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Abstract

A long standing goal in image-basedmodeling and rendering is to capture a scenefrom camera
imagesand construct a su�cien t model to allow photo-realistic renderingof newviews. With the
con
uenceof computer graphicsand vision, the combination of research on recovering geometric
structure from un-calibrated cameraswith modeling and rendering has yielded numerousnew
methods. Yet, many challenging issuesremain to be addressedbeforea su�cien tly generaland
robust systemcould be built to e.g. allow an averageuser to model their homeand gardenfrom
cam-cordervideo.

This tutorial aims to give researchersand students in computer graphicsa working knowledge
of relevant theory and techniquescovering the steps from real-time vision for tracking and the
captureof scenegeometryand appearance,to the e�cien t representation and real-time rendering
of image-basedmodels. It also includes hands-ondemosof real-time visual tracking, modeling
and renderingsystems.

WebSites:
http://www.cs.ualberta.ca /\~ vis/VR2003tut
http://www.cs.jhu.edu/CIR L/XVisi on2/
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1 A Surv ey of Image-based Mo deling and Rendering
DanaCobzasandMartin Jagersand

The con
uence of computer graphics and vision has spurred much research in modeling scene
structure and appearancefrom images,and building image-basedmodelsthat allow re-rendering
of novel views. Image-basedmodeling and rendering (IBMR) encompassa wide rangeof theory
and techniques. The �eld is still young, and giving it a precisede�nition at this point would
be premature. However, a commoncharacteristic of IBMR methods is that imagesplay a more
central role. While traditionally computer graphicshas focussedon transforming 3D data into
2D imageprojections, imagebasedrendering (IBR) techniquesshifts this emphasisto 2D - 2D
imagetransforms. This opensup a spanof possibilities,and in the recent literature image-based
methods both with and without the useof an explicit 3D scenegeometryhave beenpublished.

Another reason for the wide range of methods are that IBMR have been developed with
di�eren t goalsin mind. For example,three promising reasonsare:

1. Consumer cam-cordersand web cams are inexpensive, and ubitiquous. The abilit y to
capture 3D models from cameraswould open up the possibility for consumerand small
businessimageediting to transition from 2D to 3D.

2. Despitesigni�cant work on both principlesand methodsof conventional computergraphics,
it has been di�cult to generatephoto-realistic renderings. IBMR holds promise in that
starting with photos, it short-cuts many of the di�cult stepssuch as the precisea-priori
modeling of surfacere
ection properties, and exact ray tracing of lighting.

3. Just asfor other computational hardware, the performanceof graphicscardshave increased
dramatically over the last decade.Still, the desirefor realismandgreatdetail often limit the
frame rate of rendering to below real time. Applying IBMR techniques, imagesof certain
canonicalviews can be pre-computed,and then in real-time warped and interpolated into
the desired�nal video rate view sequence.

The two �rst of the above sharethe commonfeature that imagesnot only areusedin the internal
representation, but is also the input data from which the graphicsmodel is built. We will focus
on this type of techniquesin the rest of the paper.

1.1 Mo deling

The traditional approach for generating detailed 3D geometric models of the surrounding en-
vironment is a challenging problem for computer graphics community. The 3D model can be
generatedusing a CAD modeler or directly from real data (for example range data obtained
from range�nders or stereo)[13]. The 3D model is usually represented using polygonal, bicubic
parametric curves,constructive solid geometryor spacesubdivision (such asoctrees). New views
are then rendereddirectly from this 3D model. The problem with these traditional geometry
based modeling and renderingsystemsis that the modeling is slow and hard, and is very di�cult
to create realism, becausethe geometry of the objects found in the real world is complex, and
becauseit is very di�cult to model lighting and re
ection. An alternative approach to these

1



IEEE Virtual Reality 2003,T1 1.2 Imageand View Morphing

systemsis the image-based modeling and rendering system. They combine computer vision and
computer graphicsalgorithms to createa model directly from imagesand usethis representation
to generatephotorealistic novel views from viewpoints di�eren t than the original ones. Using
this approach the model is very easy to acquire, and the cost of rendering is independent on
scenecomplexity, becausethe sampleimagescontain the complexity of the scene.The realism
of the renderedimagesdependson the input images,so they producephotorealistic renderings.
One of the biggest problems with image-basedrendering systemsis that they can not or can
hardly accommodate changesin the scene(new objects, changesin lightning). Another problem
is that they require a lot of memory becauseof data redundancy, but consideringthe evolution
of computer systemsthis is not so challenging in our days.

The idea behind the image-basedrendering (IBR) systemsis that they try to sample the
plenoptic function [35] for the desiredscene.The plenoptic function represents the intensity of
the light rays passingthroughthe camera center at every location, at everypossibleviewingangle
(see�gure 1). So, in generalit is a 5D function, but depending on the sceneconstraints it can
have few degreesof freedom. There are three distinct categoriesof IBR techniques, depending
on the modality of encoding the plenoptic function and pixel transfer. They are: imageand view
morphing, interpolation from densesamplesand pixel reprojection using scene geometry that
includesthe imagemosaics. In the sectionsbelow I will brie
y describe each of thesecategories.

j
q

(X,Y,Z)

Figure 1: Plenoptic function

1.2 Image and View Morphing

Imagemorphing techniquesgenerateintermediate views by imageinterpolation without consid-
ering the geometryof the scene.The new views are thereforegeometrically incorrect (see�gure
2). One of the best known techniques is Beier and Neely's feature basedimagemetamorphosis
[1]. They usedcorresponding line segments to smoothly transform a sourceimageinto a destina-
tion imageusing simple pixel interpolation. A more advancedtechnique, called view morphing,
was developed by Seitz and Dyer [45]. They generatenew views of a scenethat represent a
physically-correct transition betweentwo referenceviews. The motion of the camerais restricted
to a line that connectsthe two centers of projection. The intermediate viewsare createdby �rst
prewarping the imagesin order to align the projection planes,then morphing using interpolation,
and then postwarping the interpolated images.Manning and Dyer extend this idea by creating
dynamic view morphing [32]. A similar approach, calledview interpolation wascreatedby Chen
and Williams [5]. Arbitrary viewpoints with constraints on the viewing angle are generatedby

2



IEEE Virtual Reality 2003,T1 1.3 Interpolation from DenseSamples

interpolating imagesstored at nearby viewpoints. Their technique requirescalibration and full
correspondencemap of sampleimages.This is very di�cult to obtain from real images,so their
algorithm was tested with synthetic images.

Image and view morphing techniquesare very fast and simple, but they produce nonrealistic
and geometrically incorrect renderingsapproximated from the sample images. We cannot use
these techniques for robot navigation where the modeled environment must be geometrically
correct.

Figure 2: Interpolation can bring incorrect views

1.3 In terp olation from Dense Samples

This classof methods �rst build up a lookup table by taking many imagesamplesof an object
or a sceneand then reconstruct imagesfrom arbitrary viewpoints by interpolating the stored
table. This lookup table is an approximation of the plenoptic function. One of the biggest
advantages of these methods is that pixel correspondenceis not necessaryand they are fast,
but they require extensive data acquisition, high memory requirements and knowledge about
the cameraviewpoint during data acquisition. That is why they are more suitable for synthetic
scenes.

Two examplesof this approach have beenpresented in SIGGRAPH'96: light �eld rendering
[31]and the lumigraph[15]. They both usea 4D parameterizationof the plenoptic function if the
sceneis restricted to a bounding box (see�gure 3a). The interpolation schemeusedby Levoy
and Hanrahan [31] approximates the resamplingprocessby interpolating the 4D function from
nearestsamples.Lumigraph [15] is reconstructedasa linear sum of the product betweena basis
function and the value at each grid point.

More recently Shum and He [47] presented a 3D plenoptic function called concentric mosaics.
In this casethe cameramotion is restricted to planar concentric circles and concentric mosaics
are createdby composing slit imagestaken at di�eren t locations. Novel views are renderedby
combining the appropriate captured rays (see�gure 3b). A similar approach is described in [40]
wherea stereo panoramais createdusinga camerawith oneleft and oneright slit that is rotating
along a circle.

For this classof techniquesthe workspaceis limited within the spacede�ned by the samples,a
cube for the light�eld and lumigraph, and a disc for concentric mosaics,so they are not suitable
for our application of robot navigation.

3
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Figure 3: (a) Lumigraph and light�eld parametrisation (b)Concentric mosaics

1.4 Pixel Repro jection using Scene Geometry

This classof techniquesuserelatively small number of imageswith the application of geometric
constraints to reproject image pixels at a given camera viewpoint. Some of the most used
constraints are: depth or disparity values,epipolar constraint, and trilinear tensor. The rendered
imagesaregeometricallycorrect, but most of the methodsrequiresparseor full disparity or depth
map which is very di�cult to recover from real images.I will �rst talk about the imagemosaics,
which are one of the most primitiv e image-basedmodels, and then about the other techniques
that usedepth or disparity in order to produce the image-basedmodel.

1.4.1 Image mosaics

One of the simplest image-basedmodeling techniques is image mosaicing. The term \mosaic"
refersto the combination of at least two imagesto yield a higher resolution or larger image. This
is a very old technique and was developed long beforethe ageof digital computers. It appeared
shortly after the photography wasinvented in 19th century, when imagesacquiredfrom balloons
or tops of the mountains weremanually piecedtogether to createmaps. Today mosaicsare used
in many applications like whiteboard and document scanningas an aid to video conferencing,
reconstructing 3D scenesfrom multiple nodes[51, 52, 48], video compression[25], architectural
walkthroughs, virtual museums,cartoons [61], telepresence,tele-medicine,and astronomy.

In order to register the imagesonto a bigger one they must be related by a linear projective
transformation (homography). This is possiblewhen the imagessamplea planar surface,or are
taken from the samepoint of view. The generalform of a projective transformation is:

s
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v
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5

where (u; v) and (u0; v0) are corresponding pixels in two images,s is a scalefactor and H is a
non-singularmatrix (de�ned up to a scalefactor).

Creating an image mosaic involves three problems: pro jecting the imageson the desired
surface(planar, cylindrical, spherical),and correctinggeometricdeformationscausedby di�eren t
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types of lenses,registering the images into a common coordinate system, and correcting
errors resulting from the registration process.

There are di�eren t types of image projection depending on the desiredapplication and ac-
quisition technique. The simplest set of imagesto mosaicare piecesof a planar scenesuch as a
document or a whiteboard. As mentioned before,thesepiecesare related by a linear projective
transformation, so they can be registeredtogether into a larger planar image[51]. While planar
mosaicsare convenient representation for relatively small �eld of view (less180� ), they become
problematic for wider scenes. In those circumstanceseither cylindrical or spherical represen-
tations are more suitable (panoramic or panosphericmosaics). Cylindrical panoramic mosaics
are created by projecting imagestaken from the samepoint of view onto a cylindrical surface
[48, 52]. They can be usedfor �xed location visualization (Quick Time VR) [4] or variable loca-
tion visualization (plenoptic modeling) [35] and for recovering 3D structure of the environment
[28]. Sphericalpanoramicmosaicscan be createdeither by projected planar imagestaken from
a �xed center of projection onto a sphere[51], or using special lensesand mirrors [38].

Imageswith parallax, which do not satisfy any of the two conditions mentioned above, can
also be composedinto a mosaic. Irani et al [25] used a polynomial transformation with more
than eight degreesto compensatenonlinearities due to parallax. An interesting approach is
presented in [9] wherean intermediate image is usedfor registering two imagesunder arbitrary
cameramotion. Another solution is to usea onedimensionalcamerato scanscenes.This can be
realized using conventional camerasby combining strips taken from a sequenceof neighboring
images. In this way Peleg[41] and Tsuji [62] createda panoramicmosaicfrom imagesalong an
arbitrary path.

In order to create the image mosaics,imageshave to be registeredor matched. Carefully
calibrated camerasprior to the acquisition processcan eliminate this step, but this is very
inconvenient for the user. The imageregistration techniquesusedin the literature include:

� Man ual registration methods where the operator has to manually align the images.

� Feature based metho ds that manually or automatically detect speci�c features in the
images,compute correspondences,and then estimate the cameramotion.

� Finding the motion that will best align the imagesby exhaustiv ely searching all the
possiblemotions. This can be computationally extremely expensive. Another possibility is
to iterativ ely adjust the motion parametersby minimizing the di�erences between the
overlapping areas.This method leadsto a local minimum unlessa reliable initial estimate
is provided.

� Frequency domain techniquescompute the imagedisplacement from phasecorrelation.
Thesemethods require signi�cant overlap betweenthe images.

After image alignment, usually the mosaichas to be further processedin order to eliminate
remainingdistortions and discontinuities. Theseerrorsarecausedby changesin the illumination,
imperfect registration, dynamic scenes,etc. The lighting problemcanbereducedusinghistogram
equalization or locally smoothing the mosaic at the intersection lines [52]. For compensating

5
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small errorsintroducedby motion parallax Szeliskiand Shum [52,48] developeda local alignment
(deghosting) techniquewhich warpseach imagebasedon the resultsof pairwiselocal registration.

Image mosaicsare easyto build, but the renderedimagesmust satisfy the sameconstraints
as the input images,so it is not possibleto createarbitrary new views. Adding more constraints
like depth or disparity will overcomethis problem.

1.4.2 Depth based repro jection

Depth or disparity is powerful information that can be usedin image-basedrendering. Depth is
evaluated from stereovision or usingother sensorslike range-�ndersor sonarsand then combined
with color information provided by imagesto form an image-basedmodel. Disparity is usually
computedfrom imagecorrespondence.Di�eren t approachesto this problem have beenproposed.
Laveau and Faugeras[29] usea collection of fully calibrated imagesand the disparities between
them to compute a novel view using a raytracing process.McMillan and Bishop [35] developed
a rendering technique called plenoptic modeling. They compute new views from cylindrical
panoramicimagesby directly transferring disparity values(generalangular disparities) from the
cylindrical models to the virtual view. Debevec [7] combines image-basedand geometry-based
techniques to produce photorealistic models of architectural scenes.Their system is built from
two components: the �rst is a photogrammetricmodelingsystemthat recoversthe basicgeometry
of the sceneand the seconda model-basedstereoalgorithm that re�nes the geometricmodel to
conformwith its actual appearancefrom a setof photographs.For renderingthey present a view-
dependent texture-mapping that producesnewimagesby warping and composingmultiple views
of the scene. When denserange data is available from range-�nders, it can be combined with
the imagedata to form a detailed image-basedmodel [33], or a 3D model [49] of a large scene.
In both approachesrangedata is registeredwith the imagedata using line features(edges).

In order to compensatethe occlusionproblem in an e�cien t way, Shadeet al. [46] introduce
layer depth images(LDI). A LDI is a view of the scenefrom a singlecameraview point, where
multiple pixel values are stored for each line of sight. This idea in further improved in [3] by
introducing the LDI tree - a combination of a hierarchical spacepartition schemewith the concept
of the LDI. The �xed resolution of the LDI may not provide an adequatesamplingrate for every
referenceimage. The LDI tree preservesthe samplingrate of the referenceimagesby adaptively
selectingan LDI in the tree.

Normally 2D to 2D warping used in texturing models is only physically correct when model
facetsare true planes. If the texture hasa 3D structure texturing with an imagealoneis at best
an acceptableapproximation, but in somecases(such as closeup views or views at a grazing
angle to the surface) it will give a 
at, unnatural appearanceto the rendering. In 3D warping
a depth map is used to correctly \rearrange" the texture image into a new view[34]. Three
dimensional warping has further been developed into an e�cien t method for texturing, relief
texturing[39]. For instance,using a rectangulargeometrymodel of a houseand texturing it with
a 
at 2D texture would give un-natural renderingsfor many views. However, using a texture
composedof both an image and depth map, and relief-texturing the samegeometry recreates
the correct views of the house�ne structure. In Figure 4 particularly this is evident for the roof
and dormers.

By now the readermay have noticed that in using texturing as a meansof rendering macro-

6
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(a) (b)

Figure 4: (a) Image texture and depth map. (b) Pre-warped relief texture and �nal textured
and renderedhouse.

scopicstructure we have departed from its original meaningand intention (of describinga �ne
scalesurfaceappearance).This can be illustrated by consideringthat using 3D textures objects
of arbitrary shape can be renderedby enclosingthem in an envelopinggeometry, a visual hull or
bounding box. This can be as simple as the six sidesof a cube. In Figure 5 a bust is rendered
using six textures with depth maps. The enclosinggeometry is drawn for illustration purposes
only, and as can be seenthe �nal object appearancehas little to do with the geometricmodel
used.

Geometry-basedtechniquesare the most suitable in certain applicationse.g. robot navigation
and mapping, becausethey represent geometrically correct models of the sceneand new views
can be generatedfrom any arbitrary position. One of the biggest problems with image-based
systemsis that it is hard to model dynamic environments and most of the natural environments
are changing. This needsto be overcomeby automatically updating the model. This can also
improve the spatial sampling in the rendering process,by improving the model resolution from
newly acquired images.

1.5 Summary

This section has provided a short overview of image-basedmodeling and rendering techniques.
Depending on the way of representing the data they can be divided into: morphing techniques,
interpolation from densesamples,and geometrically based pixel reprojection which includes
imagemosaicsand depth basedreprojection models.

7
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(a) (b) (c)

Figure 5: (a) Imagetextures for four of the six model planes. (b) Two-dimensional
at texturing
(c) Three-dimensionalrelief texturing createsa realistric image-based object

2 The Geometry of Image Formation
Zach Dodds

The primary sourceof information used in image-basedmodeling is imagesfrom one or more
cameras.Camerasare remarkably e�ectiv e sensors,but they are alsodeceptive: the information
they provide about the structure of the observed world may not always be what it seems.

An everyda y example of visual ambiguit y

Figure 6 shows an ordinary newspaper picture which demonstrateshow even the human visual
systemcan incorrectly extract 3d geometricinformation from an image.

Figure 6: A photograph demonstrating ambiguity of the 3d locations of di�eren t parts of an
imagedscene[14].

8



IEEE Virtual Reality 2003,T1 2.1 CameraModel

To many observers, the defender'shand in Figure 6 looks �rmly clasped on the back of the
shooter's head. In actuality, the hand is well away from the shooter and very closeto the depth
of his left forearm. Given this scenario, imagine if a refereehad only the information from
this imagewith which to evaluate the position of his hand | he would be unable to determine
whether hewascommitting a foul or merely reaching out for the ball, sinceeither situation yields
the sameimageinformation.

One approach to disambiguating the di�eren t possibleworlds which Figure 6 could depict
is to use precisemodels of both the objects imaged and the camera'sgeometry. Knowing the
exact dimensionsof the shooter's head and defender'shand, along with an accurate estimate
of the poseof the camerawith respect to those objects, would su�ce to determine the true 3d
geometry of the scene. Only under extremely controlled conditions, however, are such object
and cameramodels available. Without these constraints it is still possibleto obtain and use
geometricmodels basedon visual information. This chapter motivates di�eren t levels or strata
of recoverable geometric structure. Thesebasic principles form the foundation of someof the
hybrid model-basedand image-basedrendering techniquespresented in subsequent sections.

2.1 Camera Mo del

E�ectiv ely relating 2d image information with the 3d world drives the study of the geometric
properties of vision. As Figure 7 shows, the pinhole cameramodels image formation as a pro-
jection of 3d points through a focal point C known as the cameracenter. Similar triangles then
yield

xc =
X c

Zc
and yc =

Yc

Zc
; (1)

wherem = [xc; yc; 1]T and f = [ X c Yc Zc 1]0. Though nonlinear as a mapping from points in < 3

to < 2, when expressedin homogeneouscoordinates Equation 1 becomeslinear. (A motivation
and detailed description of homogeneouscoordinates is provided below.) Thus, m = Pc f , or
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In Equations1 and 2 the mappingP c assumescanonicalcoordinate systemsfor both world points
and imagepoints, depicted in Figure 7 (left).

In general,world points might exist in any coordinate systemrigidly displacedfrom the canon-
ical oneby a rotation R and translation t. In addition, imagecoordinatesmeasuredin pixels are
modeled as an a�ne transformation K of the metric coordinates of Equations 1 and 2. Hence,
in thesemore generalframesimageprojection becomes

y = K [ R t ] f : (3)

R and t hold six \external" parameters(the poseof the world framewith respect to the camera's
canonicalframe). K is an invertible, upper triangular matrix which models�v e \in ternal" camera
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1

f

C

m

X

Y

Z

Figure 7: Projection in a pinhole camera. Supposea world point f is expressedin a camera's
canonical (Euclidean) frame with the indicated x, y, and z directions scaledto units of focal
length and centered at the camera'sfocal point C. Then f 's projection, y, satis�es Equations 1
and 2 when written in the metric imageframe| identical to the camera'scanonicalframe.

parameters. Becausef and y are homogeneous,the lower right entry of K can be scaledto 1.
In this case

K =

2

6
4

a b c
0 d e
0 0 1

3

7
5 (4)

implies that (c;e) are the coordinates of the principal point, cot� 1(� b
a ) is the angle � between

the image'sx and y axes,and there are a and d
sin( � ) pixels in a singlefocal length in the x and y

imagedirections, respectively. Cameraswith known K are consideredinternal ly calibrated, and
K provides the relationship

y = K m (5)

betweenm's metric imageframe and y's pixel imageframe.

Strata of geometric represen tation Becauseof the nonlinearity of the camera transfor-
mation (indeed, real cameratransformations are even worse than depicted above, as the next
section attests), it is di�cult to extract Euclidean or metrical structure from image informa-
tion. One technique for recovering that structure is to build up to it from lessprecisegeometric
knowledgemore readily extracted from an imagedscene.The following sectionspresent a hier-
archy of �v e layers or strata [12] of geometricstructure, as well as the geometricproperiesand
interrelationships amongthem.

Injectiv e Geometry

Although an injective transformation of a sceneis so generalas to seemunhelpful in our goal
of modeling objects' and images' structure, it is important to keep in mind that real imaging
systemsdon't start with even the cleanperspective projection model described above. There is
often considerabledistortion causedby the lens systemof a camera. With shorter focal lengths
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(and wider �elds of view), the distortion tends to be more noticeable,as indicated in Figure 8.
(Note: this �gure and others annotated \HZ" are usedwith permissionfrom [20].)

Figure 8: The advantage of a wide �eld of view is temperedby the presenceof signi�cant radial
distortion from a linear projection

Calibration (or lenscalibration) is the processof determining how to undo this type of distor-
tion, and comesin at least two basic varieties: techniquesusing algebraiccoordinates of known
�ducial points and techniques that rely on the geometricconstraints of the corrected transfor-
mation. A common approach to the former, algebraicapproach is that of Tsai [58] or Brand,
Mohr, and Bobet [2], who model the distortion usingboth radial and center-displacement terms:

Figure 9: The advantage of a wide �eld of view is temperedby the presenceof signi�cant radial
distortion from a linear projection

The geometricapproach relieson the fact that, without distortion, the cameratransformation
is linear (in homogeneous,not Euclidean, coordinates), meaning that subspacedimensionality
is preserved: points map to points and lines (generically) map to lines. Thus, a calibration
object that consistsof a large number of lines givesrise to a set of constraints that expressthe
collinearity of points recovered from those lines, e.g.,Figure 10.

2.2 2d Pro jectiv e Geometry

Oncelensdistortion hasbeenaccounted for, the camerae�ects a projective linear transformation
from 3d to 2d. Becauseof this relationship, projective geometricstructure is the easiestto deduce
from and about images.This sectionprovides a brief introduction to both 2d and 3d projective
spacewith a focus on the image-transferapplications of 2d projective planes.

11



IEEE Virtual Reality 2003,T1 2.2 2d Projective Geometry

Figure 10: Lens calibration may be found by adjusting distortion parametersso that lines map
to lines, as predicted by a linear projective transformation

Figure 11: An exampleof an imagewith radial distortion and a resampledimagewithout it.

A metaphor for 2d pro jectiv e space A camera'sretina is usefully modeledas a projective
plane. If you placethe retina oneunit in front of the camera'scenter parallel to the planeformed
to the x- and y- axesof a coordinate frame whoseorigin is that cameracenter, every point on
the retina (or imageplane) hasEuclidean coordinates [x; y; 1]T .

Especially in light of the ray-projection usedin imagingand rendering,it is natural to associate
each image point with the ray passingthrough that point. Each of theserays, then, models a
point in a projective plane in which the retinal plane is embedded. When considereda set of
rays, the useof 3d coordinates, i.e., 2

6
4

x
y
1

3

7
5 = s

2

6
4

x
y
z

3

7
5 (6)

with x, y, and z not all equal to 0, is a natural meansfor representing projective points. Each
ray is distinguishedby the 3d (Euclidean) coordinatesof any point on it. Naturally, 0 = [0; 0; 0]T
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must be excluded, as it is shared by all of the rays. The convention of these homogeneous
coordinatesrequiresthat coordinate vectorsbe consideredequivalent if they di�er by any nonzero
scalefactor. In addition, this model alsoprovidesintuition for why the projective (homogeneous)
point [x; y; z]T is consideredequivalent to the Euclidean point [x

z ; y
z ]T .

Both this geometricanalogyand algebraiccoordinate convention point to the primary di�er-
encebetween a projective and a Euclidean plane: there is a line of points "at in�nit y" in the
former. These ideal points correspond to rays parallel to the image plane and have homoge-
neouscoordinates of [x; y; 0]T . Such points may be consideredthe limit of the Euclidean points
[x; y; � ]T as � ! 0 or the vector in the direction of [x; y]T . Indeed,homogeneouscoordinatesare
important fundamentally becausethey can handle this line, linf , of points at in�nit y. Figure 12
[HZ] depicts this model of the projective plane.

Figure 12: A model for the projective plane as the set of rays emanating from the origin of 3d
Eucideanspace

In 2d projective space, lines are represented as three homogeneouscoordinates as well. If
l = [a;b;c]T , and the point x = [x; y; 1]T , x lies on the line l if ax + by+ 1c = 0. This is true
regardlesof scale,so that

xT l = lT x = 0

expressesthe relationship betweenthe coordinatesof a line l and the points x on that line. The
symmetry in this equation is important: lines and points are dual in 2d projective space.That
is, for any result in the projective plane there holds a dual result that interchangesthe role of
points and lines.

One exampleof this duality is in �nding the point x that is sharedby two lines, l and l0. x is
the intersection of l and l0 if

x = l � l0

where � represents the cross-product of two three-dimensionalvectors. The dual theorem re-
versesthe roles of points and lines: the line shared by two points, i.e., the line l that passes
through both points x and x0, is given by

l = x � x0
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Transformations of pro jectiv e planes Keep in mind that the ray-model of Figure 12 uses
a canonical coordinate system. A projective plane, of course,neednot correspond to a useful
world coordinate frame so neatly. In general,a projective plane (i.e., an imageplane) will be a
projective transformation of somecanonicalview that wemight want to useasa model of (planar)
structure. A linear projective transformation H (sometimescalled a collinearity, projectivit y, or
homography) is, in 2d, a 3 � 3 matrix:
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SinceH is de�ned up to a scalefactor, it has8 independent degreesof freedom(dof).
The importance of these2d homographiesis that they capture the geometricchangesthat a

planar patch undergoes when imaged. Figure 13 [HZ] provides three examplesof this process;
in all three casesthe coordinates of corresponding points in the two planes are related by a
homography. As a result, image-basedrendering of a planar surfacecan be achieved through
pixel transfer, i.e., using a few points to determine the homography between a stored, model
imageand a current, desiredpoint of view. Then, that homography maps points in the model
to appropriate locations in the new view. Figure 14 shows an exampleof this.

Figure 13: Examplesof pairs of imagesrelated by a homography: two imagesof a planar surface,
two imagesof any structure taken by cameraswith the samecameracenter, and the shadow of
a surface.

Given known corresponding points in two images,xi $ x0
i , how can we determinethe homog-

raphy H relating them? Considerthe fundamental constraint:

x0
i = H x i

Becausethis holdsup to an unknown scalefactor, it providestwo linear constraints on the entries
of H . H has eight degreesof freedom,so that four such constraints su�ce to �nd the entries
of the homography. With additional points, the system is overdeterminedand a least-squares
solution (other than H = 0) can be found using the singular value decomposition [20].

A direct application of this algorithm is the creation of image mosaics,where imagestaken
by a rotating cameraare stitched together using at least four \tie points" { the points usedto
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Figure 14: Example of pixel transfer after a four-point homography: note that the geometry
of the resulting image is closeto the expected geometry, but the lighting is quite di�eren t. A
dynamically textured approach lessensor removed this problem.

determinethe homography H betweentwo views. Figure 15 [HZ] shows an eight-image example
as well as a full panormaicview.

2.3 3d Pro jectiv e Geometry

On the other side of the camerais the world. Just as an image was naturally considereda 2d
projective plane, the objects being imagedare naturally consideredpopulating a 3d projective
space.A plane of points called the plane at in�nit y, � inf , is present (and not distinguishedfrom
any other plane) in projective space.Points are represented with four homogeneouscoordinates:

X =

2

6
6
6
4

x
y
z
t

3

7
7
7
5

In projective space,points and planesare dual, with

X T � = 0

for points X on the plane � .
Projective transformations are 4 � 4 nonsingularmatrices identi�ed up to a scalefactor and,

like their two-dimensionalcounterparts, preserve dimensionality of features: point-coincidence,
collinearity, and coplanarity. In someapplicationsthesepropertiessu�ce and a projective model
of objects is all that is required. For example, many tasks can be phrasedas a set of feature
alignments among points and lines. Controlling a robotic manipulator to achieve those tasks
requires no more than a projective model of the objects being handled. When the sensors
available are cameras,this approach to robot control is called visual servoing[16]. In a sense,
visual servoing is a physically realizedversionof image-basedmodeling and rendering: a desired
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Figure 15: Eight imagesand the mosaicresulting from homography-basedtrasfer

renderingof point and line featuresis achieved by actually moving an object of interest to a goal
pose.

However, for virtual reality or augmented reality applications,projective modelsare too coarse
for practical use. They will produceunrealistic imagesbecausesomuch of the objects' expected
geometryis not captured in a projective model. Parallelism, volumes,areas,lengths, and angles
are all lost at the projective level of speci�cation. the following section describes more precise
geometricdescriptionsthat recover thesemodel properties.

A�ne and Metric Upgrades

The abilit y to work with vanishing points (ideal points, points at in�nit y) as easily as ordinary
points is a weakness,aswell asa strength of projective space.The fundamental geometricprop-
erties of betweennessand parallelism are lost under projective transformations, e.g., Figure 16
[HZ], (In real images,not simply projectively-transformedimages,betweennessis preserved.)

Figure 16: An example of a projective transformation that does not preserve \b etweenness."
Real camerasdo not wrap physical objects around the plane or line at in�nit y becausethey are
one-sided.This transformation requiresthe comb to occupy portions of the half-spacesin front
of and behind the camera'scenter.

In order to restoretheseproperties, the points (either planeor line) at in�nit y must be identi-
�ed. Then, for example,parallel lines are identi�ed as thoseprojective lines whoseintersections
arepoints at in�nit y. Nonparallel linesmeetelsewhere.In a static 3d model, the planeat in�nit y
can be determinedusing preciselythis constraint. If setsof parallel lines in three distinct direc-
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Figure 17: (Top) An upgradethrough projectively, a�nely , and similarity-basedtransformations
of a checkerboard tile pattern. (Middle ) The initial and �nal, metrical model of a cabin.
(Bottom ) The strata through which the cabin progressed,each requiring additional a priori
knowledgeabout the structure.

17
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tions are identi�ed, the three points of intersection of thosesetsdetermine the plane at in�nit y.
In 2d, two such setsof lines, known to be parallel a priori yield linf .

In both cases,the structure obtained is called a�ne . In three dinensions,an a�ne model has
12 degreesof freedom: three for the position of the origin, three for a rigid rotation, oneoverall
scale,two relative scalesamongthe three axesand three representing the angles(skew) among
the three coordinate axes. In 2d, there are 6 dof: two for the position of the origin, onefor rigid
rotation about the origin, one for overall scale,one for relative scalebetweenthe two axes,and
one for skew (the anglebetweenthe two axes).

In order to measureanglesand arbitrary length ratios in a 2d or 3d model, a further updgrade
of its geometricrepresentation is necessary. In 2d, this upgradefrom an a�ne imagerequirestwo
pairs of orthogonal lines; in 3d the upgraderequiresknowledgeof the camera'sinternal parame-
ters (or consistencyof them acrossmultiple images)and/or knowledgeof somescenestructure.
Both result in a metric description of the resulting structure, i.e., a rigid motion followed by a
uniform scaling. In order to obtain a Euclidean model with true distanceinformation, a \y ard-
stick" of somesort must be available to de�ne at least one length. From there, all other lengths
can be determinedrelative to that canonicalsegment. Figure 17 [HZ] show this upgradeprocess
through projective, a�ne, and metrical representations of 2d and 3d structure.

Figure 18: The hierarchy of geometricstrata in two dimensions

Figures18and19[HZ] summarizethe hierarchy of information in various2d and3d geometrical
models. The modeling and rendering described in the sequelwill use a variety of gometric
descriptions,depending on both the requirements of the tasks and the information available to
support them.
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Figure 19: The hierarchy of geometricstrata in three dimensions

3 Multiple View Geometry and Structure-F rom-Motion
DanaCobzasandMartin Jagersand

3.1 Camera mo dels

A cameramaps points from the 3D space(object space)to 2D imageplane. In this sectionwe
present di�eren t cameramodels that mathematically describe this process.

Pinhole camera

Figure 20: Pinhole cameramodel
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The most basiccameramodel is the pinhole camera.The imageformation processis speci�ed
by choosing a center of projection and an image plane (see�gure 20). The projection of a 3D
point is obtained by intersecting the ray from the cameracenter of projection to this point with
the image plane. The ray from the cameracenter perpendicular to the image plane is called
optical axis or principal ray. This model is in generalvalid for most real cameras.In somecases
it can be improved by taking nonlinear e�ects (e.g. radial distortion) into account.

If the center of projection is chosenas the origin of the world coordinate system, and the
imageplane is located at a distancef from the origin, the projection equationscan be written
as follows:

(x; y)T =
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Representing points using homogeneouscoordinateswe can rewrite the projection equation as:
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Figure 21: From retinal coordinates to imagepixel coordinates

Using this projection the image points will be indexed with respect to the principal point
(intersection of image plane with the optical axis). In real camerasimage pixels are typically
indexed with respect to the top left corner of the image, so a change in coordinate system is
required. In addition the coordinates of the pixel do not correspond to the coordinates in the
retinal plane but depend on the physical dimensionsof the CCD pixels in the camera. With
most standard cameraswe can model this transformation by scalingalong the cameraaxes.The
2D transformation that transforms retinal points into imagepixels is (see�gure 21):
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where (cx ; cy) represents the principal point location (not always the center of the image) and
px ; py the 2 pixel scalefactors along horizontal and vertical directions respectively. Combining
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equation 7 and 8, we obtain the projection equation in component and standard matrix form as
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HereK is called the calibration matrix and is formed from camerainternal parameters. More
parameterscan be introduced to model di�eren t real cameras(e.g. skew in the casewhen the
pixelsarenot rectangular). This parametersarein generalrelated to a particular physical camera
and can be determined aheadin the processof cameracalibration [58]. In this presentation we
mostly assumethat the camerasare not calibrated.

Camera motion

World 3D points, world coordinates, are normally expressedin their own coordinate frame, dif-
ferent than the cameraframe. The cameraand world coordinate framesare related by a general
Euclidean transformation (external or extrinsic cameraparameters):

X = [Rjt ]X cam

X cam = [RT j � RT t ]X

Incorporating this into the projection equation 9 we get:

x = K [RT j � RT t ]X = PX (10)

The 3 � 4 matrix P is called the camera projection matrix and has in general11 DOF. If P
can be decomposedlike in equation 10 (3 � 3 left hand submatrix M is nonsingular) it is called
�nite camera. If M is singular the camerais called in�nite camera.

Someproperties of the generalprojective cameraP = [M jp4] can be derived without decom-
posing it into internal and external parameters. For examplewe can retrieve the cameracenter
C as the 1D nullspacepf P (PC = 0), for �nite cameras:

C =

 
� M � 1p4

1

!

and for in�nite cameras:

C =

 
d
0

!

where d is the nullspaceof M . The principal ray (the ray passingthrough the cameracenter
and which is perpendicular to imageplane) can be expressedas:

v = det(M )m3

wherem3 is the last row of M .
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A�ne cameras

A�ne cameras(or parallel projection cameras)is a classof in�nite camerasof practical interest.
An a�ne camerahasthe last row of the projection matrix of the form (0; 0; 0; 1). They arecalled
a�ne becausethey map points at in�nit y to points at in�nit y. The center of projection is an
in�nite point so cameraprojection rays are parallel.

In generalan a�ne cameracan be written as:
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whered0 represents the depth of the point along the principal direction and i; j are the �rst two
rows of the rotation matrix that related the position of the object with the camerapose.
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Figure 22: A�ne cameraapproximation

The imaging geometryof an a�ne camerais illustrated in �gure 22. It can be illustrated as
a two step projection. Considera plane that passesthrough the world coordinate center and is
parallel with the imageplane. This plane can be thought as approximating the object sincefor
all the points on the plane the a�ne projection is equivalent to a perspective projection. The
3D point X is �rst projected on this plane to get X 0, and then X 0 is perspectively projected on
the imageplane. The deviation of the a�ne projection with respect to the projective projection
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can be expressedas:

xaf f � xpersp =
�
d0

(xpr oj � x0) (12)

wherex0 is the principal point and � is the distancefrom the point to the object approximation
plane. From this we can seethat the a�ne camera is a good approximation of the imaging
geometrywhen:

� The depth relief (�) variation over the object surfaceis small comparedto the average
distanceto the object (d0).

� The distancesbetweenthe object points and the principal ray are small.

A hierarc hy of a�ne cameras

Camera center

Image plane
Object planex

x
x
x

parap

orth

persp
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X (origin)0

Figure 23: Di�eren t typesof a�ne projection.

Di�eren t a�ne models can be derived starting with a very simple model and re�ning it to
better approximate the imaging process.This is illustrated in �gure 23

Orthographic camera. If the direction of projection is alongZ axis, the cameramatrix hasthe
following form:
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Weak perspective camera. A better approximation of the perspective cameracan be obtained
by �rst projecting orthographically on an approximate object planeand then projectively on the
imageplane. It is alsocalledscaledorthographic projection and the cameramatrix hasthe form:
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Paraperspective camera. The weak perspective camera is a good approximation of the per-
spective distortion only if the object is closeto the principal axis. The paraperspective model
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compensatesthis problem by projecting the object point on the model plane with a direction
parallel to the ray that projects the center of object coordinate system. It is not an a�ne camera
but a �rst order approximation of the perspective camera. (The other models can be seenas a
zero-orderapproximation.) The projection equationscan be written as:

xwp = x0 +
i � x0k

tz
X (15)

ywp = y0 +
j � y0k

tz
X (16)

where(x0; y0) represents the imageprojection of the center of the object coordinate system.

Camera calibration

Cameracalibration [58] dealswith computing the cameramatrix given imagesof a known object
and is equivalent to the resection problem discussedin subsection3.2. The calibration object is
usually build as a 2D or 3D pattern with easily identi�ed features(e.g. checkerboard pattern).
The cameramatrix is then decomposedinto internal and external parameters,assuminga certain
cameramodel. The linear cameramodel discussesso far can be a bad approximation for a very
wide lens cameraand radial distortion has to be considered.The radial distortion is small near
the center but increasingtoward the periphery, and can be correctedusing:

x̂ = xc + L(r )(x � xc) (17)

ŷ = yc + L(r )(y � yc) (18)

where(x̂; ŷ) denotesthe correctedpoint for (x; y) and (xc; yc) is the principal point of the camera
and r 2 = (x � xc)2 + (y � yc)2. L(r ) is the distortion function and can be approximated with
L(r ) = 1 + k1r + k2r 2 + :::. k1; k2, the coe�cien ts of the radial correction are consideredpart of
the internal cameraparameters.

3.2 Computation with Camera Mo dels

In practical application we are interested in using camera models computationally to relate
the three entities of 3D structure, 2D image projection and projection matrix. Three basic
computational problemsare:

1. Resection Givena 3D structure and its imageprojection computethe camerapose(extrinsic
parameters).

2. Intersection Given two or more image projections and corresponding camerascompute a
3D structure giving rise to theseimages.

3. Structure and Motion or Factoring Given only the imageprojections in two or more images
�nd both the cameraposeand 3D structure.
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Resection

In Resectionwe are given 3D points X 1 : : : X n and their imageprojections x1 : : : xn . Under an
linear a�ne camerawe seekto determinethe eight parametersin an a�ne projection. Rewriting
Eq.11 in a�ne (non-homogeneous)coordinates the constraint imposedby each image-3Dpoint
is given by
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Each 2D-3D point correspondencehenceimposestwo constraints on the eight dimensionala�ne
camera space. We can solve for the camera parametersby extending the above equation for
n � 4 points and grouping the cameraelements into a matrix,
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Sincewe usea�ne coordinates we directly minimize geometricerror, hencethe solution is the
ML estimate for measurements perturbed by Gaussiannoise.

In the caseof a perspective cameramodel we needto estimatethe full 3� 4 projective camera
matrix in the projection equation,x i � PX i (Eq. 7), whereherecoordinatesaregiven in homoge-
neousform, x = [u; v; w]T and X = [X ; Y; Z; v]. Remember that the projective equivalence\ � "
is up to a scale,hencewe cannot directly write a linear equation systemas in Eq. 20. Instead,
the standard solution, Direct Linear Transform (DLT) is basedon expressingthe equivalenceas
a vector product 0 = x i � PX i . Let PT = [p1; p2; p3] and rewrite the vector crossproduct on a
matrix form we get the following three constraint equationsfrom each point correspondence
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However, only two of the three equationsare linearly independent, hencewe needsix (or more)
2D-3D point correspondencesto solve for the projection matrix P. One commonway of solving
the above is to pick the �rst two of the three equationsfor each of the six point and stack them
into a 12� 12 linear equationsystem. Another alternative is to solve the overdetermined18� 12
systemimposingan additional constraint kPk = 1. (Without the additional constraint, noisein
the measurements will likely increasethe rank and give a solution P=0.)

In tersection

In Intersection we are given two cameramatrices P1 and P2 and the corresponding imagepoint
projections x1; x2, and seekthe 3D point giving rise to theseimageprojections.
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In the a�ne casewe can directly rearrangeEq.19 as
2
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and solve the overdeterminedsystem for the 3D world point X = [X ; Y; Z ]. Again, since the
above equationsare in pixel spacewe minimize geometricerror, and we don't normally expect
problems. (Note however that the systemmay be ill conditioned due to the two camerasbeing
nearly equal, i.e. i1 is nearly co-linearwith i2 and j 1 near j 2)

In the projective casewe seekto �nd a homogeneous3D point X = [X ; Y; Z; v]that simulta-
neouslysatis�es the two equivalencesx1 � P1X and x2 � P2X . Sincethe equivalenceis up to a
scalewe can write � 1x1 = P1X and � 2x2 = P2X and rewrite into onematrix equation as

0 =
�

P1 x1 0T

P2 0T x2

�
2

6
4

X
� 1

� 2

3

7
5 (24)

And solve the homogeneoussystemfor a consistent 3D point X and scalefactors � 1; � 2.

Structure and Motion

In the Structure and Motion (sometimescalled Structure From Motion, SFM), using only the
n projected points x i;j ; i 2 1: : : n; j 2 1: : : m in m imageswe seekto �nd both cameraposes
P1; : : : ; Pm and a consistent structure S = [X 1; : : : ; X n ]. This is illustrated in Fig. 24.

For image-basedmodeling, this is the most interesting operations, since we can recover 3D
information from uncalibrated images(i.e. without needingto know the cameraposesa-priori).
Interestingly, fast and robust linear methods basedon direct SVD factorization of the image
point measurements have been developed for a variety of linear cameras,e.g. orthographic
[53], weak perspective [60], and para-perspective [42]. For non-linear perspective projection
there is no direct linear factorization method, but iterativ e methods have been developed[22].
Another solution developed by Sturm and Triggs is to �rst relate the imagespairwisethough the
fundamental matrix and then factor into structure and cameraprojections[50]. The factorization
methods and algorithms are presented in Sections3.4.

For two, tree and four views image constraints have been formulated that allows extracting
cameramotion from imagepoints. The 2-view caseis presented in the next section.

3.3 Tw o view geometry

Epip olar geometry and the fundamen tal matrix

Without having any information about the position of a 3D point, given its projection in one
image,restricts its projection in a secondimageto a line that is called the epipolar line. This is
the basicgeometricconstrainedfor the two view geometryand is illustrated in �gure 25 (a)(b).
The epipolar line l0 canbe seenasthe projection of the ray goingfrom the cameraC through the
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Structure
from motion

algorithm

poses

+

tracked points

structure

Figure 24: A generalstructure from motion algorithm extracts the structure and cameraposes
from a set of tracked points.

imagepoint x on the secondimageplane. This is equivalent to intersecting the plane generated
by the camera centers C; C0 and the image point x (epipolar plane) with the secondretinal
plane. Note that all epipolar lines in an image have a common point - the projection of the
secondcamera center. This point, is called the epipole and is denoted e and e0 respectively
for �rst and secondcamerain �gure 25. Figure 25(c)(d) illustrated an exampleof four setsof
corresponding epipolar lines.

This geometricconstraint canbealgebraicallyformulated usingthe fundamental matrix F [11].
It connectscorresponding imagepoints in two views. We present a geometricderivation of the
fundamental matrix for imageprojections x; x0 of 3D point X (refer to �gure 26). Considerthe
point X laying on a plane� not passingthrough any of the cameracenters. This plane inducesa
2D projective transformation (homography) H betweencorresponding imageprojections, more
precisely:

x0 = H x

The epipolar line passingthrough can be written as:

l0 = e0 � x0 = [e0]� x0 = [e0]� H x = F x

whereF = [e0]� H de�nes the fundamental matrix ([e]� denotesthe antisymmetric 3 � 3 matrix
representing the vectorial product with e). It can be easily veri�ed that

x0T F x = 0 (25)

This result givesa characterization of the fundamental matrix using only imageprojections. F
is a 3 matrix that has rank 2 (the epipole e is the nullspace of F ). A lot of e�ort has been
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(a) (b)

(c) (d)

Figure 25: Epipolar geometry: (a) epipolar lines and epipoles(b) epipolar plane (c)(d) example
of pairs of epipolar lines

put in robustly estimating F from a pair of uncalibrated images(e.g [54]. It can be estimated
linearly given 8 or more corresponding points. A nonlinear solution uses7 corresponding, but
the solution is not unique.

We brie
y list someimportant properties of the fundamental matrix that allows the compu-
tation of the epipolar lines and epipoles.

l0 = F x l = F T x0 (26)

F e = 0 F T e0 = 0 (27)

Equation 25is a projective relationshipbetweenimagepoints and F only dependson projective
properties of cameramatrices. In generala cameramatrix dependson the internal parameters
and choiceof world coordinate frame (external parameters). F doesnot depend on the choiceof
the world frame and is unchangedby a projective transformation of 3D space.Sotwo projective
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Figure 26: Geometric interpretation of the fundamental matrix

matricesP; P0uniquely determineF but the converseis not true. Giventhis projectiveambiguity,
we can formulate a classof projection matricesgiven a fundamental matrix (canonicalcameras):

P = [I j0] (28)

P0 = [[e0]� F + e0vT j� e0] (29)

Calibrated stereo

(0,0)

x

X

Z

(d,0)

=fZ

xl r

{2nd camera}{1st camera}

Figure 27: Calibrated stereogeometry

A specialcaseof the two view geometryariseswhenthe camerasarecalibrated and aligned(the
imageplanesare parallel with the line connectedthe cameracenters). A 1D illustration of this
con�guration is presented in �gure 27. In this casethe epipolar lines correspond to imagerows
so corresponding points in two imagesare on the samescanline. The horizontal displacement
betweentwo corresponding points is called disparity . This special casehaspractical application
is computing densedepth from images. Correspondenceproblem is simpli�ed (corresponding
point is on the samescanline)and there is a simple solution for depth, knowing the focal length
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of the camerasf and the distancebetweenthe cameracenters d:

Z =
df

x l � xr

wherexl � xr represents the disparity (horizontal distancebetweencorrespondingcalibrated image
points). Note that the camerashave to be calibrated and xl ; xr and normalize with respect to
imagescaleand center. An exampleof a depth map computed using a trino cular vision system
(from Point Gray Research [44]) is presented in �gure 28.

Figure 28: Example of a disparity map computed using the Triclops vision system. (a) left
intensity image(b) disparity map (c) Triclops device

More than two views

l'
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C'C

x

x'

x"

L

X

Figure 29: Trilinear constraints

Similar constraints can be de�ned for 3 and 4 images.The epipolar constraint can be formu-
lated for three images,divided in groupsof 2. But there is a strongerconstraint that involvesall
three: the projection of a point in the third imagecan be computed from corresponding projec-
tions in the other two images.A similar constraint hold for lines or combinations of points/lines
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(see�gure 29). This are called trililear constraints and can be expressedusing the trifo cal tensor
[55].

Quadrifocal constraints are formulated for 4 images(using the quadrifocal tensor) [56]. An
important result is that there are no additional constraints between more than 4 images. All
the constraints can be expressedusing F , the trilinear tensor and the quadrifocal tensor. An
unifying theory usesmultiview tensors[23, 19]. Here is a summary of di�eren t constraints and
the minimal con�gurations for computing structure from motion:

2 images epipolar geometry,F

� linear unique solution from 8 points

� nonlinear solution from 7 points (3 solutions)

3 images trifocal tensor

� linear solution from 7 points

� nonlinear solution from 6 points

4 images quadrifocal tensor

� linear solution from 6 points

3.4 Multi view geometry

For the casewhen points are tracked in many imagesthere is a linear formulation of the re-
construction problem, called factorization. The original requires that the image coordinates
for all the points are available, so there are no occlusions. More recent extensionsdeals with
missingdata. Assumingan a�ne camera,nonisotropic zero-meanGaussiannoise,the factoriza-
tion achievesML a�ne reconstruction. This methods and its extensionto the weak perspective
cameraare presented in the following subsections.

A�ne factorization

A generala�ne camerahas the form
P1 = [M jt ]

where M is a 2 � 3 matrix and t is a 2D vector (note that we dropped the last row (0; 0; 0; 1)
from the projection matrix). The projection equation using homogeneouscoordinates can be
written as:
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y
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X
Y
Z

1
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Having n points tracked in m imageswe form the 2m � n measurement matrix W and we can
write the projection equationsin a compactwas as:
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If the image points are registeredwith respect to their centroid in the image plane and the
center of the world coordinate frame is the centroid of the shape points, the projection equation
becomes:

Ŵ = RS where Ŵ = W � t1 (31)

Rank theorem Following [53], in the absenceof noise rank(Ŵ ) = 3. Under most viewing
conditions with a real camerathe e�ectiv e rank is 3. Assuming2m > n, Ŵ can be decomposed
Ŵ = O1� O2, whereO1 is an orthonormal 2m � n matrix, � is an n � n diagonalmatrix and O2

is an n � n orthonormal matrix (SVD).
De�ning

R̂ = O0
1

Ŝ = � 0O0
2

(32)

we can write
Ŵ = R̂Ŝ (33)

O0
1 is formed from the �rst three columnsof O1, � 0 is the �rst 3� 3 matrix of � and O0

2 contains
the �rst three rows of O2 (assumingthe singular valuesare orderedin decreasingorder).

The factorization calculatesthe a�ne shape of the structure Ŝ and the a�ne projection ma-
trices R̂.

Weak perspectiv e factorization

The weak perspective camerais a special caseof a�ne camerawhere

M =

"
si
sj

#

(34)

The matricesR̂ and Ŝ resulted from the a�ne factorization, are a linear transformation of the
metric scaledrotation matrix R and the metric shape matrix S. There is in generalan a�ne
ambiguity in the reconstruction. More speci�cally there exist a 3 � 3 matrix Q such that:

R = R̂Q
S = Q� 1Ŝ

(35)

Normally, to align Ŝ with an exocentric metric frame the world coordinates,at least four scene
points are needed. Assuming no sceneinformation is provided,Ŝ can be aligned with the pixel
coordinate systemof the camerarow and column. This relatesQ to the the components of the
scaledrotation R:

îT
t QQT î t = ĵ T

t QQT ĵ t ( = s2)
îT
t QQT ĵ t = 0

(36)

where R̂ = [̂i1 � � � îm ĵ 1 � � � ĵ m ]T The �rst constraint assuresthat the corresponding rows st iT
t ,

st j T
t of the scaledrotation R in Eq. 34 are unit vectors scaledby the factor st and the second

equation constrain them to orthogonal vectors. This generalizes[53] from an orthographic to
a weak perspective case. The resulting transformation is up to a scaleand a rotation of the
world coordinate system. To eliminate the ambiguity, the axis of the referencecoordinate system
is aligned with the �rst frame and estimate only eight parametersin Q (�xing a scale). This
algorithm was adapted from [60].
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Pro jectiv e factorization

A similar idea can be adopted for projective cameras.Several algorithms exist in the literature
[50, 22]. The projection equations� i

j x
i
j = P i X j for n points and m imagescan be written as (in

homogeneouscoordinates):
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� i
j are called the projective depth and are in general unknown. Assuming we know � i

j (for
examplefrom an initial projective reconstruction), the cameramatricesand 3D projective points
can be computed using a factorization algorithm similar to the a�ne one. The measurement
matrix gasrank four in this case.

If the projective depths are unknown an iterativ e approach can be adopted. Initially they are
all set to 1 and the structure is estimated using factorization. The depths are re-estimatedby
reprojecting the structure and the procedureis repeated. However, there is no guarantee that
the procedurewill convergeto a global minimum.

Bundle adjustmen t

Consider that the projective 3D structure X̂ j and the cameramatrices P̂i had beenestimated
from a set of imagefeaturesx i

j . The bundle adjustment re�nes this estimatesby minimizing the
geometricerror

min
X

i;j

d(P̂ i X̂ j ; x i
j )

2 (38)

The name bundle adjustmentmeansreadjusting bundle of rays between the cameracenter and
the set of 3D points to �t the measureddata. The solution looks for the Maximum Likelihood
(ML) estimate assumingthat the measurement noise is Gaussian. This step is very important
in any projective reconstruction and is tolerant to missingdata.

3.5 Recovering metric structure

Pro jectiv e ambiguit y

As mentioned before in subsection3.3, given an uncalibtrated sequenceof imageswith corre-
sponding points identi�ed it is possible to reconstruct the structure only up to a projective
transformation.

But, there exist a homography H (or a family of homographies)such that the transformed
matrices P i H represent true projection matrices and an be decomposedas: P i H = K Ri [I jt i ],
where K ; Ri ; t i represent the internal and external parametersof the camera as described in
subsection3.1. The projective structure is upgradedto metric by H � 1X j .

The generalapproach for a metric reconstruction is:

� Obtain a projective reconstruction P i ; X j
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� Determine the rectifying homography H from autocalibration constraints, and transform
the reconstruction to metric P i H; H � 1X j

Self-calibration

The theoretical formulation of self-calibration(auto-calibration) for constant cameraparameters
was �rst introducedby Faugeras[10]. Present techniquescan be dived in two main categories:

(a) a strati�ed approach that �rst determinesthe a�ne structure and then the metric structure
using the absoluteconic;

(b) a direct approach that recovers the metric structure using the dual absolutequadric.

The rectifying homography can be expresseddependingon the planeat in�nit y � 1 = (pT ; 1)T

and cameracalibration matrix K 1 of the �rst camera:

H =

"
K 1 0

� pT K 1 1

#

(39)

Consideringthe projection matrices P i = [A i jai ] the auto-calibration equation are as follows:

K i K iT = (A i � ai pT )K 1K 1T (A i � ai pT )T (40)

Note that ! � i = K i K iT , the dual imageof the absoluteconic (DIA C), and the equation can be
rewritten as:

! � i = (A i � ai pT )! � 1(A i � ai pT )T (41)

The auto-calibration methods determinep and K 1 (8 parameters)basedon constraints on K i

such that one of its elements is zero. Triggs [57] introduced the absolutedual quadric for as a
numeric devicefor formulating auto-calibration equations:

! � i = P i Q�
1 P iT (42)

and in this caseQ�
1 is �rst estimated basedon similar constraints on K i and then decomposed

asQ�
1 = H ~I H T where ~I = diag(1; 1; 1; 0) is the canonicalcon�guration of the absolutequadric.

Methods that assumeconstant internal parametersweredeveloped by Hartley[18], Pollefeysand
Van Gool [43]. A more
exible self-calibrationwith varying focal length wasproposedby Heyden
and �Astr•om [24].

Note that self-calibration is not a generalsolution to a metric reconstruction. Somecritical
motionscangeneratedegeneratesolutions(e.g. planar motion and constant internal parameters)
and the constraints on the internal parametershasto be carefully chosendependingon each real
camera.Someexternal constraints on the scene(if available) like knowledgeabout parallel lines,
anglesmight improve the robustness.Metric bundle adjustment is recommendedasa �nal step.
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3.6 A complete system for geometric mo deling from images

Putting together the presented techniquesfor extracting geometricstructure from uncalibrated
imageswe now have a generalprocedurefor calculating the metric structure:

1. Get initial corresponding points.

2. 2,3 view geometry: computeF, trilinear tensorbetweenconsecutive framesand recompute
correspondences.

3. Initial reconstruction: get an initial projective reconstruction from a subsequencewith big
baseline(e.g. using chains of fundamental matrices, trilinear tensorsor factorization) and
bind more frames/points using resection/intersection.

4. Bundle adjustment

5. Self-calibration

6. Metric bundle adjustment
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4 Texturing of Image-based Mo dels
Martin Jagersand

With texture normally mean �ne scale visual or tactile properties of a surface. The word is
related to textile, and indeed it was usedto describe the particular surfacecreated by the the
interwoven threads in a fabric. In computer graphics texturing is the processof endowing a
surfacewith �ne scaleproperties. Often this is usedto make the visualization richer and more
natural than if only the 3D geometry had beenrendered. There are a wide range of computer
graphicstexturing approaches. Early texturing involved replicating a small texture element over
the surfaceof an object to enrich its appearance.Commonly this is doneby warping a small 2D
texture element onto the structure but other variations include 3D texturing, where a surface
appearanceis created by carving away into a 3D texture volume. Texture can also be usedto
model light, e.g. using a specular highlight texture on a model and re
ections.

The focus of this Section is on image texturing. We will study how to composea texture
image suitable for photo-realistic image-basedrendering. In this casethe texturing element is
a comparably large image, and unlike the above mentioned techniques, not repeated over the
surface. Hence,we are to someextent transcendingout of the original domain of texturing by
now not only modeling �ne scalestructure, but potentially medium and large scalegeometry in
texture. We will focus on aspects that are speci�c to imagebasedmodeling and rendering, and
not treat standard issuessuch as implementation of 2-D warps, �ltering and multi-resolution
texturing. The background on basic texturing is covered in the literature[21] and recent text
books[36].

In particular, we will describe how to make the texture correctly represent the variation over
di�eren t viewpoints of a potentially complexunderlying geometry. Using the tools of 3D warp-
ing, relief textures provides an explicit geometric solution to adding 3D structure to a planar
texture[39]. However, relief textures require a detailed a-priori depth map of the texture ele-
ment. This is normally not available in image-basedmodeling if only uncalibrated cameravideo
is used. An alternative way to represent the imagemotion causedby depth parallax is by mod-
ulating a spatial imagebasis. Previously, this technique hasbeenusedin image(camera)plane
encoding of deterministic scenemotion[26] and capturing certain quasi-periodic motions[8]. Re-
cently, it hasbeengeneralizedand mademoree�cien t by parameterizingthis motion on a scene
geometry instead of the image plane[6]. The following development of dynamic textures will
closelyfollow the latter scenegeometrybasedderivation of imagevariabilit y.

In the previous Section we saw how uncalibrated video can be used to otrain geometric in-
formation from a scene.A structure-from-motion (SFM) method starts with a set of m images
I 1 : : : I m from di�eren t views of a scene. Through visual tracking or correspondencedetection
the imageprojection x1 : : : xn of n physical scenepoints are identi�ed in every image. From this,
a structure from motion computesa structure, represented by a set of n scenepoints X1 : : : X n ,
and m view projections P1 : : : Pm such that (reprojection property):

x j;i = Pj X i i 2 1: : : n; j 2 1: : : m (43)

Independent of the geometric details and interpretation and central to image basedmodeling
and rendering is that this structure can be reprojected into a new virtual camera and thus
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novel views can be rendered.Practically, the structure is divided into Q planar facets(triangles
or quadrilaterals are used in the experiments) with the points xj;i as node points. For texture
mapping,each oneof the model facetsarerelatedby a planar projective homography to a texture
image. SeeFig. 44.

4.1 Texture basis

In conventional texture mapping, oneor more of the real imagesare usedas a sourceto extract
texture patchesfrom, and then warped onto the re-projected structure in the new view.

Instead of using an imageas a sourcetexture, here we study how to relate and unify all the
input sampleimagesinto a texture basis. Let xT;i be a set of texture coordinates in one-to-one
correspondenceto each model point X i and thus also for each view j with the imagepoints xj;i

above. A texture warp function w translates the model vertex to texture correspondencesinto a
pixel-basedre-arrangement (or warp) betweenthe texture spaceI w to screenimagecoordinates
I .

T(x) = I (W(x)) (44)

Common such warp functions are a�ne, bi-linear and projective warps. The warp function W
acts by translating, rotating and stretching the parameter spaceof the image, and hencefor
discreteimagesa re-samplingand �ltering step is neededbetweenthe imageand texture spaces.
Details of thesepracticalities can be found in [36].

Now if for each sampleview j , we warp the real image I j from image to texture coordinates
into a texture imageTj , we would �nd that in generalTj 6= Tk ; j 6= k. Typically, the closerview
j is to k, the smaller is the di�erence betweenTj and Tk . This is the rationale for view-dependent
texturing, wherea newview is textured from oneto three (by blending) closestsampleimages[7].

In this paper we will develop a more principled approach, where we seeka texture basis B
such that for each sampleview:

T j = By j ; j 2 1: : : m: (45)

Here,and in the following, T is a q� q texture image
attened into a q2 � 1 column vector. B is
a q2 � r matrix, wherenormally r � m, and y is a modulation vector. The texture basisB needs
to capture geometricand photometric texture variation over the samplesequence,and correctly
interpolate new in-between views. We �rst derive a �rst order geometricmodel, then add the
photometric variation. For clarity we develop theseapplied to one texture warp (as in Fig. 36),
while in practical applications a scenewill be composedby texturing several model facets(as in
Figures 44 and 38).

4.2 Connection between in tensit y change and motion

To capture texture variation due to geometricdeformation we seekto derive a spatial basisfor
the particular small motion present in textures captured from di�eren t view-points. At �rst
it may seemcontradictory that geometric motion can be generatedby linear combinations of
a basis. Normally the linear combination, ie blending, of two imagesdissolves one image into
the other. This typically results in a blurry intermediate imageswith no particular motion
perception. However, here we will show that for particular choicesof basesand corresponding
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blending functions small geometric motions can be modulated. As a very simple motivating
exampleconsiderthat a drifting sinewave grating I = sin(u+ at) canbe translated into arbitrary
phaseby modulating just two basisfunctions, I = sin(u + at) = sin(u) cos(at) + cos(u) sin(at) =
sin(u)y1 + cos(u)y2, wherey1 and y2 are mixing coe�cien ts.

Using a set of �lters with di�eren t spatial frequencieshasbeenapplied to synthesizing image
motion in predictive display, a �eld of robotics wherepredictive imagesare synthesizedto com-
penastefor delays in the operator-robot control loop[27]. Consider the situation in Fig. 30. A
camerais observingthe motiojn of a robotic hand manipulating a block. Exact a-priori modeling

Figure 30: Di�eren t posesof a Utah/MIT robotic hand performing �ngertip manipulation of a
block.

of thesemotions is di�cult due to the complex kinematics of the hand. However, from a short
video sequenceof motions we can build a spatial basiscaptusing the imagevariation. Figure 31
shows the �rst trhough sixth basisvector, B1; : : : ; B6. As canbe seenthey have localizedpatches
with roughly the samespatial frequency, but di�eren t phase.For instancein the compementaty
pair B5 and B6 the grasped block hasa component with approximately 20 pixels period roughly
horizontally in both images. The �ngers have somewhathigher frequencies,since small �nger
motions correspond to larger motions of the block. Using only linear combinations of B5 and
B6 a drifting grating motion e�ect 1 can be created, see[web-video] . By also adding the low
order components B1 : : : B4 a coherent motion and shape signal can be generatedup to the cut
o� resolution (about 20 pixels here). Notice that theseresults are di�eren t from what hasbeen
presented in the faceand object recognition literature (e.g. [59]). But our sampleset is alsovery
di�eren t. In the predictive display application we do not sampledi�eren t objects or faces,but
closelyspacedimagesfrom the sameobjects and sceneunder varying poses.
Mo dulation of the Spatial Basis Another important characteristic is how the modulation
coe�cien ts y spacemanifold maps to motions. It has been shown that under varying camera
motion the spaceof the modulation coe�cien ts form a smooth manifold[37]. In Fig. 32 the �rst

1The detection of visual motion in the human brain is believed to be well modeled by a linear system with
a scale-spacehierarchy of eigenfunctions, "gabor patches" each with a localized spatial and frequency response.
Hencea stimuli composedof similar functions will maximally stimulate the system
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Basis image 1 Basis image 2 Basis image 3

Basis image 4 Basis image 5 Basis image 6

Figure 31: Utah/MIT �ngertip manipulation of a block. Two examplebasisimages,u5 and u6,
having roughly the samespatial frequencycontent

six components f 1 : : : f 6 are plotted against the two �rst motor components x1 and x2.
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Figure 32: Six �rst components of the motor-visual function f captured for motions shown in
Fig.30.

Small motions are synthesizedby linear combinations of basisfunctions of di�eren t phaseand
direction. Six imagesfrom a synehtsized animation of hand motion are shown in Fig. 33.

4.3 Geometric texture variation

In the following we will develop a spatial variabilit y basisfor the imagemotion causedby texture
warps. While no real physicalmotion is involved, wecanthink of the action of moving the texture
facet control point ascausinga virtual imagemotion. The starting point for developinga spatial
texture basis representing small geometric variations is the well known optic 
o w constraint,
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Figure 33: Imagesfrom synthesizedanimation of hand motions.

which for small imageplanetranslations relatestexture intensity change� T = Tj � Tk to spatial
derivatives @

@u T; @
@v T with respect to texture coordinates x = [u; v]T under an imageconstancy

assumption[17].

� T =
@T
@u

� u +
@T
@v

� v (46)

Note that given one referencetexture T0 we can now build a basisfor small imageplane trans-
lations B = [T0; @T

@u ; @T
@v ] and from this generateany slightly translated texture T(� u; � v) =

B[1; � u; � v]T = By
In rendering, we are interested not only in translations but in the e�ects of parameterized

warps. Given a warp function x0 = W(a;x) we study the residual imagevariabilit y introduced
by the imperfect stabilization achieved by a perturbed warp ŵ, � T = T(ŵ; t) � T(W). Let
ŵ = w + � w and rewrite as an approximate imagevariabilit y to the �rst order (dropping t):

� T = T(w + � w) � Tw = T(w) + @
@w T(w)� w � Tw =

@
@w T(w)� w

(47)

Explicitly writing out the components of the inner derivatives(Jacobian) we have:

� T =

"
@T
@u

;
@T
@v

# " @u
@a1

� � � @u
@ak

@v
@a1

� � � @v
@ak

#

�[ a1 : : : ak ]T (48)

The above equationexpressesan optic 
o w type constraint in an abstract formulation without
committing to a particular form or parameterizationof w. In practice, the function w is usually
discretizedusing e.g. triangular or quadrilateral meshelements. Next we give examplesof how
to concretelyexpressimagevariabilit y from thesediscreterepresentations.

Particularly for image basedmodeling and rendering we warp real sourceimagesinto new
viewsgiven an estimatedscenestructure. Errors betweenthe estimatedand true scenegeometry
causethese warps to generateimperfect renderings. We divide these up into two categories,
imageplane and out of plane errors. The planar errors causethe texture to be sourcedwith an
incorrect warp.2. The out of planeerrorsarisewhen piecewiseplanar facetsin the model are not
true planesin the scene,and when re-warped into new viewsunder a falseplanarity assumption
will not correctly represent parallax.

2Errors in tracking and point correspondenceswhen computing the SFM, as well as projection errors due to
di�erences betweenthe cameramodel and real cameraboth causemodel points to be reprojected incorrectly in
the sampleimages
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Planar texture variabilit y First we will considergeometricerrors in the texture imageplane.
In most both IBR (aswell asconventional rendering) textures arewarped onto the renderedview
from a sourcetexture T by meansof a a�ne warp or projective homography.
A�ne variation Under a weak perspective (or orthographic) camerageometry, plane-to-plane
transforms are expressedusing an a�ne transform of the form:

�
uw

vw

�

= Wa(p; a) =
�

a3 a4

a5 a6

�

p +
�

a1

a2

�

(49)

This is also the standard image-to-imagewarp supported in OpenGL. Now we can rewrite the
imagevariabilit y Eq. 48 resulting from variations in the six a�ne warp parametersas:

� Ta =
P 6

i=1
@

@ai
Tw � ai =

h
@T
@u ; @T

@v

i
" @u

@a1
� � � @u

@a6
@v
@a1

� � � @v
@a6

#

�[ a1 : : : a6]T (50)

Let f Tgdiscr = T be a discretized texture image 
attened along the column into a vector,
and let ' � u' and '� v ' indicate point-wise multiplication with column 
attened cameracoordinate
u and v index vectors. Rewrite the inner derivatives to get an explicit expressionof the six
parametervariabilit y in terms of spatial imagederivatives:

� T a =
h

@T
@u ; @T

@v

i �
1 0 � u 0 � v 0
0 1 0 � u 0 � v

�

[y1; : : : ; y6]T =

[B 1 : : : B 6][y1; : : : ; y6]T = Baya

(51)

where [B 1 : : : B 6] can be interpreted as a texture variabilit y basisfor the a�ne transform.
Pro jectiv e variation Under a perspective camerathe plane-to-planewarp is expressedby a
projective collineation or homography,

�
u0

v0

�

= Wh(xh; h) =
1

1 + h7u + h8v

"
h1u h3v h5

h2u h4v h6

#

(52)

Rewrite Eq. 48 with the partial derivativesof Wh for the parametersh1 : : : h8 into a Jacobian
matrix. Let c1 = 1+ h7u+ h8v, c2 = h1u+ h3v+ h5, and c3 = h2u+ h4v+ h6. The resulting texture
imagevariabilit y due to variations the estimated homography is (to the �rst order) spannedby
the following spatial basis:

� T h = 1
c1

h
@T
@u ; @T

@v

i �
u 0 v 0 1 0 � uc2

c1
� vc2

c1

0 u 0 v 0 1 � uc3
c1

� vc3
c1

�
2

6
4

� h1
...

� h8

3

7
5 =

[B 1 : : : B 8][y1; : : : ; y8]T = Bhyh

(53)

Similar expressionscan be derived for other warps. E.g. in real time vidusual tracking a four
parametervariabilit y from modeling imageu, v translations, imageplanerotations and scalehas
shown to be suitable[17].
Non-planar parallax variation While in image-basedmodeling a sceneis represented as
piecewiseplanar model facets,the real world sceneis seldomperfectly planar. In rendering this
gives rise to parallax errors. Figure 34 illustrates how the texture plane image T changesfor
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di�eren t scenecameracenters C. Given a depth map d(u; v) representing the o�set betweenthe
sceneand texture plane, relief texturing [39] can be used to compute the rearrangement (pre-
warp) of the texture plane before the �nal homography rendersthe new view. In image-based
methods, an accuratedepth map is seldomavailable. However we can still develop the analytic
form of the texture intensity variation asabove. Let r = [� ; � ] be the anglefor view Pj between
the ray from the cameracenter Cj to each scenepoint. The pre-warp rearrangement neededon
the texture plane to correctly render this sceneusing a standard homography warp is then:

�
� u
� v

�

= Wp(x; d) = d(u; v)
�

tan �
tan �

�

(54)

As before,taking the derivativesof the warp function with respect to a cameraanglechangeand
inserting into Eq.48 we get:

� T p = d(u; v)

"
@T
@u

;
@T
@v

# "
1

cos2 � 0
0 1

cos2 �

# �
� �
� �

�

= Bpyp (55)
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Figure 34: Texture parallax betweentwo views.

Non-rigidit y We consider only non-rigidities where the shape change is a function of some
measurablequantit y x 2 < n . In this paper we choosex from poseand articulation parameters.
Let g(x) (= [u; v]T ) represent the image plane projection of the non-rigid warp. We can then
write the resulting �rst order imagevariation as:

� I n =
nP n

i=1
@I
@x i

� x i

o

discr
=

nh
@I
@u ; @I

@v

i h
@

@x1
g(x)� x1; : : : ; @

@xn
g(x)� xn

io

discr
=

[B 1 : : : B n ][y1; : : : ; yn ]T = Bnyn

(56)
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4.4 Photometric variation

In image-basedrendering real imagesare re-warped into new views, hence the composite of
both re
ectance and lighting is used. If the light conditions are samefor all sample images,
there is no additional intensity variabilit y introduced. However, commonly the light will vary
at least somewhat. In the past decadeseveral published both empirical studies and theoretical
motivations have shown that a low dimensionalintensity subspaceof dimension5-9 is su�cien t
for representing the light variation of most natural scenes[30]. Hencewe introducenine additional
freedomsin our variabilit y model to allow for lighting. (Complexscenesmay requiremore,simple
(convex lambertian) less).

� T l = [B 1 : : : B 9][y1 : : : y9]T = B ly l (57)

4.5 Estimating comp osite variabilit y

In textures sampledfrom a real sceneusing an estimatedgeometricstructure we expect that the
observed texture variabilit y is the composition of the above derived planar, parallax and light
variation, as well as unmodeled e�ects and noise � Ie. Hence,total residual texture variabilit y
can be written as:

� I = � I s + � I d + � I l + � I e (58)

Using the basis derived above we can write the texture for any sample view k, and �nd a
corresponding texture modulation vector yk :

T k = [T 0; Bh; Bp; B l ][1; y1; : : : ; y19] = Byk (59)

Texturesfor new viewsare synthesizedby interpolating the modulation vectorsfrom the nearest
sampleviews into a new y, and computing the new texture Tnew = By

Since this basis was derived as a �rst order representation it is valid for (reasonably) small
changesonly. In practical image-basedmodeling the geometricpoint misalignments and parallax
errors are typically within a few pixels, which is small enough.

In IBR typically, neither the densedepth neededto analytically compute Bp, nor light and
re
ectance models neededfor B l are available. Instead the only available sourceof information
are the sampleimagesI 1 : : : I m from di�eren t views of the scene,and from these,the computed
corresponding textures T 1 : : : T m .

However, from the above derivation we expect that the e�ectiv e rank of the sample texture
set is the sameas of the texture basis B , i.e. rank[T 1; : : : ; T m ] � 20. Hence, from m � 20
(typically 100-200)sample imageswe can estimate the best �t (under somecriterion) rank 20
subspaceusing e.g. PCA, SVD, or ICA.

Brie
y PCA can be performedasfollows. Form a measurement matrix A = [I z(1); : : : ; I z(m)].
The principle components are the eigenvectorsof the covariancematrix C = AAT . A dimension-
ality reduction is achieved by keepingonly the �rst k of the eigenvectors. For practical reasons,
usually k � M � l, where l is the number of pixels in the texture patch, and the covariance
matrix C will be rank de�cient. We can then save computational e�ort by instead computing
L = AT A and eigen vector factorization L = VDV T , where V is an ortho-normal and D a
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diagonal matrix. From the k �rst eigenvectors V̂ = [v1 : : : vk ] of L we form a k-dimensional
eigenspacêB of C by B̂ = AV̂ . Using the estimatedB̂ we can now write a least squaresoptimal
estimate of any intensity variation in the patch as

� I = B̂ ŷ ; (60)

the sameformat as Eq. 58, but without using any a-priori information to model B . While ŷ
captures the samevariation as y, it is not parameterizedin the samecoordinates. For every
training image I t we have from the orthogonality of V̂ that the corresponding texture mixing
coe�cien ts are the columnsof [ŷ1; : : : ; ŷm ] = V̂ T . From the factorization of geometricstructure
we alsohave the corresponding x t .

This yields an estimated texture basis B̂ and corresponding spaceof modulation vectors
ŷ1; : : : ŷm in one-to-onecorrespondencewith the m sampleviews. From the derivation of the
basis vectors in B we know this variation will be present and dominating in the sampledreal
images.Hence,the analytical B and the estimateB̂ spanthe samespaceand just asbefore,new
view dependent textures can now be modulated from the estimatedbasisby interpolating the ŷ
corresponding to the closestsampleviews and modulating a new texture T = B̂ ŷ . Practically
to estimate the texture mixing coe�cien ts for intermediate poses,we �rst apply n-dimensional
Delaunay triangulation over the sampledposesx1:::m . Then given a new posex we determine
which simplex the new poseis contained in, and estimate the new texture mixing coe�cien ts ŷ
by linearly interpolating the mixing coe�cien ts of the corner points of the containing simplex.

4.6 In terpretation of the variabilit y basis

In our application, the geometric model captures grossimage variation causedby large move-
ments. The remaining variation in the recti�ed patchesis mainly due to:

1. Tracking errors as well as errors due to geometricapproximations (e.g. weak perspective
camera)causethe texture to be sourcedfrom slightly inconsistent locations in the training
images.Theseerrorscanbemodeledasa small deviation �[ h1; : : : ; h8]T in the homography
parametersfrom the true homography, and causesimagedi�erences accordingto Eq. 53.
The weak perspective approximations, as well as many tracking errors are persistent, and
a function of object pose.Hencethey will be captured by B̂ and indexed in posex by f .

2. Depth variation is captured by Eq. 55. Note that projected depth variation along the
cameraoptic axis changesas a function of object pose.

3. Assuming�xed light sourcesand a moving cameraor object, the light variation is a function
of relative camera-object poseas well.

From the form of Equations 53 and 55 we expect that posevariations in the imagesequence
will result in a texture variabilit y described by combinations of spatial image derivatives. In
Fig.35 we comparenumerically calculated spatial imagederivatives to the estimated variabilit y
basisB̂ .

In synthesizingtexture to rendera sequenceof novel imagesthe function f modulatesthe �lter
bank B sothat the new texture dynamically changeswith posex accordingto T w = B f̂ (x) + �T .
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Figure 35: Comparisonbetweenspatial derivatives @Tw
@x and @Tw

@y (left two texture patches) and
two vectorsof the estimated variabilit y basis[B 1; B 2] (right) for housepictures.

4.7 Examples of Dynamic Texture Renderings

In the �rst example,a wreath from dried 
o wersand grainswascapturedfrom 128framesof video
with varying camerapose. The geometry used is just one quadrilateral. In Fig. ref�g:wreath
renderingsof the wreath onto a quadrilateral is shown both using a standard static textures and
posevarying dynamic texture. On the tutorial web site is an mpeg video of the samewreath
renderedunder rotaing motion.

In the next example,a toy housemadefrom natural materials (bark, wood, pine conechips)
is captured using a better quality Basler A301fc camerawith a 12mm lens. This results in a
better alignment betweencaptured geometry and real scenepoints. However, using automatic
image point tracking and triangulation the resulting triangles sometimesdo not correspond to
housewalls (Fig. 37 left). Using standard texture mapping on this geometrywe get signi�cant
geometric distortions (Fig. 37 right). In Fig. 38 these errors have been compensated for by
modulating the texture basisto give the correct parallax for the underlying real surfaces.

As an exampleof a non-rigid object animation we captured the geometryof an arm from the
trackedpositionsof the shoulderand hand usingimage-planemotions. Werecordeda 512sample
imagesand estimate a texture basis of size 100. The arm motion was coded using the image
position of the hand. Figure 40 shows someintermediate position reanimatedusing the dynamic
texture algorithm. To test the performanceof our algorithm we generateparallel renderings
using static texture. To be consistent with the dynamic texturing algorithm we sampledtexture
from an equally spaced100 imagessubset of the original sequence. Figure 39 illustrates the
performanceof the two algorithms for re-generatingone of the initial positions and for a new
position. We also createda movie (arm.mpg) that reanimatesthe arm in the two cases.Notice
the geometricerrors in the caseof static texture algorithm that are correctedby the dynamic
texture algorithm.
Quan titativ e comparison In order to quantitativ ely analyzehow modulating a texture basis
performscomparedto standard view dependent texturing from a closereal image,we produced
three imagesequences.The �rst imagesequenceare 80 real sceneimagesof the wreath viewed
under di�eren t cameraposesfrom straight on to approximately 50 degreeso� axis. The second
image sequenceis a synthesizedrendering of those sameposesfrom the texture basis (Fig. 36
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Figure 36: Texturing a rotating quadrilateral with a wreath. Top: by warping a 
at texture
image. Bottom: by modulating the texture basis B and generating a continuously varying
texture which is then warped onto the samequad. Demo on web site

Figure 37: Left: Delauney triangulation of a captured housemodel. Note that triangles don't
correspond well to physical planes. Right: Static texturing of a captured houseproducessigni�-
cant errors. Especially note the deformationswhere the big and small housejoin due to several
triangles spanningpoints on both houses,and .
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Figure 38: Renderednovel views of a houseby modulating a texture onto a coarsecaptured
geometricmodel. Note the absenceof geometricdistortions comparedto the previous �gure.

Figure 39: Geometricerrorson arm sequence.(top) Renderingsof a newposition usingstatic and
dynamic textures respectively. (bottom) Rerenderingsfor one frame from the training sequence
using static and dynamic textures.
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Figure 40: Arm animation

and web pagevideo). The third is the samerendering using standard view dependent textures
from 30sampletextures quite close(at most a few degreesfrom) the renderedpose.The average
image intensity error per pixel between renderedand real imageswas calculated for sequence
two and three. It was found that for most views modulating a basis texture we can achieve
about half the image error comparedto standard view dependent texturing. This error is also
very stable over all views, giving real time rendering a smooth natural appearance. The view
dependent rendering from sampleimagesdid better only when a renderedframe is very closeto
a sampleimage,and otherwisegave a jumpy appearancewherethe error would go up and down
depending on the angular distance to a sampleview. The error graph for 14 of the 80 views is
shown in 41.

For an animation there are global errors through the whole movie that are not visible in one
frame but only in the motion impression from the successionof the frames. One important
dynamic measurement is motion smoothness. When using static texture we sourcethe texture
from a subset of the original images (k + 1 if k is the number of texture basis) so there is
signi�cant jumping when changing the texture source image. We tracked a point through a
generatedsequencefor the pattern in the two casesand measurethe smoothnessof motion.
Table 1 shows the averagepixel jitter.

Vertical jitter Horizontal jitter
Static texture 1.15 0.98

Dynamic texture 0.52 0.71

Table 1: Averagepixel jitter

4.8 Discussion

Dynamic textures is a texturing method where for each new view a unique view-dependent
texture is modulated from a texture basis. The basis is designedso that it encodes a texture
intensity spatial derivatives with respect to warp and parallax parameters in a set of basis
textures. In a renderedsequencethe texture modulation plays a small movie on each model facet,
which correctly represents the underlying true scenestructure to a �rst order. This e�ectiv ely
compensatesfor small (up to a few pixels) geometricerrorsbetweenthe true scenestructure and
captured model.
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Figure 41: Pixel intensity error whentexturing from a closesampleview (red) and by modulating
the texture basis. For most views the texture basisgivesa lower error. Only when the rendered
view has the sameposeas the one of the three sourcetexture images(hencethe IBR is a unity
transform) is the standard view basedtexturing better

The bene�t of using dynamic texturescombined with geometricstructure from motion is that
it can capture and rendersceneswith reasonablequality from uncalibrated imagesalone. Hence,
neither a-priori models, expensive laser scannersor extensive human intervention is required.
This can potentially enableapplications such as virtualized and augmented reality in the con-
sumermarket.
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5 Real-Time Visual Tracking
DariusBurschka andGregHager

5.1 Motiv ation

Real-time vision is an ideal sourceof feedback for systemsthat must interact dynamically with
the world. Camerasarepassive and unobtrusive, they have a wide �eld of view, and they provide
a meansfor accuratelymeasuringthe geometricpropertiesof physical objects. Potential applica-
tions for visual feedback rangefrom traditional problemssuch as robotic hand eye coordination
and mobile robot navigation to more recent areasof interest such as user interfaces, gesture
recognition, and surveillance. One of the key problemsin real-time vision is to track objects of
interest through a seriesof images.There are two generalclassesof imageprocessingalgorithms
usedfor this task: full-�eld imageprocessingfollowed by segmentation and matching and local-
ized feature detection. Many tracking problems can be solved using either approach, but it is
clear that the correspondencesearch in single frames is a challenging and error-prone task. In
this sense,preciselocal featuretracking is essential for the accuraterecovery of three-dimensional
structure.

The XVision is our image processinglibrary providing basic image processingfunctions and
tracking abstractions that can be usedto construct application speci�c, robust tracker designs
in a simple way. This software runs on standard commercialhardware allowing a construction
of low-cost systemsfor a variety of robotics and graphicsapplications. The library provides a
variety of tracking primitiv es that use color, texture, edgesor disparity representations of the
world as input.

In the following sectionwe will focuson two imagedomains: texture in monocular systemsand
disparity domain, wherewe madesigni�cant contributions to the state of the art aspresented in
the tutorial.

5.2 Visual Tracking in Mono cular Images

Visual tracking hasemergedasan important component of systemsusing vision as feedback for
continuouscontrol [63,64, 67, 66], human computer interfaces[68, 69, 70], surveillance,or visual
reconstruction[73,74, 77, 78]. The central challengein visual tracking is to determinethe image
position of an object, or target regionof an object, as the object movesthrough a camera's�eld
of view. This is done by solving what is known as the temporal correspondenceproblem: the
problem of matching the target region in successive frames of a sequenceof imagestaken at
closely-spacedtime intervals.

This problem has much in commonwith the stereoor motion correspondenceproblems,but
di�ers in that the goal is not to determine the exact correspondenceof each point within the
image, but rather to determine, in a grosssense,the movement of the target region. Thus,
becauseall points in the target region are presumedto be part of the sameobject, we assume
{ for most applications { that these points move rigidly in space. This assumption allows us
to develop low-order parametric models for the image motion of the points within the target
region, models that can be used to predict the movement of the points and track the target
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region through the imagesequence.
The simplest and most commonmodel for the motion of the target region through the image

sequenceis to assumeimage translation, which is equivalent to assuming that the object is
translating in spaceand is being viewed orthographically. For inter-frame calculations such as
thoserequired for motion analysis,this is typically adequate.However for tracking applications
in which the correspondencefor a �nite size image patch must be computed over a long time
span,the translation assumptionis eventually violated. As noted by Shi and Tomasi[86], in such
casesrotation, scaling,shearand other imagedistortions often have a signi�cant e�ect on feature
appearanceand must be accounted for to achieve reliable matching. A moresophisticatedmodel
is to assumea�ne deformationsof the target region, which is equivalent to assumingthat the
object is planar and again is being viewed orthographically. This model goesalong way toward
handling more generalmotions, but againbreaksdown for object which are not planar or nearly
planar.

Recent attempts have been made to model more complex motions or more complex image
changes. For example,Black and Yacoob [90] describe an algorithm for computing structured
optical 
o w for recognizingfacial expressionsusing motion models that include a�ne deforma-
tions and simple polynomial distortions. Rehg and Witkin [89] describe a similar algorithm
for tracking arbitrarily deforming objects. In both cases,the algorithms track by integrating
inter-frame changes,a procedure that is prone to cumulative error. More recent work consid-
ers tracking while the target undergoes changesof view by using a subspaceof imagesand an
iterativ e robust regressionalgorithm [92].

We develop a generalframework for tracking objects through the determination of frame to
frame correspondenceof the target region. The motion is not restricted to pure translation, or
even necessarilya�ne deformationsof the target region through the image space. Rather any
parametric model for the imagemotion can be speci�ed. If the shape of the object is known in
advance,then onecan choosethe appropriate model for imagemotion.

Again in analogy to the stereo and motion correspondenceproblems, there is the choice of
what featuresof the target regionto match through the imagesequence.In this paper, we match
imageintensity for all points within the target region. The advantage of using imageintensity is
that all the information is usedin determining the temporal correspondence.A disadvantage is
that the intensity of points within the target region vary with changesin lighting. Thus, many
researchers have avoided imageintensity in favor of featuressuch as edgesor corners[96, 94] or
have completely ignored the e�ects of illumination. Hence,unaccounted for changesin shading
and illumination can easily in
uence the solutions for translation or object geometry, leading
to estimation bias and, eventually, mis-tracking. Solutions to illumination problemshave been
largely con�ned to simple accommodations for brightnessand contrast changes.

We develop a method for tracking image regions that accounts not only for changesin the
intensity of the illumination, but also for changesof the poseof the object with respect to the
sourceof illumination. We do this by developing a parametric, linear model for changesin the
image of the target region induced by changesin the lighting. As for our parametric models
for image motion, our parametric models for illumination are low-order and can be developed
either in advance or on the 
y . Furthermore, we show how these illumination models can be
incorporated into SSDmotion estimation with no extra on-line computational cost.
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We have both a parametric model for the allowable motion of the image coordinates and a
parametric model for the allowable changesin the image due to changesin illumination. To
establishthe temporal correspondenceof the target region acrossthe imagesequence,we simul-
taneouslydetermine the motion parametersand the illumination parametersthat minimize the
sum of squareddi�erences (SSD) of imageintensities. SSD-basedmethods have beenemployed
in a variety of contexts including stereomatching [84], optical 
o w computation [85], hand-eye
coordination [66], and visual motion analysis[86].

SSD-basedmethods are sensitive to outliers. If the object becomespartially occluded, then
tracking system { in an e�ort to comply with the SSD constrain { may move away from the
partially occluded target and eventually mistrack. To overcome this, we augment our SSD
constrain allowing it to discard statistical outliers. This improves performanceof the system
signi�cantly. Even if the occluded portion of the target region is a signi�cant fraction of the
whole target region (e.g., 25%of the object are occluded), the method still allows a robust lock
on the target.

5.3 Tracking Mo ving Ob jects

In this section,we describe a framework for e�cien t tracking of a target regionthrough an image
sequence.We �rst write down a a generalmodel for the set of allowable image deformations
of the target region acrossthe sequence.This set is treated as a manifold in the target region
image coordinate space{ we call this manifold the \trac king manifold." We then pose the
tracking problem as the problem of �nding the optimal path acrossa tracking manifold. We
de�ne the optimal path as that which minimizes the sum of squareddi�erences (SSD) between
the brightnessvaluesof the initial and subsequent imagesof the target and subsequent images
of the target warped according to the target coordinates on the tracking manifold. Methods
for implementing SSD matching are well-known and can be found in a variety of publications,
e.g. [84, 85, 86].

5.3.1 Recovering Structured Motion

First, we considerthe problem of describingthe motion of a target object from the information
contained in a sequenceof closelyspacedimages.Let I (x; t) denotethe brightnessvalue at the
location x = (x; y)T in an imageacquiredat time t and let r x I (x; t) denotethe spatial gradient
at that location and time. The symbol t0 denotesan identi�ed \initial" time and we refer to the
imageat time t0 as the reference image. Let the set R = f x1; x2; : : : ; xN g be a set of N image
locations which de�ne a target region. We refer to the brightnessvaluesof the target region in
the referenceimageas the reference template.

Over time, relative motion betweenthe the target object and the cameracausesthe imageof
the target to move and to deform. We stipulate that the deformationsover time arewell-modeled
by a �xed motion model which is described as a changeof coordinates f (x; � ) parameterizedby
� = (� 1; � 2; : : : ; � n )T 2 U, with f (x; 0) = x: We assumethat f is di�eren tiable in both � and x:
The parameters� are the motion information to be recovered from the visual input stream. We
write � � (t) to denotethe ground truth valuesof theseparametersat time t, and � (t) to denote
the corresponding estimate. The argument t will be suppressedwhen it is obvious from context.
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Supposethat a referencetemplate is acquiredat time t0 and that initially � � (t0) = � (t0) = 0:
Let us initially assumethat the only changesin subsequent imagesof the target are completely
described by f : It follows that for any time t > t0 there is a parametervector � � (t) such that

I (x; t0) = I (f (x; � � (t)) ; t) for all x 2 R: (61)

This a generalization of the so-called image constancy assumption [97]. It follows that the
con�guration of the target region at time t can be estimated by minimizing the following least
squaresobjective function:

O(� ) =
X

x 2R

(I (f (x; � ); t) � I (x; t0))2: (62)

For later developments, it is convenient to rewrite this optimization problemin vector notation.
At this point, let us consider imagesas vectors in an N dimensionalspace. The image of the
target region at time t under the changeof coordinates f with parameter � is de�ned as

I (� ; t) =

2

6
6
6
4

I (f (x1; � ); t)
I (f (x2; � ); t)

: : :
I (f (xN ; � ); t)

3

7
7
7
5

: (63)

This vector is subsequently referred to as the recti�e d imageat time t with parameters� : Note
that with this de�nition, the imageconstancyassumptioncanberestatedasI (� � (t); t) = I (0; t0):

We alsomake useof the partial derivativesof I with respect to the components of � and the
time parameter t: Theseare de�ned as:

I � i (� ; t) =
@I
@� i

=

2

6
6
6
6
4

I � i (f (x1; � ); t)
I � i (f (x2; � ); t)

...
I � i (f (xN ; � ); t)

3

7
7
7
7
5

; 1 � i � n; and I t (� ; t) =
@I
@t

=

2

6
6
6
6
4

I t (f (x1; � ); t)
I t (f (x2; � ); t)

...
I t (f (xN ; � ); t)

3

7
7
7
7
5

:

(64)
Using this vector notation, (62) becomes

O(� ) = kI (� ; t) � I (0; t0)k2: (65)

In general,(65) de�nes a nonlinearoptimization problem, and hence,unlessthe target regionhas
somespecial structure, it is unlikely that the objective function is convex. Thus, in the absence
of a good starting point, this problemwill usually requiresometype of expensive search or global
optimization procedureto solve [98].

In the caseof visual tracking, the continuity of motion provides such a starting point. Let
us assumethat at somearbitrary time t > t0 the target region has the estimated con�guration
� (t): We recast the tracking problem as one of determining a vector of o�sets, �� such that
� (t + � ) = � (t) + �� from an imageacquiredat t + � : Incorporating this modi�cation into (65),
we de�ne a new objective function on ��

O0(�� ) = kI (� (t) + �� ; t + � ) � I (0; t0)k2: (66)
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If the magnitude of the components of �� are small, then it is possibleto apply continuous
optimization proceduresto a linearizedversionof the problem [92, 97, 84, 86]. The linearization
is carried out by expandingI (� + �� ; t + � ) in a Taylor seriesabout � and t;

I (� + �� ; t + � ) = I (� ; t) + M (� ; t) �� + � I t (� ; t) + h:o:t; (67)

whereh:o:t denoteshigher order terms of the expansion,and M is the Jacobian matrix of I with
respect to � : The Jacobianmatrix is the N � n matrix of partial derivativeswhich canbe written

M (� ; t) = [I � 1 (� ; t)jI � 2 (� ; t)j : : : jI � n (� ; t)]: (68)

Here we have explicitly indicated that the valuesof the partial derivativesare a function of the
evaluation point (� ; t): Thesearguments will be suppressedwhen obvious from context.

By substituting (67) into (66) and ignoring the higher order terms, we have

O0(�� ) � kI (� ; t + � ) + M �� + � I t � I (0; t0)k2: (69)

We then observe that � I t (� ; t) � I (� ; t + � ) � I (� ; t): Incorporating this observation and simpli-
fying, we have

O0(�� ) � kM �� + I (� ; t + � ) � I (0; t0)k2: (70)

The solution to this optimization problem is

�� = � (M T M )� 1 M T [I (� ; t + � ) � I (0; t0)] ; (71)

provided the matrix M T M is invertible. When it is matrix M T M is not invertible, then we are
facedwith a generalizationof the aperture problem, i.e. the target regiondoesnot have su�cien t
structure to determineall of the elements of � uniquely.

De�ning the error vector e(t + � ) = I (� (t); t + � ) � I (0; t0); solution of (65) at time t + � given
a solution at time t is

� (t + � ) = � (t) � (M T M )� 1 M T e(t + � ): (72)

It is interesting to note that (72) is in the form of a proportional feedback system. The values
in � form the state vector of the system and parameterizethe change of coordinates f used
to rectify the most recent image basedon past estimates. The error term, e(t + � ); drives the
systemto a state wheree(t + � ) = 0: Sincethe error is formed as a di�erence with the original
referencetemplate, this implies that the systemhasan inherent stabilit y|the systemwill adjust
the parameterestimatesuntil the recti�ed imageis identical (or as closeas possiblein a mean-
squaredsense)to the referencetemplate. It is alsointeresting to note that if � (t) = � � (t) at each
estimation step, then e � I t ; (the imagetemporal derivative) and �� is a least-squaresestimate
of the motion �eld at time t + � :

Recall that vector inner product is equivalent to computing a crosscorrelation of two discrete
signals. Thus, the vector M te has n components, each of which is the crosscorrelation of I � i

with e: The n � n matrix (M tM )� 1 is a linear changeof coordinateson this vector. In particular,
if the individual rows of M are orthogonal, then (M tM )� 1 is a diagonal matrix containing the
inverseof the norm of the row vectors. In this case,(71) is computing a vector of normalized
cross-correlations.
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We can think of each column I � i as a \motion template" which directly represents speci�c
types of target motion in terms of the changesin brightness induced by this motion. These
templates, through a cross correlation processwith e are used determine the values of each
individual motion component. When the estimation is exact, then the correlation is with I t the
result is an estimateof inter-frame motion. If the prior estimatesare not exact (as is usually the
case),then an additional correction is addedto account for past estimation error. In particular,
if _� � = 0; then I t = 0 and it follows that kek is monotone decreasingand under reasonable
conditions � � ! � � as t � ! 1 :

5.3.2 An E�cien t Tracking Algorithm

To this point, we have not speci�ed the contents of the Jacobian matrix M : This matrix is
composedof entries of the form

M i;j =
@I (f (x i ; � ); t)

@� j
(73)

= r f I (f (x i ; � ); t) � f � j (x; � );

where the last expressionfollows from an application of the chain rule. BecauseM dependson
time-varying quantities, in principle it must be recomputedat each time step, a computationally
expensive procedure. We now show that it is often possible to factor M (t) to increasethe
computational e�ectiv enessof the algorithm.

We �rst recall that the Jacobianmatrix of the transformation f regardedasa function of � is
the 2 � n matrix

f� =

"
@f
@� 1

�
�
�

@f
@� 2

�
�
� : : :

�
�
�

@f
@� n

#

: (74)

Similarly, the Jacobianof f regardedas a function of x = (x; y) t is the 2 � 2 matrix

fx =

"
@f
@x

�
�
�

@f
@y

#

: (75)

By making useof (74), we observe that the entire i th row of M can be written

M i = r f I (f (x i ; � ); t)t f� : (76)

Let us assumethat the constancy assumption (61) holds at time t for the estimate � (t): By
di�eren tiating both sidesof (61) and making useof (75) we obtain

r x I (x; t0) = f t
x r f I (f (x; � ); t): (77)

Combining this expressionwith (76), we seethat the i th row of M is given by

M i = r x I (x i ; t0)t f � 1
x f� : (78)

The completeJacobianmatrix consistsof rows obtained by computing this expressionfor each
1 � i � N:
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From (78), we observe that, for any choice of imagedeformations,the imagespatial gradients
needonly to be calculatedonceon the referencetemplate. This is not surprising given that the
target at time t > t0 is only a distortion of the target at time t0; and so its imagegradients are
alsoa distortion of thoseat t0:

The non-constant factor in M (t) is a consequenceof the fact that, in general,fx and f� involve
components of � and hencevary with time. If we assumethat f is an a�ne function of image
coordinates, then we seethat fx involves only factors of � and hencethe term f � 1

x f� involves
terms which are linear in the components of x: It is easyto show that we can write then write
M (t) as

M (t) = M (t0) A (t) � 1

whereA (t) is a full-rank n � n matrix.
Let us de�ne

� (t) = (M (t)tM (t)) � 1M (t)t

From the previousde�nition it then follows that

� (t) = A (t) � (t0);

and an e�cien t tracking algorithm for a�ne imagedeformationsconsistsof the following steps:

o�ine:

� De�ne the target region.

� Acquire and store the referencetemplate.

� Compute and store � (t0) using the referencetemplate.

online:

� Usethe most recent motion parameterestimatesto acquireand warp the target region
in the current image.

� Compute the di�erence betweenthe warped target regionand the referencetemplate.

� Multiply this vector by A (t)� (t0) and add the result to the current parameter esti-
mate.

We now present three examplesillustrating theseconcepts.

Pure Translation In the caseof pure translation, the allowedimagemotionsareparameterized
by the vector u = (u; v) giving

f (x; u) = x + u:

It follows immediately that fx and f� are both the 2 � 2 identit y matrix, and therefore

M (t) = M (t0) = [I x (t0) jI y(t0)] :
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Substituting this de�nition into (74), we seethat the motion templates are then simply the
spatial gradients of the target region

I u(u; t) =
@I
@u

=

2

6
6
6
6
4

I x (x1 + u; t)
I x (x2 + u; t)

...
I x (xN ; u; t)

3

7
7
7
7
5

and I v(u; t) =
@I
@v

=

2

6
6
6
6
4

I y(x1 + u; t)
I y(x2 + u; t)

...
I y(xN + u; t)

3

7
7
7
7
5

:

Hence, the computed motion values are simply the cross-correlationbetween the spatial and
temporal derivativesof the imageas expected.

The resulting linear system is nonsingular if the image gradients in the template region are
not collinear.

Translation, Rotation and Scale In [92], it is reported that translation plus rotation and
scale are e�ectiv e for tracking objects. Suppose that the target region undergoes a rotation
through an angle� ; a scalingby s; and a translation by u: The changeof coordinatesis given by

f (x; u; � ; s) = sR(� )x + u

whereR(� ) is
"

cos(� ) � sin(� )
sin(� ) cos(� )

#

We then compute

fx = sR(� ) (79)

f� =

"
1
0

j
0
1

j s
dR(� )

d�
x j R(� )x

#

(80)

f � 1
x f� =

"

R t (� )x j R t (� )
dR(� )

d� )
x j

1
s

x

#

(81)

=

"

R t (� )x

�
�
�
�
�

� y
x

�
�
�
�

1
s

x

#

: (82)

By substituting the �nal expressioninto (76) and rearranging the result, it can be shown that
the i th row of M (t0) corresponding to imagelocation x i = (x; y)t with gradient r x I = (I x ; I y)t

be expressedas
M i = (I x ; I y; � yI x + xI y ; xI x + yI y) A � 1(� ; s) (83)

where

A (� ; s) =

2

6
4

sR(� ) 0 0
0 1 0
0 0 s

3

7
5 and A � 1(� ; s) = A (� � ; 1=s)

This result can be intuitiv ely justi�ed as follows. The matrix M (0) is the linearization of the
systemabout � = 0 and s = 1: At time t the target hasorientation � (t) and s(t): Imagewarping
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e�ectiv ely rotates the target by � � and scalesby 1=s so the displacements of the target are
computed in the original target coordinate system. A then applies a changeof coordinates to
rotate and scalethe computeddisplacements from the original target coordinate systemback to
the actual target coordinates.

A�ne Motion The imagedistortions of planar objects viewed under orthographic projection
are described by a six-parameterlinear changeof coordinates. Supposethat we de�ne

� = (u; v; a;b;c;d) t

f (x; � ) =

"
a c
b d

#

x +

"
u
v

#

= Ax + u (84)

After someminor algebraicmanipulations, we obtain

� (x) =

"
1 0 x 0 y 0
0 1 0 x 0 y

#

(85)

and

� (� ) =

2

6
4

A � 1 0 0
0 A � 1 0
0 0 A � 1

3

7
5 : (86)

Note that � is onceagain invertible which allows for additional computational savings asbefore.

5.4 Illumination-Insensitiv e Tracking

The systemsdescribed above are inherently sensitive to changesin illumination acrossthe target
region. Illumination changesover time producebrightnesschangesthat would be interpreted by
the machinery of the previous section as motion. This is not surprising, as we are e�ectiv ely
computing a structured optical 
o w, and optical 
o w methods are well-known to be sensitive
to illumination changes[97]. Thus, shadowing or shadingchangesacrossthe target object over
time lead to bias, or, in the worst case,completelossof the target.

Recently, it hasbeenshown that often a relatively small number of \basis" imagescanbe used
to account for large changesin illumination [100, 80, 82, 81]. Brie
y , the reasonfor this is as
follows. Considera point p on a Lambertian surfaceand a collimated light sourcecharacterized
by a vector s 2 IR3, such that the direction of s givesthe direction of the light rays and ksk gives
the intensity of the light source.The irradiance at the point p is given by

E = an � s (87)

wheren is the unit in-wards normal vector to the surfaceat p and a the non-negative absorption
coe�cien t (albedo)of the surfaceat the point p [97]. This shows that the irradianceat the point
p, and hencethe gray level seenby a camera,is linear on s 2 IR3.

Therefore, in the absenceof self-shadowing, given three imagesof a Lambertian surfacefrom
the sameviewpoint taken under three known, linearly independent light sourcedirections, the

58



IEEE Virtual Reality 2003,T1 5.4 Illumination-Insensitive Tracking

albedo and surface normal can be recovered; this is the well-known method of photometric
stereo [101, 100]. Alternativ ely, one can reconstruct the image of the surface under a novel
lighting direction by a linear combination of the three original images[100]. In other words,
if the surfaceis purely Lambertian and there is no shadowing, then all imagesunder varying
illumination lie within a 3-D linear subspaceof IRN , the spaceof all possibleimages(where N
is the number of pixels in the images).

A complication comeswhen handling shadowing: all imagesare no longer guaranteed to lie
in a linear subspace[82]. Nevertheless,as done in [80], we can still use a linear model as an
approximation. Naturally, we needmore than three imagesand a higher than three dimensional
linear subspaceif we hope to provide good approximation to thesee�ects. However, a small setof
basisimagescan account for much of the shadingchangesthat occur on patchesof non-specular
surfaces.

Returning to the problem of SSDtracking, supposenow that we have a basisof imagevectors
B 1; B 2; : : : ; B m where the i � th element of each of the basisvectors corresponds to the image
location x i 2 R. Let us choosethe �rst basisvector to be the template image,i.e. B1 = I (0; t0):
To model the brightnesschanges,let us choosethe secondbasisvector to be a column of ones,
i.e. B 2 = (1; 1; : : : ; 1)T .3 Let us choosethe remaining basisvectorsby performing SVD (singular
value decomposition) on a set of training imagesof the target, taken under varying illumination.
We denotethe collection of basisvectorsby the matrix B = [B1jB 2j : : : jB m ].

Supposenow that � (t) = � � (t) so that the template imageand the current target region are
registeredgeometricallyat time t: The remainingdi�erence betweenthem is due to illumination.
From the above discussion,it follows that inter-frame changesin the current target region can
be approximated by the template imageplus a linear combination of the basisvectorsB , i.e.

I (� + �� ; t + � ) = I (� ; t) + M �� + I t � + B � + h:o:t (88)

where the vector � = (� 1; � 2; : : : ; � m )T . Note that becausethe template imageand an imageof
onesare included in the basis B , we implicitly handle both variation due to contrast changes
and variation due to brightnesschanges. The remaining basisvectors are usedto handle more
subtle variation { variation that dependsboth on the geometryof the target object and on the
nature of the light sources.

Using the vector-spaceformulation for motion recovery establishedin the previoussection, it
is clear that illumination and geometrycan be recovered in one global optimization step solved
via linear methods. Incorporating illumination into (66) we have

O0(�� ; � ) = kI (� (t) + �� ; t + � ) + B � � I (0; t 0)k2: (89)

Substituting (88) into (89) and performing the samesimpli�cations and approximations as
before,we arrive at

O0(�� ; � ) = kM �� + B � + I (� (t); t + � ) � I (0; t0)k2: (90)
3In practice, choosing a value closeto the mean of the brightnessof the image producesa more stable linear

system.
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Solving r O0(� ; � ) = 0 yields

"
��
�

#

= �

"
M T M M T B
B T M B T B

#� 1 "
M T

B T

#

e(t + � ): (91)

In general, we are only interested in the motion parameters. Reworking (91) to eliminate
explicit computation of illumination, we get

�� = � (M T (1 � B (B T B) � 1B T )M )� 1M T (1 � B (B T B) � 1B T ) e(t + � ): (92)

The above set of equationscan be factored as described in the previous section so that M
can be consideredtime-invariant. Likewise,the illumination basis is time-invariant, and so the
matrix pre-multiplying e can be written as the product of a large time-invariant matrix and
a small time-varying matrix is before. Furthermore, the dimensionality of the time-invariant
portion of the systemdependsonly on the number of motion �elds to be computed,not on the
illumination model. Hence,we have shown how to compute imagemotion while accounting for
variations in illumination using no more on-line computation than would be required to compute
pure motion.

5.5 Making Tracking Resistan t to Occlusion

As we track objects over a large space,it is not uncommonthat other objects \in trude" into the
picture. For example,we may be tracking a target region which is the side of a building when
suddenly a parked car beginsto occludea portion of that region, or the object may rotate and
the tracked region may \slide o� " onto the background. Such occlusionswill bias the motion
parameterestimatesand, in the long term can potentially causemistracking. In this section,we
describe how to avoid such problems. For the sake of simplicity, we develop a solution to this
problem for the casewherewe are only recovering motion and not illumination.

A commonapproach to this problemis to assumethat occlusionscreatelargeimagedi�erences
which can be viewed as \outliers" by the estimation process[92]. The error metric is then
modi�ed to be lesssensitive to \outliers" by solving a robust optimization problem of the form

OR(� ) =
X

x 2R

� (I (f (x; � ); t) � I (x; t0)) (93)

where � is oneof a variety of \robust" regressionmetrics [102].
It is well-known that optimization of (93) is closely related to another approach of robust

estimation|iterativ ely re-weighted least squares(IRLS) In particular, we have chosento imple-
ment the optimization using a somewhatunusual form of IRLS due to Dutter and Huber [83].
In order to formulate the algorithm, we introduce the notation of an \inner iteration" which is
performedoneor moretimes at each time step. We will usea superscript to denotethis iteration.

Let �� i denote the value of �� computed by the i th inner iteration with �� 0 = 0, and de�ne
the vector of residualsin the i th iteration, r i as

r i = e(t + � ) � M (t)�� i : (94)
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We introducea diagonalweighting matrix W i which hasentries

W i
k;k = � (r i

k) = � 0(r i
k)=r i

k : (95)

The completeinner iteration cycle at time t + � is to perform the estimation step

�� i +1 = �� i + � (t)W (r i )r i (96)

followed by (94) and (95). This processis repeated for k iterations.
This form of IRLS is particularly e�cien t for our problem. First, it does not require re-

computation of � and, sincethe weighting matrix is diagonal,doesnot add signi�cantly to the
overall computation time of the algorithm. Second,the error vector e is �xed over all inner
iterations, so these iterations do not require the additional overheadof acquiring and warping
images.

As discussedin [83], on linear problemsthis procedureis guaranteed to convergeto a unique
global minimum for a large variety of choicesof �: In this article, � is taken to be a so-called
\windsorizing" function [83] which is of the form:

� (r ) =

(
r 2=2 if jr j � �
cjr j � c2=2 if jr j > �

(97)

wherer is assumedto have unit variance;if not it must be appropriately normalizedby dividing
by the standard deviation of the data. � is a user-de�ned threshold which placesa limit on the
variations of the residualsbeforethey are consideredoutliers. This function has the advantage
of guaranteeing global convergenceof the IRLS method while being cheap to compute. The
updating function for matrix entries is

� (r ) =
�

1 if jr j � �
c=jr j if jr j > �

(98)

To this point, we have not speci�ed boundary conditions for W in the initial estimation
step. Given that tracking is a continuous process,it is natural to choosethe initial weighting
matrix at time t + � to be closely related to that computed at the end of the outer iteration
at time t: In doing so, two issuesarise. First, the fact that the linear system we are solving
is a local linearization of a nonlinear system mean that, in caseswhen inter-frame motion is
large, the e�ect of higher-orderterms of the Taylor seriesexpansionwill causeareasof the image
to \masquerade" as outliers. Second,if we assumethat areasof the image with low weights
correspond to intruders, it makes senseto add a \bu�er zone" around those areasfor the next
iteration.

Both of theseproblemscan be deal with noting that the diagonal elements of W are in one-
to-one correspondencewith image locations of the target region. Thus, W can also be thought
of asan image,where\dark areas"(those locationswith low value ) are areasof occlusion,while
\brigh t areas" (those with value 1) are the expected target. Thus, classicalimage-processing
techniquescan be applied to this \image." In particular, it is possibleto usesimple morphology
techniquesto reducesensitivity. De�ne Q(x) to bethe nine pixel valuesin the eight-neighborhood
of the imagecoordinate x plus the value at x itself. We de�ne two operators:
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X Y Rotation Scale Aspect Ratio Shear

Figure 42: The columnsof the motion Jacobianmatrix for the planar target and their geometric
interpretations.

close(x) = max
v2 Q(x )

v (99)

open(x) = min
v2 Q(x )

v (100)

If theseoperatorsareapplied to the imagecorresponding to the weighting matrix, the former has
the e�ect of removing small areasof outlier pixels, while the latter increasestheir size. Applying
closefollowed by open has the e�ect of removing small areasof outliers, and increasingthe size
of large ones. The former removes isolated areasof outliers (usually the result of linearization
error), while the latter increasesthe areaof outlier regionsensuringthat outliers are lesslikely
to interfere with tracking in the subsequent step. Thus, we often apply onestep of closeand two
or three stepsof open betweenouter iterations.

5.5.1 Planar Tracking

As a baseline, we �rst consider tracking a non-specular planar object|the cover of a book.
A�ne warping augmented with brightnessand contrast compensationis the best possiblelinear
approximation to this case(it is exact for an orthographic cameramodel and purely Lambertian
surface). As a point of comparison, recent work by Black and Jepson [92] utilized the rigid
motion plus scalingmodel for SSD-basedregion tracking. Obviously this reducedmodel is more
e�cien t and may be morestablesincefewer parametersneedto be computed,but it doesneglect
the e�ects of changing aspect ratio and shear.

We tested both the rigid motion plus scale(RM+S) and full a�ne (FA) motion models on
the samelive video sequenceof the book cover in motion. Figure 42 shows the set of motion
templates (the columnsof the motion matrix) for an 81� 72 region of a book cover tracked at
one third resolution. Figure 43 shows the results of tracking. The upper seriesof imagesshows
several imagesof the object with the region tracked indicated with a black frame (the RM+S
algorithm) and a white frame (the FA algorithm). The middle row of imagesshows the output
of the warping operator from the FA algorithm. If the computed parameterswere physically
correct, theseimageswould be identical. However, becauseof the inabilit y to correct for aspect
ratio and skew, the best �t leadsto a skewed image. The bottom row shows the output of the
warping operator for the RM+S algorithm. Here we seethat the full a�ne warping is much
better at accommodating the full range of image distortions. The graph at the bottom of the
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�gure shows the least squaresresidual (in squaredgray-valuesper pixel). Here, the importance
of the correct geometricmodel is clearly evident.

5.6 Direct Plane Tracking in Stereo Images

The advancesin the hardwaredevelopment make tracking in disparity domainfeasable.Disparity
is a direct result of a stereo processingon two camera images. The plane identi�cation and
tracking is simpli�ed in the disparity domain becauseof the additional depth information stored
for each pixel of the disparity \image".

Many methodshavebeenproposedto solve the problemof planar-surfacetracking for binocular
[122, 121],calibrated and uncalibrated cameras(similar to using sequencesof images[111,110,
113]). A commonsolution involves a disparity map computation. A disparity map is a matrix
of correspondenceo�sets betweentwo images,often a pair of stereoimages [124]. The disparity
map calculation employs an expensive neighborhood correlation routines that often yields sparse
mapsfor typical scenes.However, the method makesno assumptionsabout the environment and
has beenwidely usedfor the caseof generalstereovision. Modern systemare able to calculate
up to 16 frames/s, which may be su�cien t for slow motions in the images,but still not fast
enoughfor fast changing scenes.

In contrast to the generalsolution with a disparity map, our method exploits a property that
planar surfacesexhibit when viewed through a non-verged stereo camera. The disparity, is a
linear function whosecoe�cien ts are the plane'sparameters.We usea direct method to perform
the tracking. Direct methods use quantities that are calculated directly from imagesvalues
as opposedto feature-basedmethods discussedearlier [116, 122]. This method should allow a
higher processingrate of the imagesallowing to keepcorrespondenceseven in the modern high
frame-ratecamerasystems.

The key component of our work is the plane tracking algorithm that operatesdirectly in the
imagedomain of the acquired images[109].

In the following discussion,let (x; y; z) be a point in world coordinates and (u; v) be a point
in pixel coordinates.

5.6.1 Planar Disparities
To e�cien tly track a plane, we can make use of a property that planar surfacesexhibit when
viewed from non-vergedstereocameras. Namely, a plane becomesa linear function that maps
pixels in one image to the corresponding location on the plane in the other image. In indoor
environments many surfacescan be approximated with planesE.

E : ax + by+ cz = d (101)

In a stereo system with non-verged, unit focal length (f=1) camerasthe image planes are
coplanar. In this case,the disparity value D(u; v) of a point (u,v) in the imagecan be estimated
from its depth z to

D(u; v) =
B
z

; (102)

63



IEEE Virtual Reality 2003,T1 5.6 Direct Plane Tracking in StereoImages

Frame 0 Frame 50 Frame 70 Frame 120 Frame 150 Frame 230

Residuals: Planar Test

FA

RM+S

Gray values

Frames

5.00

10.00

15.00

20.00

25.00

30.00

35.00

40.00

0.00 50.00 100.00 150.00 200.00 250.00 300.00

Figure 43: Above, several imagesof a planar regionand the corresponding warped imageusedby
a tracker computing position, orientation and scale,and onecomputing a full a�ne deformation.
The imageat the left is the initial referenceimage. Below, the graph of the SSDresiduals.
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with B describingthe distancebetweenthe camerasof the stereosystem[124].
We estimate the disparity D(u; v) of the plane E at an imagepoint (u; v) using the unit focal

length camera(f=1) projection to

8z 6= 0 : a
x
z

+ b
y
z

+ c =
d
z

au + bv+ c = k � D(u; v) (103)

with u =
x
z

; v =
y
z

; k =
d
B

The vector n = (a bc)T is normal to the plane E and describes the orientation of the plane
relative to the camera.

The equation (103) can be written in the form

D(u; v) =

0

B
@

� 1

� 2

� 3

1

C
A �

0

B
@

u
v
1

1

C
A = n � �

0

B
@

u
v
1

1

C
A (104)

with � 1 =
a
k

; � 2 =
b
k

; � 3 =
c
k

This form usesmodi�ed parameters� 1; � 2; � 3 of the planeE relating the imagedata u; vto D(u; v).

5.6.2 Plane Tracking
From the observation made in Section5.6.1, we seethat tracking the parametersp = � 1; � 2; � 3

of the linear map (104) is equivalent to tracking the planar surface.Thus, assuminginter-frame
motion is relatively small and both brightnessand contrast shifts can be removed, we posethis
problem as oneof optimization.

Parameter Up date Considera recti�ed pair of stereoimage, L and R. Basedon (104), we
relate the imageswith the following formula. Let D(u; v) = � 1u + � 2v + � 3.

L(u; v) = R(u � D(u; v); v) (105)

The planeparametersfor the current pair areestimatedthrough the minimization of the following
least-squaresobjective function. To enforcethe brightnessconstancyconstraint [115], we zero-
meanthe images:given an imageI , I = I �

P
I .

E(p) =
X

(L (u; v) � R(u � D(u; v); v))2 (106)

Let � p represent the set of o�sets. Assuming a small magnitude for � p we can solve the mini-
mization by linearizing the expressionthrough a Taylor expansionabout p.

E(� p) �
X

(L(u; v) � R(u � D(u; v); v)

+ uI x � � 1 + vI x � � 2 + I x � � 3)2 (107)
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Here, I x refersto the spatial gradient of the right image. We neglectthe higher order terms of
the Taylor series.The systemis solved using the Singular-Value Decomposition [123]. It is �rst
convenient to de�ne the error term: e(u; v) = L(u; v) � R(u � D(u; v); v).
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Mask Managemen t Thus far, we have shown how to optimize the parametersof a plane in
a static scene. To extend the approach to a tracking setting, we incorporate a mask into the
framework. The mask is a binary weighting matrix with an entry per-pixel denoting the pixel's
inclusion or exclusion from the current tracked plane. Such a mask removes inaccurate and
poor pixel matches from the SVD solution decreasingits processingdemandand increasingits
stabilit y. Equation (107) is extendedto (109) incorporating such a mask; W(u; v) corresponds
to the value of the mask at (u; v).

E(� p) �
X

� W (u;v )=1 [(L (u; v) � R(u � D(u; v); v)

+ uI x � � 1 + vI x � � 1 + I x � � 2)2] (109)

Each frame, we compute a normalized cross-correlation(� ) measureto fully recompute the
mask matrix basedon the current parameters.

� u;v = L(u; v) � R(u � D(u; v); v) (110)

Since(109) is only sensitive to pixels demonstratinghorizontal gradients, we alsomaskpixels
with low horizontal variance. To do so, we samplethe correlation responsealong the epipolar
line.

� u;v =
L(u; v) � R(u � D(u; v) + � ; v)

�

� u;v =
L(u; v) � R(u � D(u; v) � � ; v)

�
(111)

W(u; v) = (� u;v > � ) ^ (� u;v > � ) ^ (� u;v > � ) (112)

In (112), 0 < � < 1 and � > 1. In (111,112),the selectionof � ,� , and � is dependent on the
optics of the system and the scene. To increasethe robustnessof the mask generatedin this
manner, we also perform a morphological dilation followed by an erosion [114]. This has the
e�ect of removing noisy correlation responseand joining contiguous regions.
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6 Implemen tation of Real-Time Texture Blending and
IBMR systems

Keith YerexandMartin Jagersand

Our renderermanagesto do the equivilant of a fairly largematrix multiplication (about [60000�
50]� [50� 1]) each frame easily at interactive framerates. Even with a very fast cpu this is not
possible. We accomplishit by taking advantage of texture blending capabilities available on all
current graphics accellerators. There multiple ways to blend textures in hardware, as well as
di�eren t hardware vendors, and software options for accessingthe hardware. We will mostly
discussOpenGL/NVidia implementation, but �rst, let's brei
y look at all the options.

6.0.3 Soft ware choices: Op enGL or DirectX

For software, there is DirectX and OpenGL. OpenGL is available on all platforms, making it our
sdk of choice sincewe useLinux, but DirectX has someadvantages. OpenGL usesproprietary
extensionsto accessthe latest featuresof new graphicshardware, which can becomeconfusing
since each manufacturer will have di�eren t extensionswith similar uses(until extensionsare
standardizedby the OpenGL ARB [Architecture Review Board]). DirectX has more uniform
ways of accessingdi�eren t hardware, since proprietary extensionsare not allowed. The down
side is that with every new generationof hardware released,their is a new versionof DirectX to
learn.

In hardware, there are two major players in high endconsumergraphicsaccellerators:Ati and
NVidia. Ati's Radeon9700has been the leader in the market for a while now, with the best
performanceand features. However, NVidia has recently launched their new GeForce FX line,
with slightly better performance,and a far better feature set. Of courseAti will be releasing
their new Radeon9800soon, so it is pretty hard just to keepup to date with the progression,
let alone a�ord the latest and greatestnew card every 6 months. In any case,thesedays even
cheaper hardware like NVidia's GeForce2golaptop chips are easily fast enoughto do what we
need.

Texture blending can be performedin either a singlepass,or multiple passes.Older hardware
only supports multi-pass blending, which is the simplest. With multi-pass blending, you �rst
draw somegeometry with one texture, then set the blending function (add/subtract/...) and
coe�cien ts, and draw the entire geometryagain with a secondtexture. The results are blended
togetheraccordingto the blending function and coe�cien ts. Multi-pass blending canbe accessed
with the OpenGL 1.3 imaging subsetsupported by many cards.

Single-passblending meansthat multiple textures are loaded simultaneously, along with the
parametersfor how to combine them, and then the geometry is renderedonce. Textures are
combined and renderedsimultaneously. This method savesthe renderingpipelinefrom processing
all the geometricdata morethan once(cameratransforms,clipping etc.), which canbe expensive
if the geometryis detailed. Primitiv e singlepassblending can be accessedthrough the OpenGL
Multitexturing extension,but to accessthe all blending featuresof current graphics cards, we
have to use proprietrary OpenGL extensionscreated separatelyby each vender. ATI has it's
fragment shaderextension,and NVidia hasthe registercombinersand texture shaderextensions
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(both accessedthrough pixel shadersin DirectX). However these issueswill be standardized
in future ARB extensions. The number of textures that can be processedin a single pass is
hardware dependant (NVidia GeForce3/4 can access4 textures at once,ATI Radeon9700does
8, and the GeForceFX does16).

In DirectX texture blending is controlled by pixel shaders. These are small programs that
execute(on the graphics processor)for each fragment rendered. Pixel shadersare written in
an assembly languagewith instructions for texture accessing,and blending that operate on 4D
vector registers. In DirectX 8.0 theseare the blending instructions available:

add: component addition
cnd: conditional copy [something like this: if(a>0.5)return b; else
return c;]
dp3: 3D dot product
lrp: linear interpolation
mad: scaled addition (multiply and add)
mov: copy
mul: component multiplication
sub: component subtraction

Other instructions control loading data from textures into registers. This interfaceprovides a
very con�gurable and yet simpleway to control texture blending. There are limitations, however,
on the number of instructions of each type allowed per pixel shader. In Pixel Shaderversion1.0,
8 arithmetic instructions, and 4 texture accessinstructions are allowed. To make things more
complicated,there are a few instructions that count for moreor lessthan expected,varying with
the pixel shaderversionnumber

6.0.4 NVIDIA Register Com biners

In our programs,we have usedNVidia's registercombinersOpenGL extensionfor texture blend-
ing. This interfacemore closelymirrors how NVidia hardware actually works, making it a little
more di�cult to work with. With register combiners, there are a number of generalcombiner
stages,followed by a �nal combinder stage. Each generalcombiner stagecan do one of two op-
erations: two dot products, or two multiplications and oneaddition. The alpha component, and
rgb vector are controled separateley, you can add two scalednumbers in the alpha channelwhile
doing two dot products in on the rgb components. The �nal combiner stagedoestwo multipli-
cations, and an addition (like this: f inal color3D = a � b+ (1 � a)c+ d) on the rgb components,
and just loadsthe alpha component from a register. Registercombinersare controlled by setting
the number of generalcombinersactive, and then setting the input registersand output registers
of each stage. Using the output registersof previous stagesas inputs to later stages,you can
bassically write a program just like a DirectX pixel shader. The number of generalcombiner
stagesavailable is hardware dependant (2 on GeForce2Go, 8 on GeForce3)

For our application, we may needto blend up to 100textures, which makesit di�cult to use
single-passblending. First, we will look at how it can be implemented with standard multi-pass
blending.
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The basicideais simply to draw the mean,followedby successively blendingin each eigenvector
with its coe�cien t. But it isn't quite that simple. OpenGL blending (GL BLEND) doesn't
support signednumbers, and eigenvectors will be composedof negative and positive pixels. To
get aronud that, we can simply separatethe eigenvectors in to a positive texture and a negative
texture, e�ectiv eley wasting half the pixels in each texture by �lling them with zeroes. Then we
can render twice for each eigenvector: onceto do the subraction, and onceto do the addition
(both scaledby the blending coe�cien t). Here is the pseudocode for this implementation:

for(each q)

f

// draw the mean

BindTexture( �I q);

DrawQuad(q);

// add basis textures

for(each i )

f

SetBlendCoefficient( jy qi(t)j);

BindTexture( B +
qi );

if( yqi (t) > 0) SetBlendEquation(ADD);

else SetBlendEquation(SUBTRACT);

DrawQuad(q);

BindTexture( B �
qi );

if( yqi (t) > 0) SetBlendEquation(SUBTRACT);

else SetBlendEquation(ADD);

DrawQuad(q);

g

g

The multi-pass implementation works reasonablywell, but can be signi�cantly improved on
(especially in texture memoryusage)by taking advantageof the programability of current graph-
ics hardware while applying multiple textures in each pass. We can blend as many textures as
possiblein each pass,and still do several passes,but there are more bene�ts. The register com-
biners OpenGL extensionsupports textures in a signedformat, so we can us 50% lesstexture
memory already. On top of that, using register combiners, we can convert betweencolor spaces
while blending textures. This meansthat we can store Y,U and V eigenvectors separately, and
usemore memory and rendering time on Y and lesson U and V.

For each pass,we load 4 Y eigenvectors into oneRGBA texture in each available texture unit
(we have GeForce3's so thats 4) 4 coe�cien ts are loadedto go with each eigenvector, and then
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register combiners are usedto do dot products betweeneach element of the eigenvector,and the
four coe�cien ts, and then sum the results. Beforeadding the sum from the current passto the
contents of the framebu�er, it is multiplied by a YUV to RGB conversion matrix. So we can
do 16 eigenvectorsper pass(with GeForce3). We still have the problem that multipass blending
doesn't support signedaddition. Becauseof this, we will still have to render two passesto apply
the 16 eigenvectors. In the �rst pass,we will add, with coe�cien ts as is. results lessthan zero
will be clipped to zero,and positive results will be added. Then we negatethe coe�cien ts, and
changethe blendingmode two subtract. Drawing the secondpass,resultsabove zeroarenow the
real negatives (sincewe negatedthe coe�cien ts) and they are subtracted. In the �rst pass,the
meanmust be included, with with a coe�cien t of 1. The �rst passdoesn't needto be followed
by a subtraction pass,becauseit should result in a real image,with no negatives. That means
if we have 47 eigenvectors for Y, 15 for U, and 15 for V, plus each one has it's mean, then we
can render in 11 passes(7 for Y, 2 for u, and 2 for v). If we had a GeForceFX it could be done
in only 2 or 3 passes.

6.0.5 Summary

Graphics acceleratorsare becomingmore and more programmable,and increasingly powerful,
making it possible to use hardware to acceleratenew graphics algorithms that the hardware
designerswerenot even aware of. Now not only classicmodel basedgraphicscan take advantage
of current renderinghardware. Variousimage-basedmethods, like ours,canalsorun on standard
consumergraphicscards.

6.1 IBMR System

We have implemented and tested our method using consumergrade PC's for video capture,
tracking and rendering. A demo pre-compiledfor both Linux and windows and several movies
of sample renderingsare on the tutorial web site. The tracking and capture part is basedon
XVision[17]. Imagepoint correspondencesx j;i = [u; v] areobtained for each framefrom real-time
SSDtracking.

In our method the approximate texture image stabilization achieved using a coarsemodel
reducesthe di�cult y of applying IBR techniques. The residual image (texture) variabilit y can
then be coded as a linear combination of a set of spatial �lters. (Figure 44). More precisely,
given a training sequenceof imagesI t and tracked points [u t ; v t ], a simpli�ed geometricstructure
of the sceneP and a set of motion parametersx t = (Rt ; at ; bt ) that uniquely characterizeeach
frame is estimated from the tracked points using a�ne structure from motion (section 2). The
reprojection of the structure given a set of motion parametersx = (R; a;b) is obtained by

"
u
v

#

= RP +

"
a
b

#

(113)

The projection of the estimatedstructure [ut ; v t ] into the sampleimagesis divided into Q trian-
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Figure 44: A sequenceof training imagesI 1 � � � I t is decomposedinto geometricshape information

and dynamic texture for a set of quadrilateral patches. The scenestructure X and views Pj

are determinedfrom the projection of the structure using a structure-from-motion factorization

algorithm. The view-dependent texture is decomposedinto its projection y on an estimatedbasis

B . For a given desiredposition, a novel imageis generatedby warping new texture synthesized

from the basisB on the projected structure. On the web site is a compileddemorendering this


o wer and somecaptured movies
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gular regionsI qt that are then warped to a standard shape I wqt to generatea texture I wt .

I t =
QX

q=1

I qt (114)

I wqt = I qt (W(u t ; v t )) (115)

I wt =
QX

q=1

I wqt (116)

Usingthe algorithm described in section4.1we then computea setof basisimagesB that capture
the imagevariabilit y causedby geometricapproximations and illumination changesand the set
of corresponding blending coe�cien ts y t .

I wt = By t + �I (117)

Practically, using HW acceleratedOpenGL each frame I j is loaded into texture memory and
warped to a standardshape texture Tj basedon tracked positions. (Equations 114,115,116).The
standard shape xT;i is chosento be the averagepositions of the tracked points scaledto �t in a
squareregionasshown in Fig. 44. To computea model we usea hand-helduncalibrated camera
to capture a samplesequenceof about 100-500framesof video under varying camerapose. We
estimate the geometricmodel X using structure-from-motion [20] and a texture basis B as in
Section4.1.
New View Animation

1. For each frame in the animation compute the reprojection [u; v] from the desiredposex as
in Equation 113.

2. Estimate texture blending coe�cien ts y by interpolating the coe�cien ts of the nearest
neighbors from the coe�cien ts, and posesfrom the training data.

3. Compute the new textures in the standard shape using Equation 117, and �nally the
texture is warped to the projected structure (inverseof Equations115and 114). Thesetwo
operations are performedsimultaneously in hardware as described in section6.0.4

We have designedour method to work well with a range of consumergradecameras. In the
example shown in Fig. 44 a $100pyro1394 web cam with signi�cant lens distortion was used
to capture a 
o wer. The 
o wer has a complex geometry, which would be di�cult to capture in
detail. Insteadan envelopinggeometrywith only eight triangular facetswasestimatedfrom eight
tracked points. A texture basisB is estimated from the normalizedtexture images,and usedto
render new views from a mousecontrolled viewpoint in the supplied demo program (web-site).
Note how a realistic 3D e�ect is synthesizedby modulating the texture basis. If static textures
had beenusedthe renderingwould look like the 8 facetgeometricpolygonwith gluedon pictures.

6.1.1 User in terface

The software usedin the lab (and available from on the tutorial web site) consistsof three main
parts:
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1. A real-time tracking program \capture ui" interfacesto a digital cameraand usesXVision
real time tracking to maintain point correspondencesin the video sequence.It also grabs
sampleframesof intensity images.

2. A structure and texture editor is usedto view and verify the geometricmodel, as well as
provide an interface to control the texture selectionand generation.

3. A real-time renderertakesa processedmodelsand rendersit under varying virtual camera
posecontrolled by mouseinput.

6.1.2 Video capture and trac king

To track and capture video the \capture ui" interfaceis used. It can connectto either consumer
IEEE 1394standard web camsin yuv422mode or to higher quality machine vision cameras,(we
useBaslerA301fc) in raw Bayer pattern mode. The cameramodeis selectedon the initial pop-up
box. Once the camerais selectred, a secondreal time process\mexv2" will be spawned. This
processimplements the video pipeline and real time tracking, and will pop up a video window
\XVision2". SeeFig. 45. To capture an object select a region to be tracked by clicking \add
tracker" in the trackers window, and then click on the desiredscenepoint in the \XVision2"
window. Normally, trackers should be added so that the object or sceneregion of interest is
subdivided into roughly planar patches.

Figure 45: Video capture and tracking user interface

Next select the number of frames to capture. Usually 128-256is su�cien t, but if the scene
geometry is more complex than the approximation obtainable from the tracked points more
trackers frames can be used. Press the capture button and move the camera (or scene)to
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evenly cover the viewing rangedesiredin the model. After capturing the structure editor will be
automatically launched.

6.1.3 Structure and texture editor

The \editor" is usedto verify the structure and if desiredchangestructure or texture coordinates.
After a capture, the editor is launched with the just captured model and sampleimages.At this
point the captured model can be either saved, modi�ed or processedinto a format readableby
the real time renderer. If started alone,a prompt for a model �le namewill appear.

The editor has three modes. Toggling between the modes is done using the three buttons
\edit", \triangulation" and \bluescreen", Fig. 46. In the �rst \edit" mode, the accuracy of
the captured geometrycan be evaluated by comparing the tracked points (black circles) to the
reprojected points (blue circles), while stepping through the captured images by clicking or
draggingthe imageslider at the bottom. If they di�er signi�cantly, (more than a few pixels) the
likely causeis that the real time tracking lost the point for someframes. This canbe correctedin
the a�ected framesby selectingthe point. Click selectbutton, left click on one(or more)point(s).
To quit selectmode click the middle button. Onceselectedpoints can be moved using the move
points(frame) button in one or a range of frames. As an alternative to manually moving the
points, mistracked points can be correctedusing the current structure reprojection by selecting
the points, a range of framesand clicking the \correct points" button. This latter only works
well if the point was correctly tracked in most of the frames,and henceit's 3D coordinates can
be found accurately. Points that are unnecessaryor to di�cult to correct can be deleted from
the whole sequencewith the deletebutton.

Figure 46: Structure editor mode

In the secondmode the triangulation used to extract and represent the dynamic texture
can be modi�ed, Fig. 47. A captured structure is initially triangulated using standard Delauney
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triangulation. This triangulation often doesnot put triangles to bestcorrespond to the real scene
surfaces.In the triangulation editor unfortunate triangles can be deletedand new triangles can
be addedby clicking on three points. Additionally , the resolutionor relative areaof texture given
to a particular triangle can be modi�ed by clicking and dragging the triangles in the \texture
editor" window. The \op engl" window shows the actual texture representation for the image
frame selected.

Figure 47: The triangulation and texture editor

In the third mode \blue screen" (not shown), a blue screencolor can be selectedby clicking
in the image. Pixels with this (or close)color will be madetransparent.

Once the structure and triangulation are satisfactory, the capture is processedinto a format
that can be read by the renderer by pressingthe \pro cess"button. These �les are by default
deposited in the ./renderer/ subdirectory.
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6.1.4 Real-time renderer

The real time renderer readsseveral �les from the current directory, and starts a glut window,
where the sceneor object viewpoint can be interactively varied using the mouse.Holding down
di�eren t mousebutton selectswhich pair of cameraposeparametersare mapped to mousex-y
motion.

Figure 48: Real time renderer
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7 Discussion and Outlo ok

ImageBasedModeling and Renderingis a relatively new �eld, in the intersectionbetweenCom-
puter Graphicsand Computer Vision. In the past, the approach to research hasbeensomewhat
di�eren t in these two �elds. In computer vision, researchers have often taken a fundamental
principled approach, and sofar relatively little of computervision research hasfound widespread
application. In computer graphics on the other hand the focus of the �eld has been on de-
veloping methods and algorithms of immediate practical use. One reasonfor this di�erence is
that in the past, camerasand video digitizing hardware was expensive and rarely seenoutside
research labs. On top of that, to do any real-time video processingspecial purposecomputers
such as\Datacub e" wereneeded.For graphicsthere hasbeena potential output devicesincethe
video display unit replacedthe teletype. On the side of personalcomputers,even the �rst ones
stimulated interest in graphicsprogramming, and while resourceswere primitiv e, programmers
managedto comeup with hacks and tricks to implement worthwhile graphicsfor e.g. computer
games.

Recently, rapid progressin computer performancecombined with the availabilit y of inexpen-
sive digital video cameras,from $100ieee1394web camsto decent quality camcorders,hasmade
possiblereal-time video input and processingon averageconsumerPC's. Combined with easy
to usecapture and rendering software this could potentially take consumerand small business
imageediting from 2D picture editing to 3D capture, modeling and rendering. Potential appli-
cations are plentiful. Peoplecould capture and send\3D photos", joint as tele-present life-like
�gures in virtual meetings,and include themselvesvisually accurateascharactersin multi-player
computer games.One step up form the homeconsumermarket, in architecture and designreal
objects and scenescan be captured and combined with both real and synthetic models into new
designs.Institutions such asmuseumscan build virtual exhibitions, whereartifacts now located
in di�eren t parts of the world can be brought together in their original scenes.

Overall, widespreaduse of image-basedmodeling would require easyto use systems. While
early approachesto both ray-set and geometrybasedcapture neededcalibrated cameras,recent
work has shown that uncalibrated video su�ces. Hence,the time wherecapturing and using a
3D model is as easyas using a cam-corderto shoot a video clip may not be very far away.

Martin Jagersand(editor)
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