,a), output expected next state and reward 


• Examples:


• Linear function of (features of) (s,a)


• Neural Network
(s, a)

each actions above a threshold uniformly, potentially providing a more stable

update from the approximation errors of the Expert.

Algorithm 4: Conditional CEM for the Actor
Input: St and Q✓

Sample N actions ai ⇠ ⇡w(·|St)
Obtain empirical distribution Î(St) = {a⇤1, . . . , a⇤h}
by evaluating a1, . . . , aN on Q✓

. Increase likelihood for high-value actions
w w + ↵ 1

N

PN
j=1 aj2Î(St)

rw ln ⇡w(aj|St)

In this subsection we have extended CEM to be conditioned on states.

CEM is a sound approach to iteratively find the maximum for non-convex

functions, but it can be unclear whether the Actor using CCEM would behave

like the expected CEM optimizer across states. A formal proof is provided in

Lim et al. 2018 showing that the Actor asymptotically behaves like the CEM

optimizer, using two-timescale stochastic approximation analysis.
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<latexit sha1_base64="SIOm0+UOZDX/m359jlEKqS698eM=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqewWQY9FLx4r2gd0lyWbTdvQPJYkK5Sl4F/x4kERr/4Ob/4bs+0etHUgZJj5PjKZOGVUG8/7dlZW19Y3Nitb1e2d3b199+Cwo2WmMGljyaTqxUgTRgVpG2oY6aWKIB4z0o3HN4XffSRKUykezCQlIUdDQQcUI2OlyD0OYskSPeH2yoN7OuRoGjUit+bVvRngMvFLUgMlWpH7FSQSZ5wIgxnSuu97qQlzpAzFjEyrQaZJivAYDUnfUoE40WE+iz+FZ1ZJ4EAqe4SBM/X3Ro64LhLaSY7MSC96hfif18/M4CrMqUgzQwSePzTIGDQSFl3AhCqCDZtYgrCiNivEI6QQNraxqi3BX/zyMuk06r5X9+8uas3rso4KOAGn4Bz44BI0wS1ogTbAIAfP4BW8OU/Oi/PufMxHV5xy5wj8gfP5A6JyleY=</latexit><latexit sha1_base64="SIOm0+UOZDX/m359jlEKqS698eM=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqewWQY9FLx4r2gd0lyWbTdvQPJYkK5Sl4F/x4kERr/4Ob/4bs+0etHUgZJj5PjKZOGVUG8/7dlZW19Y3Nitb1e2d3b199+Cwo2WmMGljyaTqxUgTRgVpG2oY6aWKIB4z0o3HN4XffSRKUykezCQlIUdDQQcUI2OlyD0OYskSPeH2yoN7OuRoGjUit+bVvRngMvFLUgMlWpH7FSQSZ5wIgxnSuu97qQlzpAzFjEyrQaZJivAYDUnfUoE40WE+iz+FZ1ZJ4EAqe4SBM/X3Ro64LhLaSY7MSC96hfif18/M4CrMqUgzQwSePzTIGDQSFl3AhCqCDZtYgrCiNivEI6QQNraxqi3BX/zyMuk06r5X9+8uas3rso4KOAGn4Bz44BI0wS1ogTbAIAfP4BW8OU/Oi/PufMxHV5xy5wj8gfP5A6JyleY=</latexit><latexit sha1_base64="SIOm0+UOZDX/m359jlEKqS698eM=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqewWQY9FLx4r2gd0lyWbTdvQPJYkK5Sl4F/x4kERr/4Ob/4bs+0etHUgZJj5PjKZOGVUG8/7dlZW19Y3Nitb1e2d3b199+Cwo2WmMGljyaTqxUgTRgVpG2oY6aWKIB4z0o3HN4XffSRKUykezCQlIUdDQQcUI2OlyD0OYskSPeH2yoN7OuRoGjUit+bVvRngMvFLUgMlWpH7FSQSZ5wIgxnSuu97qQlzpAzFjEyrQaZJivAYDUnfUoE40WE+iz+FZ1ZJ4EAqe4SBM/X3Ro64LhLaSY7MSC96hfif18/M4CrMqUgzQwSePzTIGDQSFl3AhCqCDZtYgrCiNivEI6QQNraxqi3BX/zyMuk06r5X9+8uas3rso4KOAGn4Bz44BI0wS1ogTbAIAfP4BW8OU/Oi/PufMxHV5xy5wj8gfP5A6JyleY=</latexit><latexit sha1_base64="SIOm0+UOZDX/m359jlEKqS698eM=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqewWQY9FLx4r2gd0lyWbTdvQPJYkK5Sl4F/x4kERr/4Ob/4bs+0etHUgZJj5PjKZOGVUG8/7dlZW19Y3Nitb1e2d3b199+Cwo2WmMGljyaTqxUgTRgVpG2oY6aWKIB4z0o3HN4XffSRKUykezCQlIUdDQQcUI2OlyD0OYskSPeH2yoN7OuRoGjUit+bVvRngMvFLUgMlWpH7FSQSZ5wIgxnSuu97qQlzpAzFjEyrQaZJivAYDUnfUoE40WE+iz+FZ1ZJ4EAqe4SBM/X3Ro64LhLaSY7MSC96hfif18/M4CrMqUgzQwSePzTIGDQSFl3AhCqCDZtYgrCiNivEI6QQNraxqi3BX/zyMuk06r5X9+8uas3rso4KOAGn4Bz44BI0wS1ogTbAIAfP4BW8OU/Oi/PufMxHV5xy5wj8gfP5A6JyleY=</latexit>

�1
<latexit sha1_base64="swJS6/5aGoKhCMxcGB7Z9r0LAQU=">AAAB/nicbVBLSwMxGMzWV62vVfHkJVgET2VXBD0WvXisaB/QXZZsNm1D81iSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hk4pRRbTzv26msrK6tb1Q3a1vbO7t77v5BR8tMYdLGkknVi5EmjArSNtQw0ksVQTxmpBuPbwq/+0iUplI8mElKQo6Ggg4oRsZKkXsUxJIlesLtlQf3dMjRNPIjt+41vBngMvFLUgclWpH7FSQSZ5wIgxnSuu97qQlzpAzFjExrQaZJivAYDUnfUoE40WE+iz+Fp1ZJ4EAqe4SBM/X3Ro64LhLaSY7MSC96hfif18/M4CrMqUgzQwSePzTIGDQSFl3AhCqCDZtYgrCiNivEI6QQNraxmi3BX/zyMumcN3yv4d9d1JvXZR1VcAxOwBnwwSVoglvQAm2AQQ6ewSt4c56cF+fd+ZiPVpxy5xD8gfP5A6DuleU=</latexit><latexit sha1_base64="swJS6/5aGoKhCMxcGB7Z9r0LAQU=">AAAB/nicbVBLSwMxGMzWV62vVfHkJVgET2VXBD0WvXisaB/QXZZsNm1D81iSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hk4pRRbTzv26msrK6tb1Q3a1vbO7t77v5BR8tMYdLGkknVi5EmjArSNtQw0ksVQTxmpBuPbwq/+0iUplI8mElKQo6Ggg4oRsZKkXsUxJIlesLtlQf3dMjRNPIjt+41vBngMvFLUgclWpH7FSQSZ5wIgxnSuu97qQlzpAzFjExrQaZJivAYDUnfUoE40WE+iz+Fp1ZJ4EAqe4SBM/X3Ro64LhLaSY7MSC96hfif18/M4CrMqUgzQwSePzTIGDQSFl3AhCqCDZtYgrCiNivEI6QQNraxmi3BX/zyMumcN3yv4d9d1JvXZR1VcAxOwBnwwSVoglvQAm2AQQ6ewSt4c56cF+fd+ZiPVpxy5xD8gfP5A6DuleU=</latexit><latexit sha1_base64="swJS6/5aGoKhCMxcGB7Z9r0LAQU=">AAAB/nicbVBLSwMxGMzWV62vVfHkJVgET2VXBD0WvXisaB/QXZZsNm1D81iSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hk4pRRbTzv26msrK6tb1Q3a1vbO7t77v5BR8tMYdLGkknVi5EmjArSNtQw0ksVQTxmpBuPbwq/+0iUplI8mElKQo6Ggg4oRsZKkXsUxJIlesLtlQf3dMjRNPIjt+41vBngMvFLUgclWpH7FSQSZ5wIgxnSuu97qQlzpAzFjExrQaZJivAYDUnfUoE40WE+iz+Fp1ZJ4EAqe4SBM/X3Ro64LhLaSY7MSC96hfif18/M4CrMqUgzQwSePzTIGDQSFl3AhCqCDZtYgrCiNivEI6QQNraxmi3BX/zyMumcN3yv4d9d1JvXZR1VcAxOwBnwwSVoglvQAm2AQQ6ewSt4c56cF+fd+ZiPVpxy5xD8gfP5A6DuleU=</latexit><latexit sha1_base64="swJS6/5aGoKhCMxcGB7Z9r0LAQU=">AAAB/nicbVBLSwMxGMzWV62vVfHkJVgET2VXBD0WvXisaB/QXZZsNm1D81iSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hk4pRRbTzv26msrK6tb1Q3a1vbO7t77v5BR8tMYdLGkknVi5EmjArSNtQw0ksVQTxmpBuPbwq/+0iUplI8mElKQo6Ggg4oRsZKkXsUxJIlesLtlQf3dMjRNPIjt+41vBngMvFLUgclWpH7FSQSZ5wIgxnSuu97qQlzpAzFjExrQaZJivAYDUnfUoE40WE+iz+Fp1ZJ4EAqe4SBM/X3Ro64LhLaSY7MSC96hfif18/M4CrMqUgzQwSePzTIGDQSFl3AhCqCDZtYgrCiNivEI6QQNraxmi3BX/zyMumcN3yv4d9d1JvXZR1VcAxOwBnwwSVoglvQAm2AQQ6ewSt4c56cF+fd+ZiPVpxy5xD8gfP5A6DuleU=</latexit>

c1
<latexit sha1_base64="yRjoBq99koyFx8YvuYkRx/CJ8Y4=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpgfX9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AeujjYs=</latexit><latexit sha1_base64="yRjoBq99koyFx8YvuYkRx/CJ8Y4=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpgfX9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AeujjYs=</latexit><latexit sha1_base64="yRjoBq99koyFx8YvuYkRx/CJ8Y4=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpgfX9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AeujjYs=</latexit><latexit sha1_base64="yRjoBq99koyFx8YvuYkRx/CJ8Y4=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpgfX9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AeujjYs=</latexit>

c2
<latexit sha1_base64="tH/lnfdmPbXeWx2i9xfZDS+3iMU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ1qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH+0njYw=</latexit><latexit sha1_base64="tH/lnfdmPbXeWx2i9xfZDS+3iMU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ1qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH+0njYw=</latexit><latexit sha1_base64="tH/lnfdmPbXeWx2i9xfZDS+3iMU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ1qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH+0njYw=</latexit><latexit sha1_base64="tH/lnfdmPbXeWx2i9xfZDS+3iMU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ1qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH+0njYw=</latexit>

a
<latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit>

µ1
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Figure 4.2: Actor-Expert with an Actor learning a bimodal gaussian mixture.
The Actor learns the conditional mixture distribution ⇡w(·|St) parameterized
with coe�cients ci, means µi an diagonal covariances ⌃i. Such multimodal
stochastic Actor provides a natural exploration mechanism to gather data for
the Expert. The Expert learns the action-value function Q✓(St, At), where the
action comes in through late fusion.

We conclude with a description of the actual implementation of Actor-
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Potential Issues with  
an Expectation Model

War and 

destruction

(x,y)

(x+1,y+1)
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Not so bad

War and 

destruction

Figure 2.2: Illustration of the possible pitfalls of only considering the expected next state.

senting the probability of each component s
0(i) of s

0 was a log-linear combination of the

components of s:

Pr(s0(i) = 1|s, a) = �
�
s
T ⇥a(i)

�

where ⇥a(i) is the portion of the model parameters ⇥ corresponding to action a and com-

ponent i, and � is the logistic function �(x) = 1/(1 + e
�x). In order to use this model in

a planning system, Sallans makes additional assumptions about the structure of the value

function.

Another simplifying assumption is that the transition distribution is of a special para-

metric form, most commonly Gaussian. This is the case, for instance, in some robotics

applications (Ng et al, 2004; Kaboli, Bowling & Musilek, 2006).

Other researchers have investigated planning with approximate models of deterministic

systems (e.g. Atkeson, 1993; Atkeson, Moore & Schaal, 1997; Nouri & Littman, 2006).

Determinism makes it easy to represent the model: instead of a full probability distribu-

tion, only one value needs to be predicted for the next state. Their methods have been

successfully applied on a number of challenging problems, including domains with contin-

uous state spaces. If the real world is stochastic, however, ignoring this stochasticity can be

unsound, as illustrated by the following example.

For illustration purposes, consider the domain in Figure 2.2. Assume that after moving

forward from (x, y) the agent ends up in either (x+1, y), (x+1, y+1) or (x+1, y�1), each

16

* from Cosmin Paduraru’s nice thesis, “Planning with Approximate and Learned Models of Markov Decision Processes”
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E[Rt+1 + �v(St+1)|St = s]

= E[Rt+1|St = s] + �E[v(St+1)|St = s]

6= E[Rt+1|St = s] + �v(E[St+1|St = s])
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Some Benefits of  
an Expectation Model

• Likely simpler to learn


• Modeling entire distributions more difficult than just statistics like the mean


• If the world is deterministic, then expectation model = sample model


• …maybe this is not so unreasonable


• If the value function is linear in agent state, then there is no disadvantage 
to using an expectation model


• See “Planning with Expectation Models”, Wan et al, 2019



Important aspects of the model
• State-to-State vs Observation-to-Observation


• Expectation vs Sample Models


• Rollouts vs Temporal Abstraction 



Issues with Rollouts

Figure 2: The Shooter game. a) Example of the real dynam-
ics. b) Propagating errors (red outlines) in a model optimized
for one-step error. c) A model optimized for multi-step error.

In the original Shooter the bullseyes remained still but
here they move back and forth across the targets. As such,
the problem is second-order Markov; when the bullseye is in
the center, one cannot predict its next position without know-
ing its previous position. The agent, however, will use a fac-
tored Markov model, predicting each pixel conditioned on
the current image. It cannot accurately predict the bullseyes’
movement, though it can predict everything else perfectly.

One might imagine that this limitation would be fairly mi-
nor; the agent can still obtain reward even if it cannot reli-
ably hit the bullseyes. However, consider the sample rollout
pictured in Figure 2b. Here each image is sampled from a
model’s one-step predictions, and is then given as input for
the next predictions. This model has the lowest possible one-
step prediction error. Still, as anticipated, it does not cor-
rectly predict the movement of the bullseyes in the second
image. Because of the resulting errors, the sampled image
is unlike any the environment would generate, and there-
fore unlike any the model has trained on. The model’s un-
informed predictions based on this unfamiliar image cause
more errors in the third image, and so on. Ultimately this
model assigns low probability to a target persisting more
than a few steps, making it essentially useless for planning.

Note, however, that there are models within this model
class that are useful for planning. Consider the sample roll-
out pictured in Figure 2c. The model that generated this
rollout makes the same one-step errors as the previous
model when given an environment state. However, when
it encounters an unreasonable sampled state it still makes
reasonable predictions, effectively “self-correcting.” Talvi-
tie (2014) presents several similar examples involving vari-
ous model deficiencies. These examples illustrate the inad-
equacy of Lemma 2 when the model class is limited. Mod-
els with similar one-step prediction error can vary wildly in
their usefulness for planning. The true distinguisher is the
accuracy of predictions far into the future.

2.2 Multi-step prediction error
Since Q

⇡

T
(s, a) =

P
T

t=1 �
t�1 E(s0,a0)⇠Dt

s,a,⇡
R(s0, a0), it is

straightforward to bound ✏
⇠,⇡,T

val
in terms of multi-step error.

Lemma 3. For any policy ⇡ and state-action distribution ⇠,

✏
⇠,⇡,T

val
 M

TX

t=1

�
t�1 E

(s,a)⇠⇠

⇥
kDt

s,a,⇡
� D̂

t

s,a,⇡
k1
⇤
.

The bound in Lemma 2 has dependence on 1
1��

because
it effectively assumes the worst possible loss in value if the
model samples an “incorrect” state. In contrast, Lemma 3
accounts for the model’s ability to recover after an error,
only penalizing it for individual incorrect transitions. Un-
fortunately, it is difficult to directly optimize for multi-step
prediction accuracy. Nevertheless, this bound suggests that
algorithms that account for a model’s multi-step error will
yield more robust MBRL performance.

2.3 Hallucinated one-step prediction error
We now seek to formally analyze the practice of hallucinated
training, described in Section 1. Venkatraman et al. (2015)
provide some analysis but in the uncontrolled time series
prediction setting. Here we focus on its impact on control
performance in MBRL. As a first step, we derive a bound
based on a model’s ability to predict the next environment
state, given a state sampled from the model’s own predic-
tions, i.e. to self-correct. For a policy ⇡ and state-action dis-
tribution ⇠ let J t

⇠,⇡
represent the joint distribution over envi-

ronment and model state-action pairs if ⇡ is executed in both
simultaneously. Specifically, let

J
t

⇠,⇡
(s, a, z, b) = E(s0,a0)⇠⇠[D

t

s0,a0,⇡(s, a)D̂
t

s0,a0,⇡(z, b)].

Lemma 4. For any policy ⇡ and state-action distribution ⇠,

✏
⇠,⇡,T

val
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t E
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Inspired by “Hallucinated Replay” (Talvitie 2014), we
call the quantity on the right the hallucinated one-step er-
ror. Hallucinated one-step error is intended as a proxy for
multi-step error, but having formalized it we may now see
that in some cases it is a poor proxy. Note that, regardless
of the policy, the multi-step and one-step error of a perfect
model is 0. This is not always so for hallucinated error.
Proposition 5. The hallucinated one-step error of a perfect
model may be non-zero.

Proof. Consider a simple MDP with three states {s0, sh, st}
and a single action a. In the initial state s0, a fair coin
is flipped, transitioning to sh or st with equal probability,
where it stays forever. Consider a perfect model P̂ = P .
Then J

1
s0,a

(sh, a, st, a) = P
a

s0
(sh)P a

s0
(st) = 0.25. How-

ever, |P a

sh
(sh) � P

a

st
(sh)| = 1 � 0 = 1. Thus, the halluci-

nated one-step error of a perfect model is non-zero.

Here the environment samples heads and the model sam-
ples tails. Given its own state, the model rightly predicts
tails, but incurs error nevertheless since the environment’s
next state is heads. Because the model and environment
dynamics are uncoupled, one cannot distinguish between
model error and legitimately different stochastic outcomes.

*image from Erin Talvitie, “Self-Correcting Models for Model-Based Reinforcement Learning”, 2017



Temporal Abstraction
• Use options to define macro-actions


• e.g., Imagine a navigation robot. It could have a policy that tells it how to get to the 
door (policy defined by option, Andre will talk about this more)


• Agent can plan over options,  


• e.g., can ask: “What is the resulting agent-state and (accumulated) reward from a 
given agent-state when following the option policy?”


• Advantage: Can reason about longer horizons (multiple steps into future)


• Without rolling out the model many steps

p̂(s′�, r |s, π)



Important aspects of the model
• State-to-State vs Observation-to-Observation


• Expectation vs Sample models


• Rollouts vs Temporal abstraction


• Full transition dynamics or a subset of predictions about the future


• Whether model outputs certainty estimates


• Sample efficiency in learning the model


• Computational efficiency for querying/sampling from the model
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• Expectation vs Sample models


• Rollouts vs Temporal abstraction


• Full transition dynamics or a subset of predictions about the future


• Whether model outputs certainty estimates


• Sample efficiency in learning the model


• Computational efficiency for querying/sampling from the model
Any other suggestions?



Important choices: Search Control

• The type of model


• Search-control
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How to pick (s,a)
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Search Control strategies: 
How to pick (s,a)

• Prioritize samples with high error


• e.g., store observed (s,a) and associated TD-error

• Update backwards from “important” states 


• e.g., generate predecessor states from state with high TD-error



The utility of updating with 
predecessor states

Agent

Unreachable States

Goal State

Reachable States

Figure 3.1: Bordered Gridworld. The black square is the agent’s position. The
agent cannot transition into any states in the grey border. However, the learned
environment dynamics models may produce state predictions to or within this
border.

few steps as possible. To do this, the agent may move in the relative directions

(up, down, left, or right) in the region marked ‘Reachable States’ in Figure

3.1. The feature distinguishing Bordered Gridworld from typical Gridworlds

is a region of ‘Unreachable States’, defined by the set Src , surrounding the

‘Reachable States’, i.e., the set Sr (note these are disjoint). The agent cannot

transition to these ‘border’ states and is never initialised to start in them

either. However, we suppose that an imperfect environment model produces

transitions from reachable to unreachable states and within unreachable states.

3.1.2 How Dyna Planning on Bordered Gridworld can go

Wrong

Consider the planning TD update shown in Figure 3.2. An agent per-

forms a planning updates with an imperfect model (which generates simulated

transitions from reachable to border states) from state s to next states s0

for all four possible actions (up, left, down, right). Two of these s0 will be

in the unreachable border (due to imperfect predictions by the model). If

the value function updates Q(s, left) and Q(s, up) to the states inside the

border, the values of these states will be moved values of the s0 . For example,
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Zero-reward 

States

• Imagine agent initializes values to zero


• Updates in the center are all zero!


• Then imagine it reaches the Goal State 
and transitions back to the Start


• What happens if the agent updates 
around the start state now?


• What happens if the agent updates 
predecessors around the goal?
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Search Control strategies: 
How to pick (s,a)

• Prioritize samples with high error


• e.g., store observed (s,a) and associated TD-error

• Update backwards from “important” states 


• e.g., generate predecessor states from state with high TD-error

• Update with on-policy transitions


• e.g., store observed states s and query current policy for action a

• See “Organizing experience: a deeper look at replay mechanisms for sample-
based planning in continuous state domains”, Pan et al, 2018



Search Control strategies: 
How to pick (s,a)

• Prioritize samples with high error


• Update backwards from “important” states 


• Update with on-policy transitions


• Update current state or nearby region around current state 

• improve values right before they are used


• see Dyna-2 (Silver et al., 2016), “Hill Climbing on Value Estimates for Search-
control in Dyna”, Pan et al., 2019
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Search Control strategies: 
How to pick (s,a)

• Prioritize samples with high error


• Update backwards from “important” states 


• Update with on-policy transitions


• Update current state or nearby region around current state

Any other suggestions?
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So, are we done?

• Can we just learn an accurate model with a deep NN and use Dyna?

• Two key take-aways:

• How we use the model (search-control) can have a huge impact on how 
useful it is (can have very little impact, just a waste of computation)

• Small errors in the model can result in big errors in the policy 



Examples of Bad Errors

Agent

Unreachable States

Goal State

Reachable States

Figure 3.1: Bordered Gridworld. The black square is the agent’s position. The
agent cannot transition into any states in the grey border. However, the learned
environment dynamics models may produce state predictions to or within this
border.

few steps as possible. To do this, the agent may move in the relative directions

(up, down, left, or right) in the region marked ‘Reachable States’ in Figure

3.1. The feature distinguishing Bordered Gridworld from typical Gridworlds

is a region of ‘Unreachable States’, defined by the set Src , surrounding the

‘Reachable States’, i.e., the set Sr (note these are disjoint). The agent cannot

transition to these ‘border’ states and is never initialised to start in them

either. However, we suppose that an imperfect environment model produces

transitions from reachable to unreachable states and within unreachable states.

3.1.2 How Dyna Planning on Bordered Gridworld can go

Wrong

Consider the planning TD update shown in Figure 3.2. An agent per-

forms a planning updates with an imperfect model (which generates simulated

transitions from reachable to border states) from state s to next states s0

for all four possible actions (up, left, down, right). Two of these s0 will be

in the unreachable border (due to imperfect predictions by the model). If

the value function updates Q(s, left) and Q(s, up) to the states inside the

border, the values of these states will be moved values of the s0 . For example,
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s

s'

Figure 3.2: How planning TD updates can cause failure.

Q(s, left) r + max
a

Q(s0, a) where s0 is the state inside the border and r is

some prediction of the reward on the transition from s to s0. The values of the

states inside the border, Q(s0, ·), are arbitrary. If these states have high value,

this update may cause the agent to think that the best action is to ‘run’ into

the walls. Consequently, the next time the agent is in state s, it will repeatedly

either take the actions up or left and get ‘stuck’.

Moreover, as there is no way for the values of states in the border to be

reduced (as the agent cannot transition out from these states), the the value s0

will remain at their arbitrary initialisation values, thus perpetually misleading

the agent.With this intuition in mind, in the next section we present the

hypothesis around which this thesis is developed.

3.2 The Hallucinated Value Hypothesis

We claim:

Any planning update that results in the the values of real

states being updated towards the value of simulated states

may impair learning of an optimal control policy.

This hypothesis depends on the type of TD update performed during

planning (cf. "...values of real states being updated towards the value of
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* credit to Taher Jafferjee
- Imagine we initialize optimistically

- Imagine we do search-control from observed states



High-level Outline

• Part 1: Learning the optimal policy given the model (offline)


• Part 2: Moving to learned models (online)


• Part 3: A brief discussion about other ways to use models



Models are useful. They have been 
used in a variety of ways in RL.

• Most related: Learn a model and then use dynamic programming on this 
learned model to obtain approximate values


• e.g., KBRL, KBSF, Compressed CME, Pseudo-MDPs


• Decision-time Planning


• Model Predictive Control (see work from Byron Boots), MCTS


• Use model to improve exploration


• Use model to obtain better estimates of policy gradients (PILCO)


• Use model as inductive bias on value function (e.g., Predictron)



KBRL, KBSF, and CCME

• Learn values only for a representative set of points


• Define smaller (pseudo)-MDP only on these states


• Use value iteration (dynamic programming) on this smaller MDP, which is 
reasonably efficient


• Value function for whole state-space a simple weighting of the values for 
these representative states



Exploration with models

• Huge research area using learned models for sound exploration


• Often consider an optimistic model in the set/distribution of models


• Most algorithms though are very computationally expensive


• Reward bonuses: accuracy of learned models to incentivize exploration


• Only indirectly using model, no planning



Implicit Planning
• Optimize model and planner based on the reward the agent receives, 

using end-to-end learning


• Contrasts learning the model using a separate objective and updating using 
explicit planning steps


• Can be seen as an inductive bias on value function architecture


• Examples: 


• Predictron (DeepMind)


• TreeQN and ATreeC (Whiteson and others)
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• Dyna for background planning 


• Search-control and Model choices
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High-level Outline

• Part 1: Learning the optimal policy given the model (offline)


• Part 2: Moving to learned models (online)


• Dyna for background planning 


• Search-control and Model choices


• Part 3: A brief discussion about other ways to use models

Questions?


