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Abstract

We present an extension to Jaynes’ maximum entropy principle that incorporates latent variables. The
principle of latent mazimum entropy we propose is different from both Jaynes’ maximum entropy principle
and maximum likelihood estimation, but often yields better estimates in the presence of hidden variables
and limited training data. We first show that solving for a latent maximum entropy model poses a hard
nonlinear constrained optimization problem in general. However, we then show that feasible solutions to
this problem can be obtained efficiently for the special case of log-linear models—which forms the basis
for an efficient approximation to the latent maximum entropy principle. We derive an algorithm that
combines expectation-maximization with iterative scaling to produce feasible log-linear solutions. This
algorithm can be interpreted as an alternating minimization algorithm in the information divergence, and
reveals an intimate connection between the latent maximum entropy and maximum likelihood principles.
To select a final model, we generate a series of feasible candidates, calculate the entropy of each, and
choose the model that attains the highest entropy. Our experimental results show that estimation based
on the latent maximum entropy principle generally gives better results than maximum likelihood when
estimating latent variable models on small observed data samples.

Index Terms — Maximum entropy, iterative scaling, expectation maximization, latent variable models,
information geometry, alternating minimization, graphical models, random fields, probabilistic inference,
statistical machine learning

1 Introduction

Learning about the world requires a system to extract useful sensory features and then form a model for
how they interact, perhaps by using abstract concepts. The maximum entropy (ME) principle [24] is an
effective method for combining sources of evidence from complex but structured natural systems which has
had wide application in science, engineering, and economics [22, 23]. The effectiveness of the ME principle
arises from its ability to model distributions over many random variables by combining only a few critical
features (i.e., functions of random variables) in a log-linear form. This can yield a succinct representation
of a complex joint distribution and thereby allow for effective generalization and practical inference to be
realized; as with standard graphical models like Bayesian networks and Markov random fields. However,
unlike standard graphical models, instead of making direct conditional independence assumptions about the
domain, the ME principle only requires the specification of certain properties in the data that the model
should respect; for example, that the marginal means in the model should match the marginal means in
the data. In many applications, specifying constraints on the model in this form is easier than proposing
conditional independence properties [19].

However, one weakness with the standard ME approach is that it only handles constraints over the
observed data, and does not directly model latent variable structure. That is, the standard ME principle
does not allow for any missing data in its constraints and therefore never infers the existence of hidden
variables. This weakness is problematic because in practice many of the natural patterns we wish to classify
are the result of causal processes that have hidden hierarchical structure—yielding data that does not report
the value of latent variables. For example, natural language data rarely reports the value of hidden semantic
variables or syntactic structure [37].

In this paper, we propose a latent maximum entropy principle (LME) that explicitly handles latent
variables and thus extends Jaynes’ original ME principle to the case where some data components are missing.



We first formulate the problem so that latent variables are explicitly encoded in the model. Although the
constrained optimization problem that results is complex, we introduce a log-linear assumption that allows us
to derive a practical algorithm (EM-IS) for obtaining feasible solutions. The EM-IS algorithm is an iterative
technique that combines expectation-maximization (EM) with iterative scaling (IS) to yield a convergent
procedure that is guaranteed to produce log-linear models satisfying desired feature expectations. To develop
EM-IS, we show an intimate connection between the latent maximum entropy principle and maximum
likelihood estimation (MLE). However, the latent maximum entropy and maximum likelihood principles
remain distinct in the sense that, among feasible solutions, LME chooses the model that maximizes entropy,
whereas MLE selects the model that maximizes likelihood. To compare these two different approaches
for estimating hidden variable models, we then present our main estimation algorithm, ME-EM-IS, which
repeatedly solves for different feasible log-linear models, calculates the entropy of each, and selects the model
that attains highest entropy. In order to implement this algorithm, we exploit the fact that the entropy can
be efficiently determined for the feasible log-linear models produced by EM-IS. Our experimental results show
that the LME principle (implemented by the ME-EM-IS algorithm) consistently achieves better estimates
than maximum likelihood estimation when estimating hidden variable models from small samples of observed
data.

2 Motivation

In 1957, Jaynes [24] proposed the maximum entropy (ME) principle for statistical inference, which states that
data should be summarized by a model that is maximally noncommittal with respect to missing information.
That is, if one must infer a probability distribution from data where the distribution should satisfy known
constraints, then among distributions consistent with the constraints, one should choose the distribution
that has maximum entropy. This principle can be understood clearly by considering the case of modeling a
single real variable:

2.1 A simple example

Assume we observe a random variable Y that reports people’s heights in a population. Given sample data
Y = (y1,...,yr), one might trust that simple statistics such as the sample mean and sample mean square
of Y are well represented in the data. If so, then Jaynes’ ME principle suggests that one should infer a
distribution for Y that has maximum entropy, subject to the constraints that the mean and mean square
values of Y match the sample values; that is, that EY = m; and EY? = my, where m; = % EtT:l y; and

mo = %Z;‘rzl y? respectively. In this case, it is known that the maximum entropy solution is a Gaussian
density with mean m; and variance ma—m?, p(y) = N (y; m1, ma—m?); a consequence of the well-known fact
that a Gaussian random variable has the largest differential entropy of any random variable for a specified
mean and variance [12].

However, assume further that after observing the data histogram we find that there are actually two peaks
in the empirical data. Obviously the standard ME solution would not be the most appropriate model for
such bi-modal data, because it will continue to postulate a uni-modal distribution. However, the existence
of the two peaks in the data might not be accidental. For example, there could be two sub-populations
represented in the data, male and female, each of which have different height distributions. In this case, each
height measurement Y has an accompanying (hidden) gender label C that indicates the sub-population the
measurement is taken from. How can such additional knowledge be incorporated in the ME framework? One
way is to explicitly add the missing label data. That is, we could let X = (Y, C), where Y denotes a person’s
height and C is the gender label, and then obtain labeled measurements (y1,c1,...,y7,cr). In this case we
can formulate the ME problem as follows. Let d;(c) be the indicator function where d;(c) =1 if ¢ = k and
dr(c) = 0 otherwise. Then let Ny = Y, dx(ce), B(C = k) = &%, (| C = k) = 22 for k = 1,2, and let
Y denote the set of observed heights (yi, ..., yr). With these definitions, then formulate the ME problem as

max H(X) = H(C)+H(Y|C)

p(z)
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The problem then is to find a joint model p(z) = p(y, ¢) that maximizes entropy while matching the expec-
tations over dy(c), ¥ 6k (c), and y2 §x(c), for k = 1,2. In this fully observed data case, where we witness the
gender label C', we obtain a separable optimization problem that has a unique solution. In this case, the max-
imum entropy solution p(z) = p(y, ¢) is a mixture of two Gaussian distributions specified by p(c) = 6. = Je
and p(ylc) = N(y; pic,02), where p, = NLC Zle Yyt 6c(c) and o? = NLC Zle(yt — pe)? 6e(cy) for e =1, 2.

Unfortunately, obtaining fully labeled data is tedious or impossible in most realistic situations. In cases
where variables are unobserved, Jaynes’ ME principle, which is maximally noncommittal with respect to
missing information, becomes insufficient. For example, if the gender label were unobserved, one would still
be reduced to inferring a single uni-modal Gaussian, as above. To cope with missing but non-arbitrary
hidden structure, we must extend the ME principle to account for the underlying causal structure in the
data model.

3 The LME principle

To formulate the latent maximum entropy (LME) principle, let X € X be a random variable denoting the
complete data, Y € ) be the observed incomplete data and Z € Z be the missing data. That is, X = (Y, Z).
For example, Y might be observed natural language in the form of text, and X might be the text along with
its missing syntactic and semantic information Z. If we let p(z) and p(y) denote the densities of X and YV
respectively, and let p(z|y) denote the conditional density of Z given Y, then p(y) = [,_, p(z) p(dz), and
p(x) = p(y)p(z|y).! Given this notation we propose the latent maximum entropy principle as follows.

LME principle Given features fi,..., fn, specifying the properties that we would like to match in the
data, select a joint probability model p(z) from the space of all probability distributions, P, over X, to
maximize the entropy

Hp) = - / @) logp(z) p(ds) @)

subject to the constraints

/ fiz) p(z) pdz) = Zﬁ(y)/ fi(z) p(zly) pdz),  fori=1,.,N (3)
TEX yey 2€EZ

where z = (y,2).

Here p(y) is the empirical distribution of the observed data, ) denotes the set of observed Y values, and
p(z|y) is the conditional distribution of latent variables given the observed data. Intuitively, the constraints
specify that we require the expectations of f;(X) in the joint model to match their empirical expectations
on the incomplete data Y, taking into account the structure of the implied dependence of the unobserved
component Z on Y.

Note that the conditional distribution p(z|y) implicitly encodes the latent structure and is a nonlinear
mapping of p(z). That is, p(z|y) = p(y,2)/ [, cz P(y, 2" )u(dz) = p(z)/ fw,:(y’z,) p(z")pu(dz') where x = (y, 2)

!Tn this paper, u denotes a given o-finite measure on X. If X is finite or countably infinite, then u is the counting measure,

and integrals reduce to sums. If X’ is a subset of a finite dimensional space, u is the Lebesgue measure. If X’ is a combination
of both cases, u will be a combination of both measures.




and z' = (y, 2') by definition. Clearly, p(z|y) is a nonlinear function of p(z) because of the division. If there
is no missing data, i.e. X =Y, then the problem is reduced to Jaynes’ model where the constraints are
given by fy ey PW) fi(y) p(dy) = 3,5 P(y) fi(y). However, this is not a requirement in our framework, and
in this sense, the LME principle given by (2) and (3) is more general than ME.

Unfortunately, we will find that the most straightforward formulation of LME does not yield a simple
closed form solution for the optimal distribution. Nevertheless, by further constraining the distribution
to have an exponential (log-linear) form, we will be able to show the equivalence between satisfying the
constraints (i.e. achieving feasibility) and locally maximizing likelihood. This equivalence will allow us to
derive a practical algorithm for finding feasible solutions in Section 4.

3.1 Finding LME solutions

Consider the problem of finding a joint distribution p(x) that satisfies the LME principle for a given set of
features and data (where, for example, the features could specify sufficient statistics for a desired exponential
model). This problem amounts to solving the constrained optimization problem (2,3). Unfortunately, due
to the mapping p(z|y), the constraints (3) are nonlinear in p(z) and the feasible set is no longer convex.
Therefore, even though the objective function (2) is concave, no unique maximum can be guaranteed to
exist. In fact, minima and saddle points may exist. Nevertheless, one can still attempt to derive an iterative
training procedure that finds approximate local solutions to the LME problem.
First, define the Lagrangian A(p, \) by

N
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A natural way to proceed with the optimization is to iteratively hold A fixed and compute the unconstrained
maximum of the Lagrangian over p € P. To do so let

= A(p, A
2 argmax A(p, )
T(A) = Alpx,))
We refer to T()\) as the dual function. Note that by weak duality the dual function provides upper bounds
on the optimal value H* of the original LME problem:

T() = Alpad) = max A(p,)) > H* forall A
p

If strong duality holds, we have
min T = min Alpa,N) = min r;lea:’gc Alp,\) = H

Therefore, if one could obtain a closed form solution for py in terms of A, one could then plug p) into
A(px, ) and reduce the constrained optimization to the unconstrained minimization of Y(A\) with respect
to A. However, in attempting to solve for py we still run into difficulty.

To attempt to solve for py, one can take the derivative of A(p, ) with respect to p(z) and try to set this
to 0 for all p(z):

M — _ fl(x)_fz’ezfi( z') p(z') p(dz")
o) leerl@ 1+ZA filz Ey “(p(y) (Jonez P(a")? p(dz )))

Il

—logp(z) — 1 + Z)\ fi(z) + Z)\ S () fz czlfila') - fi(fg)] p(z') p(dz') -

= p(y)

where x = (y, 2), ' = (y,2') and 2" = (y, 2"'). Unfortunately the resulting system 0A/9p(x) = 0 is nonlinear
in p(x) and there is no simple closed form solution for pj.



3.2 Approximating LME solutions: Restriction to log-linear form

Since the original LME principle does not yield a simple closed form solution for py, we instead look for an
approximate solution. By ignoring the last term of Equation (5) and setting the remainder to zero, we find

N
(@) ~ & lexp (Zm(x)) (6)

where &, = [

T

cx €XD (Eil )\,-fi(:c)) p(dz) is a normalizing constant that ensures [ . pa(z) p(dr) = 1.

Thus, one could hope that py is at least approximately log-linear. Note that if we impose the additional
constraint that py is indeed log-linear, (6), and plug this back into the definition of the Lagrangian (4) we
can obtain a closed form for an approximation to the dual function

N

O~ log®) = a | T / £i(2) pA(2ly) u(d2) (7)
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That is, under the assumption of a log-linear model p) we can approximately reduce the original constrained
optimization to a much simpler unconstrained minimization problem

Y = argm/\in'r()\) (8)

where T is given as in (7). Assuming A\* can be found, we can easily recover py« from (6), up to the
normalization constant &'
Now to attempt to solve for A*, take the derivative of YT ()) with respect to A, and obtain

T [ eme - Yo [ f@) mately uiaz)
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Unfortunately, once again, the system of equations 9T (\)/0A; = 0 is nonlinear due to the py(z|y) terms, and
therefore this does not yield a simple closed form solution for A*. Even under the log-linear assumption, it is
still not easy to satisfy the LME principle! Nevertheless, we have made valuable progress toward formulating
a practical algorithm for approximately satisfying the LME principle under the assumption of log-linearity.
In fact, at this point we can show an intimate connection between the LME principle and maximum likelihood
estimation (MLE) principle under log-linear models.

Theorem 1 Under the log-linear assumption, mazximizing the likelihood of log-linear models on incomplete
data is equivalent to satisfying the feasibility constraints of the LME principle. That is, the only distinction
between MLE and LME in log-linear models is that, among local maxima (feasible solutions), LME selects
the model with the mazimum entropy, whereas MLE selects the model with the mazimum likelihood.

Proof: By assuming a log-linear model py, we first prove that satisfying the constraints (3) of the LME
principle is equivalent to achlevmg a local max1ma in log-likelihood. Restrict the complete model py to
have a log-linear form py(z) = ®}" exp(zz 1Aifi(z)). Then we have px(y) = [, pa(z) p(dz) and the
log-likelihood function for the observed incomplete data is given by

L) = log [[ ;@™ = > 5y)logpaly (10)
yey yey



Taking the derivative of L(\) with respect to A; yields
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By setting OL(\)/0X; = 0, for i = 1,..., N, we obtain the original constraints (3). Therefore the feasible
solutions of (3) satisfy the conditions for the stationary points of the log-likelihood function. This establishes
the first part of the theorem.

All that remains is to show that the MLE and LME principles remain distinct for log-linear models. We
prove this by proving that the log-likelihood function L(A) and entropy H(p,)) are related by the equation
L(X) = —H(py) + H(A, A), where H(A, A) is a non-constant function of A whose maxima generally do not
coincide with L(A) or H(py). This fact is proved in Theorem 4 in Section 5 below. Given this result, we
conclude that among feasible log-linear solutions, MLE and LME do not maximize the same objective, and
hence produce different solutions. 1

Although the problem of maximum likelihood estimation of log-linear models with missing data has
previously been studied by Lauritzen [27] and Riezler [34], it had not been previously observed that locally
maximizing the likelihood of a log-linear model is equivalent to satisfying the feasibility constraints for a
latent maximum entropy problem.

3.3 Example revisited

To illustrate the relationship between the MLE and LME principles more concretely, consider the simple
example introduced in Section 2.1. In the circumstance where the gender labels are unobserved, Jaynes’ ME
principle fails to incorporate the effect of these latent variables. However, the LME principle can capture the
influence of the latent gender information by considering a joint model that includes a hidden two-valued
variable. Let X = (Y, C), where C € {1, 2} denotes the hidden gender index. In this case, given the observed
data Y = (y1,...,yr), the latent maximum entropy principle (LME) can be formulated as

m(a%c H(X) = H(C)+HY|C)
subject to / ou(e) p@ulda) = S p) S k() plely)
TEX yey ce{1,2}
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So here we are trying to maximize the joint entropy while matching the expectations over the features
f8@) = ok(e), fF(@) = yor(c), and f¥(z) = y?6k(c), fork=1,2 (12)

where = (y,c¢), and dx(c) denotes the indicator function of the event ¢ = k. Comparing the constraints
(11) with those in the complete data case (1), one can see that the only difference is that here we use the
conditional probability of the complete model instead of the empirical conditional probability. However, due
to the nonlinear mapping imposed by p(c|y) a simple closed form solution no longer exists. Nevertheless, a
common log-linear model gives a convenient approximation.



Imagine that, instead of attempting to satisfy the LME principle directly, one was instead interested in
finding a maximum likelihood model for the observed data ) = (yl, .»yr). Consider a distribution p(z) that
is a mixture of two Gaussians; i.e., p(z) = p(y, c) = 0.N(y; pc, 02) for parameters 6., y., 02, where . = p(c),
and p., 02 are the means and variances for the respective classes ¢ = 1,2. This dlstrlbutlon has the marginal
density p(y) = 01N (y; u1,03) + 02N (y; po,05) on Y. In this case, the joint distribution of X = (Y, C) can
be written

dr(c)
1 _ 2
ply,0) = ][ lﬂk Bro? exp (—L 20%’“) )]

ke{1,2}

If we use the natural (canonical) parameters A = (Ak, Ak \5) for the corresponding features f¥, fF and f¥
given in (12), k = 1,2, we can then re-write this distribution in a log-linear form [3]

1 1 o1(9)
oo = I ( _+)

® P
ke{1,2} \ A0S APAS

2
q% exp (Z (A6 0k (c) + ATy dr(c) + A5 y* B (c))) (13)
k=1

where the canonical parameters are related to the standard parameters by A§ = logy, \¥ = i/ o2, and
A = —1/(202) for k = 1,2. The normalization constant is given by & = Pr1az®r1a1®a2x2, where ®y1y0 =

1/(e* + e*3) and Byeny = exp(—(Af)?/(4X5))/20%m for k = 1,2. For this model, the log-likelihood, as a
function of A, can be written

L) = D> py)logply

yeYy
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Therefore, to solve for the maximum likelihood solution one can calculate the derivatives to obtain
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The key result is that setting these quantities to zero results in precisely the same constraints as (11). That
is, a locally maximum likelihood Gaussian mixture is also a feasible solution of the LME principle, and
conversely, a feasible log-linear solution for the LME principle will be a critical point of the log-likelihood
function L(X) (and have the form of a Gaussian mixture). This example provides a concrete demonstration
that the log-linear model parameterized with the stationary points of the incomplete data likelihood function
will give a feasible solution to the original LME principle.

4 A general algorithm for finding feasible log-linear solutions

We can now exploit the observation of Theorem 1 to derive a practical training algorithm for obtaining
feasible solutions to the LME principle under the log-linear assumption. Obviously, since Theorem 1 shows



that locally maximizing the likelihood of observed incomplete data will satisfy the constraints of the LME
principle (3), the most natural strategy is to derive an EM algorithm for log-linear models. In so doing, we
will be able to guarantee that we recover feasible solutions to the original constrained optimization problem,
by Theorem 1.

4.1 Derivation of the EM-IS iterative algorithm

Recall that a log-linear model is determined by its parameter vector A (6). Therefore to derive the EM
algorithm [21] one typically decomposes the log-likelihood L(\) as a function of A into

LX) = ) #ly)logp(y
yey
= QN + HON)  forall X (15)

where QL N) = 3y / px(2ly) log pa () u(d2) (16)
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and HON) = -3 5l / px (2]y) 10g pa(2ly) u(d2) (17)
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Here z = (y,2), Q(A, \') is the conditional expected complete-data log-likelihood, and H (A, X’) is the condi-
tional expected missing data log-likelihood, which measures the uncertainty due to missing data. Note that
in the case where \' = A, H(\, A) becomes the empirical conditional entropy on latent variables.

The EM algorithm maximizes L()) by iteratively maximizing Q(\, \') over A. The jth iteration A¢) —
AU+D of EM is defined by an expectation step E, which computes Q(X,A9)) as a function of A, followed by
a maximization step M, which finds A = \U*1 to maximize Q(X,A\())). Each iteration of EM monotonically
non-decreases L()), and very generally, if EM converges to a fixed point A*, then A* is a stationary point of
L(X) which is usually a local maximum [21, 38].?

For log-linear models in particular, we have

QXAD) = Y5y / Pro (21) 10g pa(2) () (18)
yey
= > iy / paw (2ly) Kz/\fz )-108;(%)] p(dz)
yey
— log(®@)) +ZA S 50) [ 1) oy (o) i) (19)

= yey

by plugging the log-linear form (6) into (18) and recalling that = (y,2). Crucially, it turns out that
maximizing Q (), A\)) as a function of X for fixed A) (the M step) is equivalent to solving another constrained
optimization problem corresponding to a maximum entropy principle; but a much simpler one than before.

Theorem 2 Mazimizing Q(\,A\9)) as a function of X for fized \9) is equivalent to solving

max Hn) = = [ pa@)logpa(a) wds) (20)

subject to /eX fi(x) pa(z) p(dx) = Zp / fi(x) pao (2ly) pldz), i=1,.,N (21)
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where x = (y, 2).

21t is usually possible to check whether the stationary point is in fact a local maximum [21, 38].



Proof: Define the Lagrangian A(p, A, A()) by
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Holding A\¢) fixed, compute the unconstrained maximum of the Lagrangian over p € P, to get

_ A (7
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(This result is obtained by taking the derivative of (22) with respect to p(x) and setting it to zero.) Now by
plugging py into A(px, A, A)), we obtain the dual function

N
YA = Alpa, A, A9) = log(®y) — Z/\z’Zﬁ(y)/ Zfz’(w)P,\(J‘)(ZW)H(dZ)
=1 yed =€

which is exactly the negative of Q(\, A9)) as given in (19). If we denote the optimal value of (20) subject to
(21) as H*(A()), then under the conditions where strong duality holds [5, 30] we have

max QN9 = —m}n T\, A9)
= —min A(pr, A\, A9))

= —mi A ()
min max (p, A, A7)

= —H*(\Y) (23)

It is important to realize that the new constrained optimization problem in Theorem 2 is much easier
than maximizing (2) subject to (3) for log-linear models, because the right hand side of the constraints (21)
no longer depend on A but on the previous fixed A¢). That means maximizing (20) subject to (21) is now a
convex optimization problem with linear constraints in py. Unfortunately, there is no closed form solution
to (20,21) in general, which means that iterative algorithms are usually necessary. However, the maximizer
is unique if it exists. For such problems there are a large number of iterative algorithms available, includ-
ing Bregman’s balancing method, the multiplicative algebraic reconstruction technique (MART), Newton’s
method, conjugate gradient, and interior-point methods [9, 22]. In the case where the feature functions
fi(z) are all non-negative, the generalized iterative scaling algorithm (GIS) [18] or improved iterative scaling
algorithm (IIS) [4, 19] can be used to maximize Q(A, X') very efficiently. Usually only a few GIS or IIS
iterations are needed for the M step.

Given these observations, we propose maximizing the entropy of log-linear models with latent variables
by using an algorithm that combines EM with nested iterative scaling (either IIS or GIS) to calculate the
M step; see Figure 1.

EM-IS algorithm:
Initialization: Randomly choose initial guesses for the parameters, ().

E step: Given the current model A9, for each feature f;, i =1, ..., N, calculate its current expectation n(j )

with respect to A) by

W = i) [ 1) po Gl i) (24)

ij’
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A(J*) )\(J)

M step
AQ )\(j+(s—1)/K) )\(i))
(GISINS)

(j+s/K)

Figure 1: EM-IS, an EM procedure embedding an iterative scaling loop, where A (\U+3/K) \G+(s=1)/K) 3())
is the auziliary function in GIS/IIS, s denotes the index of one cycle of full parallel update of A;,i=1,...,. N
and K denotes the number of cycles of full parallel updates.

These quantities will form the right hand side of the constraints in (21).

M step: Let f(z) = Zf\il fi(z). To attempt to solve (21) (or equivalently, maximize Q (X, A)) with respect
to A): initialize A to AY) and perform K iterations of a full parallel update of the parameter values \;,
i =1,..., N, either by GIS or IIS, as follows. Each update is given by

ATFO L \GHG/K) | e/ K) (25)
where 'ygj“/ K) satisfies
(+s/K) .
/ fi(z) e 1@ pyte-vimo (@) pldz) = 7 (26)
TEX
In the special case where f(z) is a constant, i.e., f(z) = b for all z, 7,?"“/ K) i given explicitly by
()

(Hs/K) 1lo Ll fors=1,...K 27
v b8\ o £i(@) Prvem/mo (@) p(da) " )

If f(x) is not constant, then the value of 7,9“/ %) has to be computed numerically, for example, by solving
the nonlinear equation (26) using Newton-Raphson:

(j+s/K) i

Joen fi(z) €7 TIREDF@) b Gy () p(de) — 7P
(G+s/K)

Joca i(@) f(2) T ODIE) py oy () plde)

It is also possible to use a bisection method for this purpose.

Repeat until: \U+1) = \0) |

W mew) = 4 old)

Note that in implementing this algorithm, as with any EM or IS algorithm, one must be able to calculate
various expectations with respect to the underlying log-linear model p,. In particular, we need to calculate
expectations of the form 3~ 5 5(y) [,cz 9(z) pa(zly) p(dz) and [, , g(z) pa(z) p(dr) for a given A. In
structured models, such as Gaussian mixtures or other simple log-linear models, these expectations can
be calculated directly and efficiently (in time polynomial in the number of features N and the number of
observations T'). However, in other log-linear models, such efficient algorithms for calculating expectations
do not exist, and one must resort to Monte Carlo methods or approximation methods in these cases [19].
We will demonstrate both kinds of models in Section 7 below.
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A natural interpretation of the iterative EM-IS procedure is the following: If the right hand side of
Equation (3) is constant, then the optimal solution of py is a log-linear model with parameters provided by
the GIS/IIS algorithm. Once we obtain py, we can calculate the value of the right hand side of Equation
(3). If this value matches the constant assigned previously, by the optimality condition, we have reached a
stationary point of the likelihood function and hence a feasible solution of maximizing the entropy for the
complete model subject to the required nonlinear constraints. Otherwise, we iterate until the constraints are
met.

We note that Lauritzen [27] has suggested similar algorithm for maximum likelihood estimation of log-
linear models with incomplete data. However, he did not supply a proof of convergence (which we provide
below). More recently, Riezler [34] has also proposed a similar algorithm, but disfavored the doubly iterative
approach of nesting iterative scaling inside an EM loop. Instead, Riezler proposed a single loop procedure
by repeatedly applying the auxiliary function to obtain a closed form solution for the parameter estimates.
However, it turns out that Riezler’s algorithm is a special case of our EM-IS algorithm by setting K = 1.
Although the nested iteration of EM-IS might appear to be an unnecessary complication, we will see in
Section 7 that setting K > 1 is important for obtaining rapid convergence.

4.2 Example

To demonstrate how EM-IS can be applied, consider the simple example from Sections 2.1 and 3.3. Given a
joint model X = (Y, C) representing heights and gender labels, where we only observe height measurements
Y = (y1,-,yr), the LME principle can be formulated as shown in (11). To solve for a feasible log-linear
model, we apply EM-IS as follows: First, start with some initial guess for the parameters A(%)| where we use
the canonical parameterization A = (A5, A\, \E), k = 1,2, for the features specified in (12). To execute the
E step, we then calculate the feature expectations according to (24)

T
k.G 1 k,(j
"o W= T Z Z dr(c) py W

t=1 ce{1,2}
1 T
= Tz Z ye 8 (c) pt"V
t=1 ce{1,2}
1 T
= 233w fork=1,2
T t=1 ce{1,2}
where here pj"?) = p)(C=Kly) = ProyWelC =k) px(C=k)/ oy oy Pro Wele) prcr (0). To

execute the M step we then formulate the simpler maximum entropy problem with linear constraints, as in
(20) and (21), obtaining

max H(X) = H(C)+ H(Y|C)

p(z)
subject to / or(c) p(x)u(dz) = ng’(j)
TEX

Sk(c) @) p(dz) = np? (28)
Yok b{z) p Ui

TEX

/ o) pa)p(dz) = ny fork=1,2

TEX

where ¢ = (y,c). Similarly to Section 2.1, we can solve this ME problem analytically and avoid the use of
GIS/IIS in performing the M step. That is, for problem (28) we can directly obtain the unique log-linear solu-

tion p(z) = p(y, ¢), where p(c) = £ 31, p"” and p(yle) = N(y; pe, 02) with pie = iy yepg” | Xy o7
and 02 = 0 (v —pe)2p 9 S, pS9) for ¢ = 1,2. We then set py+1) = p and repeat until convergence.

Thus, EM-IS produces a model that has the form of a Gaussian mixture. In this case, LME is more general
than Jaynes’ ME principle, because it can postulate a bi-modal distribution over the observed component
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Y, whereas standard ME is reduced to producing a uni-modal Gaussian in this situation. Interestingly,
the update formula we obtain for py;) — pyu+n is equivalent to the standard EM update for estimating
Gaussian mixture distributions. In fact, we find that in many natural situations, EM-IS recovers standard
EM updates as a special case. However, it turns out that there are other situations where EM-IS yields
new iterative update procedures that converge faster than standard parameter estimation formulas. We
demonstrate both cases in Section 7 below.

We now establish the key result that EM-IS is guaranteed to converge to a feasible LME solution for
log-linear models.

4.3 Proof of correctness

To prove that EM-IS converges to log-linear models that are feasible solutions of the LME principle (3),
Theorem 1 can be exploited to reduce this question to showing that EM-IS converges to a critical point of
the log-likelihood function. The convergence proof for EM-IS then becomes similar to that for the GEM
algorithm [38].

Theorem 3 The EM-IS algorithm monotonically increases the likelihood function L(X), and all limit points
of any EM-IS sequence {)\(H‘S/K),j >0}, s=1,...,K, belong to the set

0 = {AeéRN:aLa—E\)‘)=0} (29)

Therefore, EM-IS asymptotically yields feasible solutions to the LME principle for log-linear models.

Proof: As discussed in the previous section, it is obvious that if the EM-IS algorithm converges to a local
maximum in likelihood, it yields a feasible solution of the LME principle by Theorem 1. To prove the
convergence, we first show that EM-IS is a generalized EM procedure. To do this we define the auxiliary
function A in the same way as in [4, 19]. More specifically, given two parameter settings A’ and A, we
bound fI‘O(II)l below the change in the objective functions Q(A, A)) and Q(N', A)) with an auxiliary function
AN, A0,

Q(1A9) =0 (¥A9) = Y- | S [ 5@ morGne) | 1og (5
=1 ye
- A Y 50) [ @) o Gl ) | +1-
2 2 i i yejpy ez i D) \Z|Y) 1 3y
N
= S0 X50) [ 5@ po Gl | +1
=1 yeY =€
- / eims M i) (23 1(d)
rzeX
N
> S0 (D50 [ @) paorGlyats) | +1
i=1 yeYy 2€Z
o~ Ji(@) (30 5(e)
_ i) (=N f (e ~
‘/zexp/\’(x); f((lf) M(d )
= AN, \9) (30)

where the inequalities follow from the convexity of —log and exp.
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Now let s be the index of one cycle of a full parallel update of A and assume we perform K cycles of full
parallel updates, s = 1, ..., K. Then from Equation (30), we have

Q (A(j+s/K)’ ,\u)) —Q (,\<j+(s—1)/K)’ ,\u)) > A (,\(j+s/K)’ ,\<j+(s—1)/K),)\<j))

for each s. It is true by inspection that A (AG+(=D/K) AG+=1/K) AG)) = 0 and A (A, AG+HE—D/K) AG))
is concave in A\. Moreover, the new update AU+*/K) is the stationary point of A (A, \UF+(E=D/K) \@).
Therefore, we have the result that A (AU+3/K) X\G+(=D/K) \()) > 0, and each step of this procedure
increases (). Thus the EM-IS algorithm monotonically increases the likelihood function L(\).

Next, to show the convergence of {\U*5/K) j >0}, s =1,..., K, to the stationary points of the likelihood
function, we first show the convergence of {)\(j), j > 0} when we just consider successive phases at the stage
s = 0. By [38, Theorem 1], we must show that:

(i) the mapping defined by GIS or IIS is a closed mapping; and

(ii) if AO) g @, then QAU+ AW)) > QAW \W)),

First, under the compactness condition [38, (6)] and continuity condition [38, (10)], assertion (i) can be
verified directly using A € RN. Second, to establish assertion (ii), it can be shown that 8Q(X, A\())/O\ =
DA N, A9)) /0N, Therefore, if \) ¢ @, then L(X)/OX # 0, which implies that dQ (X, A())/OX # 0 and
hence DA\, X, A9)) /0N # 0. So if AY) ¢ ©, we cannot be at a maximum of A. Therefore, given that A+
maximizes A(X, \UTE=1D/M) AG)) we have QAU A0)) > QAW AY)) as required.

Finally, to show the convergence of {)\(Hs/ K) j> 0} for the cases of s = 1, ..., K —1 respectively, we argue
similarly to above. Therefore, we conclude that all limit points of any EM-IS sequence {\J+5/K) j > 0} for
s =0,..., K —1 belong to the set ©. 1

Appendix A gives a detailed characterization of the information geometry of EM-IS that provides further
insight into its behavior, as well as the behavior of EM and IS algorithms more generally.

5 Finding high-entropy solutions

We can now exploit the EM-IS algorithm to develop a practical approximation to the LME principle. As
noted in Section 3.1 it is difficult to solve for an optimal latent maximum entropy model in general. In fact,
Section 3.2 points out that it is hard to solve for an optimal LME model even if we restrict our attention
to log-linear models. However, the EM-IS algorithm of Section 4 provides an effective technique for finding
feasible, but not necessarily optimal solutions of the LME principle. (Appendix A illustrates how there can
be multiple distinct feasible solutions in general.) Our approach to using EM-IS to approximate the LME
principle then is very simple: we first generate several candidate feasible solutions by running EM-IS to
convergence from different initial points A(?), then evaluate the entropy of each candidate model, and finally
select the model that has the highest entropy.

ME-EM-IS algorithm:

Initialization: Randomly choose initial guesses for the parameters .
EM-1IS: Run EM-IS to convergence, to obtain a feasible solution A*.
Entropy calculation: Calculate the entropy of py-.

Model selection: Repeat the above steps several times to produce a set of distinct feasible candidates.
Choose as the final estimate the candidate that achieves the highest entropy. il

An apparent difficulty in implementing this algorithm is that one needs to calculate the entropies of the
candidate models produced by EM-IS. One might suppose that the entropy has to be calculated explicitly
for each candidate model by evaluating the expectation

Hp) = [ m@)oen@udn) = -log@) + 3N [ f@nEud) 6
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However, it turns out that we do not need to perform this calculation explicitly. In fact, we can easily recover
the entropy of a feasible log-linear model merely as a byproduct of running EM-IS to convergence. Recall
the decomposition from (15) that L(A) = Q(\, X))+ H(\, X') for all X', where Q(A, A') and H(\, \') are given
by (16) and (17) respectively. In the case where A is a feasible solution according to (3) (and hence (29)) we
obtain the following relationship.

Theorem 4 If ) is in the set of feasible solutions, i.e., X\ € © as defined by (29), then

QAN = —H(px)
LX) = —H(pa)+HQAN (32)

Proof: By (15), we know that L()\) = Q(\,A) + H(\, ) for all A € ©. Let AUTD = argmaxy, Q(A\, A9)).
Then from (23) we obtain Q(AUTY,A0)) = maxy Q(\,A\9)) = —H*(A)). Now, using the same argument
as in the proof of Theorem 3, we can show that all limit points of the sequence {)\(j“), j > 0} belong to the
set ©, and therefore Q(\,\) = —H (py) for all A € ©. Thus we have L(A\) = —H(px) + H(A\, A) for all A € ©.
1

This theorem provides the needed result for establishing the latter half of Theorem 1 in Section 3.
Interestingly, it also provides a simplification of the entropy calculation, (31), when A* is a feasible solution
found by EM-IS, because at convergence we will have the relationship Q(A*,A\*) = —H(p}). All one has to
do is calculate —Q(A*, A*) for a given feasible solution A* € ©, since combining (19) with (24) we have

N

H(px) = —QM%,\) = log(®x) — Y A}

i=1

Therefore, the entropy of py- can be easily determined: the 7} values for ¢ =1, ..., N are already calculated
in the E step of EM-IS (24), and the normalization constant ® - already needs to have been determined as
part of the M step for solving (26).

There are a few other observations that follow from Theorem 4. First, note that in the special case where
there is no missing data, i.e., X =Y, we have H(\, A\) = 0 and Theorem 4 shows that L(\) = —H(p,) for a
feasible solution A € ©; a well known result of standard maximum entropy theory [4, 19]. One can also draw
a clear distinction between the LME and MLE principles from (32). Assume the term H (A, \) is constant for
different feasible solutions. In this case MLE (which maximizes likelihood) will choose the model that has
lowest entropy, whereas LME (which maximizes entropy) will choose the model that has least likelihood. Of
course, H(A, ) will not be constant among different feasible A in practice and the comparison between MLE
and LME is not so straightforward, but this example does highlight their difference. The difference between
these two principles raises the question of which method is the most effective when inferring a model from
sample data. To address this question we turn to a brief experimental comparison of LME and MLE.

6 An experimental comparison

We conducted a simple experiment to ascertain whether LME or MLE yields better estimates when inferring
models from sample data that has missing components. We considered a simple three component mixture
model as a case study, where the mixing component C is unobserved but a two dimensional vector Y € $2
is observed. Thus, the features (sufficient statistics) we try to match in the data are the same as in Sections
3.3 and 4.2, except that in this case there are three rather than two mixture components and the observed
data Y is two dimensional rather than one dimensional. Given sample data 37 = (y1,...,yr) the idea is to
infer a log-linear model p(z) = p(y, ¢) such that ¢ € {1,2,3}.

The basis for comparison between LME and MLE is to realize that by the discussion in Section 3.3, any
feasible solution to the LME principle (11) corresponds to a locally maximum likelihood Gaussian mixture
as specified by (14). Therefore, we can implement EM-IS as outlined in Section 4.2 and generate feasible
candidates for the LME and MLE principles simultaneously (although as noted in Section 4.2, EM-IS reduces
to the standard EM algorithm for estimating Gaussian mixtures in this case). From Theorem 1 we know
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that LME and MLE consider the same set of feasible candidates, except that among feasible solutions, LME
selects the model with the highest entropy, whereas MLE selects the model with the highest likelihood.
Theorem 4 shows that these are not equivalent.

We are interested in determining which method yields better estimates of various underlying models p*
used to generate the data. We measure the quality of an estimate py by calculating the cross entropy from
the correct marginal distribution p*(y) to the estimated marginal distribution p,(y) on the observed data
component Y

D WIne) = [ o ;Eiﬁ u(dy)

The goal is to minimize the cross entropy between the marginal distribution of the estimated model py and
the correct marginal p*. A cross entropy of zero is obtained only when pj (y) matches p*(y).

We consider a series of experiments with different models and different sample sizes to test the robustness
of both LME and MLE to sparse training data, high variance data, and deviations from log-linearity in the
underlying model. In particular, we used the following experimental design.

1. Fix a generative model p*(z) = p*(y, ¢).
2. Generate a sample of observed data Y = (y1, ..., yr) according to p*(y).

3. Run EM-IS to generate multiple feasible solutions by restarting from 300 random initial vectors A\. We
generated initial vectors A by generating mixture weights 6. from a uniform prior, and independently
generating each component of the mean vectors . and covariance matrices o2 by choosing numbers
uniformly from {—4,—2,0,2,4} (see Section 4.2 for the relation between the 0., u., o> parameters and
A).

4. Calculate the entropy and likelihood for each feasible candidate.

5. Select the maximum entropy candidate p.,; as the LME estimate, and the maximum likelihood can-
didate pu.» as the MLE estimate.

6. Calculate the cross entropy from p*(y) to the marginals p,,(y) and pu.z(y) respectively.

7. Repeat Steps 2 to 6 500 times and compute the average of the respective cross entropies. That is,
average the cross entropy over 500 repeated trials for each sample size and each method, in each
experiment.

8. Repeat Steps 2 to 7 for different sample sizes T'.

9. Repeat Steps 1 to 8 for different generative models p*(z).

Scenario 1

In the first experiment, we generated the data according to a three component Gaussian mixture model that
has the form expected by the estimators. Specifically, we used a uniform mixture distribution 6, = % for

c = 1,2,3, where the component Gaussians were specified by the mean vectors [ _03 ], [ 0 ], [ 0 ] and

0 3
covariance matrices [ 20 [ 20 ] 20 ] respectively.
0117|0101 ’

Figures 2 and 3 first show that the average log-likelihoods and average entropies of the models produced
by LME and MLE respectively behave as expected. MLE clearly achieves higher log-likelihood than LME,
however LME clearly produces models that have significantly higher entropy than MLE. The interesting
outcome is that the two estimation strategies obtain significantly different cross entropies. Figure 4 reports
the average cross entropy obtained by MLE and LME as a function of sample size, and shows the some-

what surprising result that LME achieves substantially lower cross entropy than MLE. LME’s advantage
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Figure 3: Average entropy of the MLE estimates versus the LME estimates in Experiment 1.
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Figure 4: Average cross entropy between the true distribution and the MLE estimates versus the LME
estimates in Experiment 1.
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is especially pronounced at small sample sizes, and persists even when sample sizes as large as 10,000 are
considered (Figure 4).

Although one might have expected an advantage for LME because of a “regularization” effect, this does
not completely explain LME’s superior performance at large sample sizes. However, before discussing the
regularization properties of LME in detail, let us first consider alternative scenarios where the observed
relationship between MLE and LME is different. This first experiment considered a favorable scenario
where the underlying generative model p* has the same form as the distributional assumptions made by the
estimators. We next consider situations where these structural assumptions are violated.

Scenario 2

In our second experiment we used a generative model that was a mixture of five Gaussian distributions over
R2. Specifically, we generated data by sampling from a uniform distribution over mixture components §. = %
for ¢ = 1,...,5, and then generated the observed data Y € ®2 by sampling from the corresponding Gaussian

distribution, where these distributions had means [ g ], [ 8 ], [ g ], [ _02 ], [ _02 ] and covariances

[ g (1) ], [ g (2) ], [ (1) (2) ], [ g (1] ], [ é (2] ] respectively. The LME and MLE estimators still only
inferred three component mixtures in this case, and hence were each making an incorrect assumption about
the underlying model.

Figure 5 shows that LME still obtained a significantly lower cross entropy than MLE at small sample
sizes, but lost its advantage at larger sample sizes. At a crossover point of T' = 1000 data points, MLE began
to produce slightly better estimates than LME, but only marginally so. Overall, LME still appears to be a
safer estimator for this problem, but it is not uniformly dominant.

Scenario 3

Our third experiment attempted to test how robust the estimators were to high variance data generated by a
heavy tailed distribution. This experiment yielded our most dramatic results. We generated data according
to a three component mixture (which was correctly assumed by the estimators) but then used a Laplacian
distribution instead of a Gaussian distribution to generate the Y observations. This model generated data
that was much more variable than data generated by a Gaussian mixture, and challenged the estimators
significantly. The specific parameters we used in this experiment were 6. = % for ¢ = 1,2,3, and means
[ g ], [ 8 ], [ (2) ] and “covariances” [ (2) (1) ], [ g g ], [ (1) g ] for the Laplacians.

Figure 6 shows that LME produces significantly better estimates than MLE in this case, and even
improved its advantage at larger sample sizes. Clearly, MLE is not a stable estimator when subjected to
heavy tailed data when this is not expected. LME proves to be far more robust in such circumstances and
clearly dominates MLE.

Scenario 4

However, there are other situations where MLE appears to be a slightly better estimator than LME when
sufficient data is available. Figure 7 shows the results of subjecting the estimators to data generated from

2
a three component Gaussian mixture, § = %, ¢ =1,2,3, with means [ 0 ], [ 8 ], [ (2) ] and covariances
01 02 02
sample sizes, but after a sample size of T' = 500, MLE begins to demonstrate a persistent although modest
advantage.

[ 20 ], [ 20 ], [ 10 respectively. In this case, LME still retains a sizeable advantage at small

Overall, these results suggest that maximum likelihood estimation (MLE) is effective at large sample sizes,
as long as the presumed model is close to the underlying data source. If there is a mismatch between the
assumption and reality however, or if there is limited training data, then LME appears to offer a significantly
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Figure 5: Average cross entropy between the true distribution and the MLE estimates versus the LME
estimates in Experiment 2.

19



35

25F

Cross entropy
N
T

15+
1k
0.5 .
10" 10? 10° 10*
Sample size
sample size 50 100 200 500 1000 2000 5000 10000
MLE 3.3539 | 2.8648 | 2.5654 | 2.3634 | 2.2098 | 2.2067 | 2.1751 | 2.1164
LME 2.5881 | 1.9723 | 1.7301 | 1.6009 | 1.5196 | 1.3276 | 1.1941 | 0.9871
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safer and more effective alternative. Of course, these results are far from definitive, and further experimental
and theoretical analysis is required to give completely authoritative answers.

A few comments are in order. It appears that LME adds more than just a fixed regularization effect
to MLE. In fact, as we demonstrate in Section 8.1 below, one can add a regularization term to the LME
principle in the same way one can add a regularization term to the MLE principle. LME behaves more like an
adaptive rather than fixed regularizer, because we see no real under-fitting from LME on large data samples,
even though LME chooses far “smoother” models than MLE at smaller sample sizes. In fact, LME can
demonstrate a far stronger regularization effect than any standard penalization method: In the well known
case where EM-IS converges to a degenerate solution (i.e., such that the determinant of the covariance
matrix goes to zero) no finite penalty can counteract the resulting unbounded likelihood. However, the LME
principle can automatically filter out degenerate models, because such models have a differential entropy of
—oo and any non-degenerate model will be preferred. Eliminating degenerate models by the LME principle
solves one of the main practical problems with Gaussian mixture estimation.

Another observation is that all of our experiments show that MLE and LME reduce cross entropy error
when the sample size is increased. However, we have not yet proved that the LME principle is statistically
consistent; that is, that it is guaranteed to converge to zero cross entropy in the limit of large samples—when
the underlying model has a log-linear form in the same features considered by the estimator. We are actually
interested in a stronger form of consistency that requires the estimator to converge to the best representable
log-linear model (i.e., the one with minimum cross entropy error) for any underlying distribution, even if
the minimum achievable cross entropy is nonzero. Determining the statistical consistency of LME, in either
sense, remains an important topic for future research.

7 Application to other models

Clearly the LME principle is more general than Gaussian mixture models. In this section we demonstrate
how LME can be applied to other important estimation problems involving latent variables. Our aim in this
section is not to present a full fledged study of each problem, but to merely illustrate how the LME principle
can be applied in each case. Specifically, we focus on the application of the EM-IS algorithm to finding
feasible solutions, and point out cases where it yields faster converging algorithms than standard maximum
likelihood training algorithms.

7.1 Mixtures of Dirichlet distributions

The first model we consider is a mixture of Dirichlet distributions, which has applications in natural language
modeling and other areas [6, 31]. In this problem, the observed data has the form of an M dimensional
probability vector y = (y1,...,ynm) such that 0 < y, < 1for £ = 1,..., M and Zé\il y¢ = 1. That is, the
observed variable is a random vector Y = (Y1,...,Yy) € [0,1]¥, which happens to be normalized. There
is also an underlying class variable C' € {1,2} that is unobservable. Let X = (Y,C). Given an observed
sequence of T' M-dimensional probability vectors Y = (3, ...,yT), where y* = (%, ...,9%,) for t = 1,..., T, we
attempt to infer a latent maximum entropy model that matches expectations on the features f¥(x) = 6 (c)
and fF(z) = (—logye)dr(c) for £ =1,..., M and k = 1,2, where z = (y,c). In this case, the LME principle
can be formulated as
max H(X) = H(C)+H(Y|C)

p(z)

subject to /ex Or(c) p(x)u(dz) = Zﬁ(y)zék(c) p(cly) u(dz)

yey
/ (F10gY0) 8(c) pla) p(de) = > " b(y) Y (—logye) Gk (c) plely) p(da)
e yey c

for=1,..,M and k=1,2

where 85 (c) indicates whether ¢ = k and p(y) = +. Due to the nonlinear mapping caused by p(c|y) there is no
closed form solution. However, as for Gaussian mixtures, we can apply EM-IS to obtain a feasible log-linear
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model for this problem. To perform the E step, one can calculate the feature expectations according to (24)

T
. 1 .
n(’)ﬂ,(ﬂ) — TE : E : 8k(c) pf’(])

t=1 ce{1,2}

, 1 .
nf’(]) = 7 Z Z (—logyh) 6k (c) p&@ for£=1,..,M and k =1,2
t=1 ce{1,2}

where pi" = pyo)(C =kly') = pro) WC =k) pr6)(C =k)/ Loeqrzy Pao(¥'lc) Py (c). Note that
these expectations can be calculated efficiently, like the Gaussian mixture case.

To execute the M step we then formulate the simpler maximum entropy problem with linear constraints,
as in (20) and (21), to obtain

max H(X) = HC)+HY|C)
p(z
subject to / 0r(c) p(z)p(dz) = ng’(j)
TEX
/ (—logye) 0 (c) p(x)p(dx) = nf’(j) fort=1,..,M and k=1,2
TeEX

For this problem we can obtain a log-linear solution of the form p(z) = p(y,c) where p(c) = * EZ;I oL

and the class conditional model p(y|c) is a Dirichlet distribution with parameters aj = 1 — Af; that is

-1 .
p(ylec) =T (Eé\il aﬁ) (Hé\il F(aff)) Hé\il Yy ' However, we still need to solve for the parameters af.
(This is unlike the Gaussian mixture case where we could solve for the Lagrange multipliers directly.) By
plugging in the form of Dirichlet distribution, the feature expectation will have explicit formula, thus the
constraints that the parameters of should satsify become

M
—\Il(alc’(])) + T (Z af,f”) — nf,(J)

m=1

for £=1,...,M and k = 1,2, where ¥ is the digamma function. The solution can be obtained by iterating
the fixed-point equations

M
T(aP U0y — g (Z a%(ms—l)/m) — b
m=1

for £ =1,...,M and k = 1,2. This iteration corresponds to a well known technique for locally monotonic
maximizing the likelihood of a Dirichlet mixture [32]. Thus, EM-IS recovers a classical training algorithm
as a special case.

7.2 Hidden Markov models

Assume the observed data is a sequence Y = (y1, -y Yt, -, y7) where each y; takes value on a finite set of
integer values from Y = {1,...,V}. Also assume that the observed sequence is related to a hidden state
sequence (81, ..., 8¢, ..., ST), where s; takes value on a finite set of integer values from S = {1, ..., L}. Thus we
have the complete data X = (Y,S) where Y and S are random sequences Y = (Y1,...,Yr), S = (Sy, ..., S1)
respectively.

The LME approach to estimation does not make conditional independence assumptions directly, but
instead specifies a set of features whose expectations we force the model to satisfy. In this case we assume
the features are defined over contiguous pairs of hidden state variables and concurrent observed and hidden
state variables. That is, we consider the features fi,(y,s) = 0,(y)dx(s) and fre(s,s’) = dx(s)de(s") for
v=1,..,V,k=1,...,L,and £ = 1,..., L , where s and y are values for concurrent hidden state and observed
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Figure 8: Hidden Markov model

variables respectively, and s and s’ are values for consecutive hidden state variables. Note that all features are
binary and therefore one can represent the structure of the log-linear model by a graph, where nodes depict
variables and edges connect each pair of variables that co-occur in some feature function. The resulting
graphical structure, illustrated in Figure 8, corresponds to the standard graphical representation of a hidden
Markov model (HMM).

Now, given a sequence of observed data ) = (y1,---,y1) Wwe can formulate the LME principle as

max H(X) = H(S)+H(Y]S)
T
subject to Z 25 y,s) = Zz5u(yt)5k(5) p(s]yt)
yEY sES t=1 s€S
S )0 ples) = 3N S(s)u(s) pls, 1)
seSs'eS seS s'eS

fork=1,...,L, ¢=1,... L, v=1,...,V

where z = (y1,...,yT, $1,...,87). To find feasible log-linear solutions to this problem, one can apply the
EM-IS algorithm. First, the E step can be performed by calculating feature expectations according to (24)

T
3 360 (9e) k() pao (slye)

(9

Nw =
t=1 se8§

nl(c]é) = Z Z k(s ") pacr (5,8'|Y)
se€S s'eS

fork=1,..,L,¢=1,..,Land v =1,...,V. Below we will prove that the log-linear model is equivalent to a
standard HMM, and therefore these terms can be efficiently calculated by the forward-backward algorithm.

To execute the M step, we then formulate the simpler maximum entropy problem with linear constraints,
as in (20) and (21)

max H(X) = H(S)+ H(Y|S)

p(z)
subject to Z 25 y,8) = nl(cjv)
yeY seS
30N bk(s)dels)) pls,s) = 0
sES s'eS

fork=1,..,L,¢(=1,..,L,v=1,...,V

This problem can be solved by considering the equivalent dual problem of finding the parameters A that
maximize the likelihood of the complete data for log-linear models.

These computational problems become easier once we prove that the marginal distribution over the
hidden state sequence has the structure of a Markov chain. To do this, we use the fact that a log-linear
model defines a decomposable graphical model [28]. Following [28], we can rewrite the full joint probability as
a product of maximal clique potentials, divided by the potentials of every nonempty intersection of maximal
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Figure 9: Trellis to calculate the normalization factor and feature expectation, the weight of each link is the
exponential of the corresponding Lagrangian multiplier

-

cliques. (Here variables are thought of as nodes in a graph where there is an edge between two variables if
they share a feature function.) Accordingly, we obtain

T
g(yt; St 9(5¢,5¢41)
p(yla"'ayTasla"'asT) = 31;52
t:l—ll g(s iy 9(st)

T 9(s0,5041)

] 1

p(s1,..,8T) = Z P(Y1, s YT 81, -, ST) = g(SI,SQ)H%

(y1,---,y7)EVT = 95

for some positive functions g. This equation shows that the sequence si,...,s7 is a first order Markov
chain. Therefore, we have shown that the LME principle infers a distribution that has the form of a hidden
Markov model in this problem. To perform the M step in EM-IS, note that f(x) = 27T in this case, where

= (Y1y.ees YT'5 1, -5 ST), 50 We can use Equation (27) to directly calculate the update A() — \G+D),
Contrary to the assertion in [26], the normalization factor

L v L L
o o= ep | D D D D M@ r(s) + DD DD Mk du(s) dels)
k=1 ¢=1

k=1v=13seS yey =1seSs'eS

can be calculated efficiently by the sum-product algorithm. That is , it is possible to sum over all the links
at each time slice and pass through the trellis nodes with the product of the weight to the ongoing nodes.
The feature expectations can then be calculated explicitly as

S 6 dls) p@) = 1 3 Su(ye) Spalse) pla)

TEX TEX
D Okls)be(senn) (&) = 1= Gzulse) Ope(s041) p(x)
TEX TEX

where the right hand sides can be calculated efficiently by summing over all the links except the corresponding
feature at each time slice and passing through the trellis nodes, finally dividing by the normalization factor.
(See Figure 9 for an illustration.) Thus the computational complexity of EM-IS in this problem is at the
same order as the Baum-Welch algorithm.

7.3 Boltzmann machines

Consider a graphical model with M binary nodes taking values either 0 or 1. Assume that among these
nodes there are J observable nodes Y = (Y1, ...,Ys), and L = M — J unobservable nodes U = (Uy, ...,Up).
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Figure 10: Boltzmann machine model: nodes Y are observable, nodes U are unobservable.

Let X = (Y,U). Thus, Y = {0,1}/, 4 = {0,1}Y and X = {0,1}/+L = {0,1}M. For this problem, the
observed data has the form of a J dimensional vector y = (y1,...,4s) € {0,1}’. Given an observed sequence
of T' J-dimensional vectors V = (y%,...,y%), where y* € {0,1}” for t = 1,...,T, we attempt to infer a latent
maximum entropy model that matches expectations on features defined between every pair of variables
in the model. Specifically, we consider the features fre(z) = yrye, fom(®) = Yrtm, fmn(Z) = Umuy,, for
1<k<t<Jand1<m<n <L, where z = (y,u) = (y1,---,Y7s,U1,---,ur). Note that once again the
features are all binary, and therefore we can represent the structure of the log-linear model by a graph, as
shown in Figure 10.
Given a sequence of observed data ) = (¥, ...,yT), we formulate the LME principle as

max H(X) = H(Y)+H{UJY)
p(z
subject to D owkyep(@) = Y yrye By)
zEX yey
S vkumpe) = D k) Y, um puly)
zeX yeYy u€{0,1}F
Zumunp(x) = Z U Up, P(1) forl<k<f{<Jandl<m<n<L
zeX ue{0,1}£

where z = (y,u) = (Y1, ..., Ys, U1, .., ur) and f(y) = %. Again we can apply EM-IS to find a feasible log-linear
model. To execute the E step, calculate the feature expectations according to (24)

= Y vk
t=1

T
- 1
nd), = TV D ump(uly)

t=1  ue{0,1}L

n,(g?n = Z Um Uy, D(U) foril<k<fé{<Jand1<m<n<L
ue{0,1}F

To execute the M step we then formulate the simpler maximum entropy problem with linear constraints, as
in (20) and (21)

maxH(X) = HY)+HU|Y)

p(z)
subject to Z yrye p(x) = 771(6]%
TeEX
> weump(@) = 0,
TEX
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Zumunp(x) = n%)n forl<k<f{<Jand1<m<n<L
zeX

where z = (y,u) = (y1,.-,YJ,U1,-..,ur). In this case, the probability distribution for the complete data
model can be written

1 1,7 1,TA TA 1 1,7
pal@) = paluy) = grerv My Avivilvon o omear A
A A

Ay A . . . .
where A = [ AY XU ] is the M x M symmetric matrix of A parameters corresponding to the features
yu Au

over the variable pairs (with the diagonal elements of A equal to zero), and ®a = }°, g 1ym e3®
the normalization factor. This graphical model corresponds to a Boltzmann machine [1]. To solve for the
optimal Lagrange multipliers A9 in the M step we once again need to use iterative scaling. Following
(25), we iteratively improve AU) by adding the update parameters y{7+5/K) that satisfy (26). These can be
calculated by by using Newton’s method or the bisection method to solve for vU+5/K) in

TAz is

1 1 . . .
o Ykl exp <§wT [AGHED/E) 4 ORI (1T - 1) :c) = )
ce{0,1pm  AUTETDIO
1 1 . )
" YkUm €XP (5wT [A(’“s‘”/") +yd AT - IM)] a:) S
ee{oym - AUTEZDIO
1 Lt . |
U Uy, €XP (—xT I:A(H-(S*l)/K) +7§Jj+8/K)(1T1 _ IM)] x) _ n%)n
@ pG+G-1/5) 2 :

z€{0,1}M

forl<k<t<Jandl1<m<n<L

Here 1 is the M dimensional vector with all 1 elements, and I, is the M x M identity matrix. The required
expectations can be calculated by direct enumeration when M is small, or approximated by generalized belief
propagation [36, 39] or Monte Carlo estimation [1] when M is large.

Byrne [8] used a sequential update algorithm for the M step in a Boltzmann machine parameter estimation
algorithm. However, to maintain monotonic convergence, Byrne’s algorithm requires a large number of
iterations in the M step to ensure a maximum is achieved, otherwise monotonic convergence property can be
violated for the sequential updates he proposes. In our case, EM-IS uses a parallel update that avoids this
difficulty. A sequential algorithm that maintains the monotonic convergence property can also be adapted
as described in [11].

To compare EM-IS to standard Boltzmann machine estimation techniques, first consider the derivation
of a direct EM approach. In standard EM, given the previous parameters A, one solves for new parameters
A by maximizing the auxiliary ) function with respect to A

T
1
T2 > pa(uly’)logpaly’ u)

t=1 »e{0,1} L

QA A)

T
1 T t
= —log(®x) + ﬁz Z z Az par(uly’)

t=1 ue{0,1}
Taking derivatives with respect to A gives
9 )
QWA = =0 By [ra ]+—Z >z’ pa(uly?)
t=1 ue{0,1}F

Apparently there is no closed form solution to the M step and a generalized EM algorithm has to be used in
this case. The standard approach is to use a gradient ascent to approximately solve the M step. However,
the step size needs to be controlled to ensure a monotonic improvement in ).
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Figure 11: Convergence evaluation: log-likelihood versus iteration, solid curve denotes EM-IS with k=4,
dotted curve denotes EM-IS with k=1, and dashed curve denotes gradient ascent.

By comparison, EM-IS has distinct advantages over the standard gradient ascent EM approach. First,
EM-IS completely avoids the use of tuning parameters while still guaranteeing monotonic improvement.
Moreover, we have found that EM-IS converges faster than gradient ascent EM. Figure 11 shows the result
of a simple experiment that compares the rate of convergence of M step optimization techniques on a small
Boltzmann machine with five visible nodes and three hidden nodes. Comparing EM-IS to the gradient ascent
EM algorithm proposed in [1], we find that EM-IS obtains substantially faster convergence. Figure 11 also
shows that using several IS iterations in the inner loop, K = 4, yields faster convergence than taking a single
IS step, K = 1 (which corresponds to Riezler’s proposed algorithm [34]).

8 Extensions

We briefly outline some useful extensions and relaxations of the basic LME principle.

8.1 A Bayesian extension

In many statistical modeling situations, the constraints themselves are subject to error due to small sample
size effects—particularly in domains where there are a large number of features. One way to mitigate the
sensitivity to constraint errors is to relax the LME principle by introducing slack variables [10, 17, 29]. That
is, we can augment the LME principle to be

max H(p) — Ul(e)

p,&

subject to the constraints

[ p@penan =+ a0 [ h@pemud) =1y

yey

where the ¢;, for i = 1,..., N, are slack variables that allow for errors on the constraints, and U : RN — R is
a convex function that has its minimum at 0. The regularization term U(e) penalizes violations in reliably
observed constraints to a greater degree than deviations in less reliably observed constraints. This establishes
a Bayesian framework for exponential models in which a prior distribution on feature parameters can be
naturally incorporated.
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To solve the reformulated LME problem, we again restrict p to be a log-linear model and develop an
iterative algorithm for finding feasible solutions. The key to developing such an algorithm is to note that the
stationary points of the penalized log-likelihood of the observed data, R(A,0) = 3, .5 P(y) log pa(y) +U* (}),
are among the feasible set of the relaxed constraints, where U* () is the convex conjugate of U. For example,

i=12%4 €
In this case, the EM-IS algorithm remains almost the same except that the parameter update (26) in the
M step needs to modified to

given a quadratic penalty U(e) = SN | Lo2e2 with ¢; = 2¢ we obtain U*(X) = PO 557 the Gaussian prior.

(G+3/K) AGHE-D/K) | (G+s/K) ,
/ fi(z) e 1@ prise—nmo (@) pld) + = 3 Y =
zeEX

a;

8.2 Automated feature selection for model construction

By using the LME principle, it becomes possible to extend the incremental feature induction paradigm [19] to
reveal hidden structure. Assume there is a pool of candidate features F. After the nth step of the induction
algorithm, we have added n features with weights ), to the model. In the n + 1st step, we consider adding
a single feature f, € F with weight a that has the largest information gain

Gr (@7 for) = min HQ\,) = H(a,A,)
= A . A
max Qo dg;,4,)
T jer %ﬁ(y) /z oz P (2ly) 1og pa., () p(dz)
Yy

The value of Q(a,),;@,),) can be obtained by an iterative maximization, Q(a,\,;a),),), which is
equivalent to maximizing the dual function of the complete data Kullback-Leibler divergence problem

Do, (1')
maXDpxp,\ =—/ Pa,p, (z)log —="—
oy Dlrea,Ioa,) AN

n

p(dz)

subject to [ @) P, @ uldz) = 35l / 12(@) Pt ». (2ly) 1(d2)

yey

This can be solved by Newton’s method [4, 19].

8.3 Using general Bregman divergences

The LME principle can be easily extended in terms of minimizing Bregman distances [7, 9, 11, 16, 17, 20, 25], a
class of generalized entropy measures that is associated with convex functions for a discrete-state distribution.
Let ¢ : RM — R be a strictly convex function defined on a closed convex set S C RM, where S is typically
assumed to be the set of probability distributions (or positive measures) p = (p(x1), ..., p(xar)) over a given
finite set of M points, x1,...,zy. Assume ¢ is differentiable at all points of Sy, the interior of S. The
Bregman divergence for p € § and g € Siyy is defined to be

By(p;a) = ¢(p)—¢@ — (Ve(d - p—9))

That is, By measures the discrepancy between two distributions p and g by taking the difference between ¢
evaluated at p and ¢’s first-order Taylor expansion about g, evaluated at P

Given a finite set of data points 1, ...,z and a set of features f, ..., f™) let F denote the N x M
matrix of feature values at each point. That is, F(j,z) = f9(x). Here the columns of F' correspond to the
finite set of points 1, ...,z and the rows of F' correspond to the features f(). We use the notation F(z)
to denote the column of values corresponding to (f™)(z), ..., f™¥)(x))T. Features in this case correspond to
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“weak learners” in boosting, or sufficient statistics in a log-linear model. Given a set of data points we can
propose a generalization of the LME principle based on minimizing Bregman divergence.

Latent minimum Bregman divergence principle Let ¢ € S be a default distribution chosen so
that Vd)(go) = 0. Given features specifying the properties we would like to match in the data, choose a
distribution p to minimize

subject to the constraints

F(z) plz) = F(z)p(y) plzly) forallz
where each = decomposes as x = (y, z) for some y and z. 1

Under an additive model assumption, one can use an alternating minimization procedure with nested
iterative scaling to find feasible solutions to this principle, similarly to the LME principle.

9 Conclusion

We have proposed a latent maximum entropy principle, LME, which incorporates latent variables in its
inferred models to obtain more expressive power than the maximum entropy principle of Jaynes. An EM
algorithm that incorporates nested iterative scaling, EM-IS, is used to solve the problem of finding feasible
solutions for the LME principle. EM-IS retains the main virtues of the EM algorithm—its guarantee of
monotonic improvement of the likelihood function, and its absence of tuning parameters. We have shown
that many familiar models can be recovered by the LME principle, and that EM-IS recovers many standard
iterative training procedures for these models. In one case we have seen that EM-IS leads to a new training
procedure that has superior convergence properties to standard methods. We then used EM-IS to develop
the ME-EM-IS algorithm for approximately realizing the LME principle. This algorithm exploits EM-IS to
generate feasible solutions, but then evaluates the entropy of the candidates and selects a highest entropy
feasible solution. Some experiments show the advantage of LME over standard maximum likelihood estima-
tion (MLE) in estimating a data source with hidden variables. Finally, we presented several applications of
the LME principle to highlight its generality and to show some useful extensions.

For future work, we are planning to investigate several theoretical questions, including the statistical
consistency of LME, bounds on its generalization error, techniques for automatic model complexity control,
and the relationship between LME and graphical models. We are also investigating ideas for relaxing the
log-linear assumption, and using the LME principle for unsupervised boosting [29].

We have begun to use LME to build models of complex natural phenomenon. In [37], we have applied this
method to build a sophisticated mixed chain/tree/table graphical model for statistical language modeling,
where various aspects of natural language—such as local word interaction, syntactic structure, and semantic
document information—can be modeled by mixtures of exponential families with a rich expressive power.
LME allows us to combine these models, effectively, in a unified framework. We are also planning to
investigate several practical applications of the LME principle, including problems in machine translation,
text classification, information retrieval, image analysis, computer vision and bioinformatics.

A The information geometry of EM-IS

We give an information geometric interpretation of the EM-IS algorithm by using the information divergence
and the technique of alternating minimization on probability manifolds. This interpretation will provide a
clear illustration on how the EM-IS algorithm converges to a stationary point of the likelihood function. Our
analysis also clarifies some of the properties of EM algorithms more generally.

Define the Kullback-Leibler divergence: D(pllq) = [ ., p(z)log % p(dz), (where 0log0 = Olog 3 =
0,clog § = oo if ¢ > 0), which is a measure of distance p from ¢. It is non-negative, equals 0 if and only if
p = ¢, but non-symmetric and does not satisfy triangle inequality.
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Figure 12: In the space of all probability distribution on the complete data P, curve C denotes the set which
satisfies the nonlinear LME constraints, curve £ denotes the set of exponential models, and the intersection
of C and & is the set of the stationary points of the log-likelihood function of the observed data.

To understand the relationship between maximum likelihood and LME models, note that, unlike the
complete data case, we have L(A) # A(p, \) if there are missing data components. However, the stationary
points of the log-likelihood function (10) are the approximate solution for (8) under the log-linear assumption,
because ignoring the last two terms of (9) we have %)Ef\) = %. To illustrate the relationship between
maximum likelihood models and LME models, consider the manifolds of the stationary points of the log-
likelihood on incomplete data (10) for a general model, and the feasible solutions of the LME principle (3)

under the log-linear assumption respectively:

¢ = {pep: / Pz n(da) = yez;ﬁ(y) / P () pde), =1, N (33)

where

N
Q = {AE?RN:/EXeXp (ZAJ,(:I:)) p(dz) < oo} (35)

The restriction A € Q will guarantee that the maximum likelihood estimate is an interior point of set of A’s
for which py(y) is defined.

Figure 12 illustrates that the two manifolds intersect at the set of log-linear models that are also stationary
points of the log-likelihood function of the incomplete data.

Now define manifolds M and G, as

M

{peP: [ #o) utaz) = i) yey} (36)
G, = {peP: / @) i) ulds) = z':l,...,zv} (37)

where a is some given vector of constants, a = (ay, ...,an)- Then we have

Lemma 1 M is a linear submanifold of C.

Proof: Assume p; € M and p» € M, and let p(z) = Opi(z) + (1 — O)p2(z) for § € [0,1]. Then
Lezp@p(dz) = 0 [ pi(x)u(dz) + (1 = 0) [, ;p2(x)u(dz) = PH(y). Therefore p € M, and M is a
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linear manifold. Also, for all p € M we have p(z) = p(y)p(z|y), and therefore [ _. p(z)fi(x)u(dz) =

2 yey PY) L.cz P(2ly) fi(x)p(dz), i = 1,..., N. Thus M C C. So we conclude that M is a linear submanifold
of C. 1

One alternating minimization step [8, 14] starts from a given distribution py ) € &£, and finds the backward
I-projection, p(;), of pyuy onto M; that is, p;y = argminyeas D(p||pacy)- Then by fixing p(;) we next find
the forward I-projection, pyi+1), of p(;) onto &; that is pyg+1 = argming,, e D(p(j)|lpa). It is possible to
establish a well known result that an alternating backward I-projection, forward I-projection step leads to the
EM update of the auxiliary function Q(X, \)). We include a proof here to make this paper self-contained.

Lemma 2 One alternating minimization step between M and & is equivalent to an EM update:

Proof: Given p,; €&, for all p € M, we have

Dloloxs) = [ pla)iog PO i)

3 p(y)p(zly)
B Z/ZEZ Pylp(zly) log A (¥)PAw (2]y) pldz)

ey
= Zﬁ(y)logp @) +2p ) D(p(2y) ||P)\(:)(Z|Z/)Z (39)
gea? AY >0

independent of p(z\y)

which implies that

min D(plps) = gﬁ(y)logpiff/()y) = DGW)lpro®))

is achieved by setting p(;)(z) = p(y)prw (2[y)-
Now fixing p(;) we seek the py € £ that minimizes D(p;)||ps):

D(pllpr) = / . P (@ )logpm((x )) u(de)

- X /ZEZ N

= Zp Ylogp(y) + S Ay / (1)prco (2ly) 1og prco (2ly) u(d2)

yey yeY
independe:t of px(z)
-3 i) / Pro (21y) log pa (@) p(d) (40)
yey

The last term is exactly the auxiliary function Q(A, A¢)). Thus py+1) = argmin,, c¢ D(p(;)llpa) is equivalent
to finding AU+ in (38). 1

This equivalence enables us to establish an information geometric interpretation of EM-IS algorithm
as follows (see Figure 13 for an illustration): In the space of all probability distributions on the complete
data, P, curve C denotes the set which satisfies the nonlinear LME constraints, curve £ denotes the set
of exponential models, and the intersection of C and £ is the set of stationary points of the log-likelihood
function of the observed data. Line M denotes the set of distributions whose marginal on y matches the
empirical distribution.
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Figure 13: The information geometry of alternating minimization procedures. Here the straight line M
denotes the set of distributions whose marginal distribution matches the empirical distribution, M C C. The
nonlinear operator T denotes marginalization of p(z) over z, and maps the entire space of p(x) into p(y),
M into a singleton p(y), and € into pA(y). The intersection of C and & is the set of distributions for which
the alternating minimization procedure reaches a fixed point.

Starting from p,) € &, line G, denotes the set whose feature expectations match the constant a. The in-
tersection of M and G, is the point p(;) (¥) = B(y)paw» (2|y) such that 3° 5 5(Y) [,z P (21y) fi(z) p(dz) =
a;,i = 1,..., N. That is, it is the backward I-projection of pyi) € £ to M, given by p(;) = argminyer D (p[|prc»)-
The E step determines the value of a. The M step finds the intersection of £ and G,. This is achieved by a
forward I-projection of p(;) onto £, given by pyi+1y = argminy, ee D(p(; [lpa); which is equivalent to the I-
projection of the uniform distribution U onto G, pys+1 = argminpeg, D(p|[Uf). This alternating procedure
will halt at a point where the three manifolds C, £ and G, have a common intersection because we will reach
a stationary point in that case. Due to the nonlinearity of the manifold C, the intersection is not unique.

Note that in the EM-IS algorithm, each update AU+s/K) after an iterative scaling phase increases
Q(X\,A), and therefore decreases the divergence D(p(j)llpa) between p(;y and py. Instead of finding a
final forward I-projection p,;+1) for each M step, EM-IS only finds an approximation solution after K
iterations of the iterative scaling procedure.

Also, note that in the case where there is no unobserved training data, the manifold M shrinks to a
singleton p(z), and C stretches to match G. In this case, the manifolds C, G and £ intersect at a unique point.

Previously, Amari [2], Byrne [8], and Csiszar and Tusnady [14] have given information geometric interpre-
tations of the EM algorithm for log-linear models. However, they did not explicitly consider the constraints
imposed by the nonlinear manifold C, and subsequently their explanations of why EM can converge to
different solutions depending on the initial point were unclear and hampered by this omission.

We gain further insight by considering the well known Pythagorean theorem [19] for log-linear models,
which in the complete data case states that if there exists py+ € G, N E, then

D(p|lpn) = D(p|lpa-) + D(pa|lpa) for all p € G,, pr € E
In the incomplete data case, this theorem needs to be modified to reflect the effect of latent variables.
Theorem 5 Pythagorean Property: for all py € € and all py- € CNE, there exists a p € C such that

D(pllpx) = D(pllpa+) + D(pa-|lpx) (41)

Proof: For all py» € CNE, pick p(x) = p(y)pa+ (z]y). Obviously p € M C C. Now we show that for all
prAEE

D(B(y)pa-(zly)llpa(x)) = DBY)pa- (2|y)llpa- () + D(pa- (@)[Ipa(2)) (42)

33



Establishing (42) is equivalent to showing
S () / pre Gl logpr (@) = 3 5() / pa (2ly) log pa- (2)u(d) + H (pxe (2))
~ z2€EZ ~ z2E€EZ
yeyY yey
+ / pa- (2) log pa(z)u(d) (43)
reX

The first and second terms on the right hand side cancel because Q(A*,\*) = —H(py-) for all A* € © and
px € CNE, by Theorem 4. Plugging the exponential form of py into the remaining terms yields

o) [ e (el log pa(a)uc) - / P () logpa(@)ulc)

yey £

N
= a0 [ peCnend) - [ pe@hEndn | = o0

< z2EZ TEX
yey

The term inside the brackets is 0 since py» € CNE. |

In the incomplete data case, for each point py- € C N € there is a unique point p(z) = p(y)pa-(z]y) € C
such that (p,pa~,py) forms a right triangle for all py € £. However, unlike the complete data case, in the
incomplete data case we now have multiple points px» € CNE.
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