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Abstract. We present a class of unsupervised statistical learning algo-
rithms that are formulated in terms of minimizing Bregman divergences—
a family of generalized entropy measures defined by convex functions. We
obtain novel training algorithms that extract hidden latent structure by
minimizing a Bregman divergence on training data, subject to a set of
non-linear constraints which consider hidden variables. An alternating
minimization procedure with nested iterative scaling is proposed to find
feasible solutions for the resulting constrained optimization problem. The
convergence of this algorithm along with its information geometric prop-
erties are characterized.

Index Terms — statistical machine learning, unsupervised learning,
Bregman divergence, information geometry, alternating minimization,
forward projection, backward projection, iterative scaling.

1 Introduction

A variety of machine learning and statistical inference problems focus on su-
pervised learning from labeled training data. In such problems, convexity often
plays a central role in formulating the loss function to be minimized during
training. For example, a standard approach to formulating a training loss is
to distinguish a preferred value from a set of candidate prediction values, and
measure prediction error by a convex error measure. Examples of this include
least squares regression, decision tree learning, boosting, on-line learning, max-
imum likelihood for exponential models, logistic regression, maximum entropy,
support vector machines, statistical signal processing (e.g. Burg’s spectral esti-
mation for speech signal analysis and image reconstruction) and optimal portfo-
lio selection. Such problems can often be naturally cast as convex optimization
problems involving a Bregman divergence [5,10, 23], which can lead to new al-
gorithms, analytical tools, and insights derived from the powerful methods of
convex analysis [2,3,7,13]. Training algorithms that solve these problems can
be cast as implementing a minimum Bregman divergence (MB) principle.
However, in practice, many of the natural patterns we wish to classify are
the result of causal processes that have hidden hierarchical structure—yielding
data that does not report the value of latent variables. For example, in natural
language learning the observed data rarely reports the value of hidden semantic
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variables or syntactic structure, in speech signal analysis gender information is
not explicitly marked, etc. Obtaining fully labeled data is tedious or impossi-
ble in most realistic cases. This motivates us to propose a class of unsupervised
statistical learning algorithms that are still formulated in terms of minimizing a
Bregman divergence, except that we must now change the problem formulation
to respect hidden variables. In this paper we propose training algorithms for
solving the latent minimum Bregman divergence (LMB) principle: given a set
of training data and features that one would like to match in the training data,
compute a model that minimizes a convex objective function (a Bregman diver-
gence) subject to a set of non-linear constraints that take into account possible
latent structure.

Our treatment of the LMB principle closely parallels the results presented in
[24] for the Kullback-Leibler divergence, but the extension proposed here is not
trivial. For probabilistic models under the Kullback-Leibler divergence, we can
show an equivalence between satisfying the constraints (i.e. achieving feasibility)
and locally maximizing the likelihood under a log-linear assumption. Thus, in
this case, we can resort to the EM algorithm [14] to develop a practical tech-
nique for finding feasible solutions and proving convergence. However, general
Bregman divergences raise a more difficult technical challenge because the EM
approach breaks down for these generalized entropy measures. In this paper, we
will overcome this difficulty by using an alternating minimization approach [9]
in a non-trivial way, see Figure 1. Thus, beyond the generalized KL divergence
used for unsupervised boosting in clustering [25], the techniques of this paper
can also handle a broader class of functions, such as the Itakura-Saito distortion
[17] for speech signal analysis.

LME principle AM algorithm LMB principle

joint convex

Bregman
divergence

generalized Bregman

divergence

entropy / divergence/ K-L divergence
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Fig. 1. The AM algorithm proposed in this paper is valid for the family of joint convex
Bregman divergences, but the EM algorithm proposed in [24] is only valid for the K-L
divergence. The unsupervised boosting case is dealing with generalized K-L divergence,
thus it can be solved by using the AM algorithm to find feasible solutions under latent
minimum Bregman divergence principle.
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2 The LMB principle

To express a joint (probability) model, let X € X denote the complete data,
Y € )Y be the observed incomplete data and Z € Z be the missing data. That is,
X = (Y, Z). Let ¢(t) : R — R be a strictly convex function on an interval Z C R,
and differentiable in the interior of Z. Define a closed convex set S C R%, where
S is typically assumed to be the set of (probability) distributions (or positive
measures) p over X. For functions p and ¢ on X with values in Z, a Bregman
divergence 3 [4,7,10-13,18] is a generalized entropy measure that is associated
with a convex function ¢

By(p;q) = / _ Aolp(a);ala) ()
where

Ay (p(2);q(x)) = d(p(z)) — d(a(z)) — ¢' (g(x)) (p(z) — q(=))

and ¢’ denotes the derivative of ¢. That is, the Bregman divergence B; measures
the discrepancy between two distributions p and ¢ by integrating the difference
between ¢ evaluated at p and ¢’s first-order Taylor expansion about ¢, evaluated
at p over X.

To strengthen the interpretation of By(p;¢) as a measure of distance, we
make the following assumptions.

o Ay(u,v) is strictly convex in u and in v separately, but also satisfies the
stronger property that it is jointly convex in u,v. Thus our choice of Bregman
divergence By(p; q) is strictly convex in p and in g separately, and also jointly
convex. This assumption lies at the heart of the analysis below.

e By(p;q) is lower-semi-continuous in p and g jointly.

e For any fixed p € S, the level sets {q : B4(p;q) < £} are bounded.

e If B4(p*;¢*) = 0 and p* or ¢* is bounded, then p* — ¢* and ¢* — p*.
e If p€ S and ¢* — p, then By(p;¢¥) — 0.

Examples

1. Let ¢(t) = tlogt be defined on I = [0, 00). Then ¢'(t) =logt + 1, and

Bolpia) = Do) = | N (p(w) log % o) + q(w)) ()

3 The machine learning community [8,13,18,19] is familiar with the discrete case,
since for supervised learning there are a finite number of sample points (training ex-
amples), so we can write the constraints as pertaining to a finite dimensional vector.
However, in unsupervised learning we are usually dealing with continuous variables,
and therefore instead of a vector, we are working with an infinite dimensional space.
In this paper, p denotes a given o-finite measure on X. If X is finite or countably
infinite, then p is the counting measure, and integrals reduce to sums. If X’ is a subset
of a finite dimensional space, p is the Lebesgue measure. If X’ is a combination of
both cases, p will be a combination of both measures.
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which is the generalized KL divergence. This is the objective function of
the primal problem for AdaBoost [20]. When p and ¢ are restricted to be
probability measures, it becomes the KL divergence, the objective function
of the primal problem for LogitBoost [16, 20]. Furthermore, when g is chosen
to be uniform, it becomes the Shannon entropy.

2. Let ¢(t) = t be defined on I = (—o00,0). Then ¢'(t) = 2t, and

By(p;a) = |Ip(2) — a(@)l1Z2(,)

which is the measure of energy.
3. Let ¢(t) = —logt be defined on I = (0,00). Then ¢'(t) = —1, and

(e 82) 4 22

@ T a@ 1) ld)

By(p;q) = /

reEX
which is the Itakura-Saito distortion that arises in the spectral analysis of
speech signals. When ¢ = 1, it becomes the Burg entropy [17].

4. Let ¢(t) = tlogt + (1 —t)log(1l — t) be defined on I = [0,1]. Then ¢'(t) =
log 1%, and

p(z) 1 —p(z)
z)log—= + (1 — p(x)) log ———= | u(dz
()10 221+ (1 = i) o5 T =207 )
which is the Bernoulli entropy. When ¢ = %, it becomes the Fermi-Dirac
entropy.
5. Let ¢(t) = tlogt — (1 +t)log(1l + ¢) be defined on I = (0,00). Then ¢'(t) =
log 45, and

By(p;q) = /

reX

o (@) 1+ p(2)
Botia) = [ (po)iog " - (14 p(o) log 105 ) )

which is the Bose-FEinstein entropy.

To formulate the minimum Bregman divergence principle, assume we have a
finite set of features fi(x), ..., fn(z) which correspond to sufficient statistics in a
log-linear model, weak learners in boosting, or basis function in non-parametric
estimation. Given a set of complete data points X = (), Z), where ) are ob-
served “descriptions” and Z are observed “labels”, the minimum Bregman di-
vergence principle (MB) is:

MB principle Choose a conditional distribution p(z|y) to minimize

Jin - By(B(y)p(zly)i a0(2)) (1)

subject to the constraints

Zﬁ(y) /EZ fiw) p(zly) p(dz) = Y p(x) fi(x) fori=1,.,N (2)

yey zeX



Learning Continuous Latent Variable Models with Bregman Divergences 5

where © = (y,2), g0 € S is a default distribution chosen so that ¢'(gy) = 0,
and quite often we set go to be uniform, and p(x) and p(y) denote the empirical
distributions of the complete and marginal data respectively. il

In general, iterative scaling [11-13,18] is used to obtain the (global) optimal
solution for the MB principle.

In contrast to MB principle, if the labels Z are unobserved, we propose the
latent minimum Bregman divergence principle (LMB) as follows.

LMB principle Choose a joint distribution p(z) to minimize

in By (p; 3
min B (p; qo) (3)

subject to the constraints

/wex fil@) p() pldz) = ly) /ZEZ fi(z) p(zly) p(dz), for i =1,...,N(4)

ij’

where z = (y,2), go € S is a default distribution chosen so that ¢’'(¢go) = 0, and
quite often we set go to be uniform. Here p(y) is the empirical distribution of
the observed data and p(z|y) is the conditional distribution of latent variables
given the observed data. il

Note that the conditional p(z|y) implicitly encodes the latent structure and
is a nonlinear mapping of p(z). That is, p(z|y) = p(y,z)/fz,ezp(y,z')u(dz) =
p(:c)/fw,:(y’z,)p(x')u(dm') where z = (y,2) and 2’ = (y,2'). Clearly p(z|y) is
a non-linear function of p(z) because of the division. This means we are faced
with minimizing an objective (3) subject to a system of non-linear constraints
(4). Therefore, even though the objective function (3) is convex, no unique min-
imum can be guaranteed to exist. In fact, maxima and saddle points may exist.
Nevertheless, one can still attempt to derive an iterative training procedure that
finds feasible solutions to the LMB problem. With such a subroutine in hand,
one can then heuristically solve the LMB principle by gathering several feasible
solutions (by starting with different initial points) and then choosing the feasible
p that obtains the smallest Bregman divergence.

To illustrate how the LMB principle is related to unsupervised learning, as-
sume we are given a collection of unlabeled examples from which we wish to
construct a linear combination of weak “decision stumps” to create a “strong”
predicative model for clustering. In this case, we can formulate the problem
as minimizing the generalized K-L divergence of an unnormalized exponential
model defined in terms of the features (the decision stumps) subject to the (non-
linear) constraints that the model matches the generalized feature expectations.

Below we focus on developing an iterative algorithm for finding feasible so-
lutions. In general, solving (3) subject to (4) is quite complex. Since the original
problem does not yield a simple closed form solution for p, we instead look for
an approximate solution. First, we restrict the model to have an additive form.
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Definition 1. [19] Let S C R be a set of measures. An additive model for S is
defined by an operation L : RX x S = S satisfying the homomorphism property
L(ry +r9,8) = L(r1,L(r2,8)) for all ri,ro € RX and s € S.

Lemma 1. [19] Given a convez function ¢ : ® — R, let By be the Bregman
divergence defined on measures p € S. Define the Legendre transform v oy qo by

vogqo =argmin By(p;qo) — (v - p)
peES

Then we have v oy qo = L4(go,v) such that (Ly(go,v)) (z) = (¢') (' (go(z)) —
v(x)) for all x. Also the map (v,qo) — v 04 qo is an additive model for S.

By adopting an additive model restriction, we can make valuable progress
toward formulating a practical algorithm for approximately satisfying the LMB
principle.

In the following, we use a doubly iterative projection algorithm to obtain
feasible additive solutions, and also provide a characterization of its convergence
properties and information geometry.

3 Preliminaries: Convergence of alternating projections

We present a generalization of the alternating projection method of Csiszar and
Tusnady [9] for Bregman divergences, and show how this technique can be used
to find feasible solutions for the LMB principle. In developing our method we
need to derive a slightly more general convergence result than [9], which is due
to [15]. These results are originally shown in [6,15] for discrete case, here we
extend them for continuous variables.

Since projections onto closed convex sets may be thought of as solutions of
minimum divergence problems, we begin by introducing suitable definitions for
the Bregman divergence.

Definition 2. (Forward projection) Suppose @ C S is a nonempty closed
convez set, and let p € S. We define the forward projection of p onto Q as the
unique element ¢* € Q such that By(p;q*) = mingco{Bys(p;q)}-

Definition 3. (Backward projection) Suppose P C S is a nonempty closed
convez set, and let ¢ € S. We define the backward projection of g onto P as the
unique element p* € P such that By (p*;q) = minyep{Bs(p;q)}.

We can then define the alternating projection algorithm associated with the
Bregman divergence.

Alternating minimization (AM) algorithm Consider two nonempty closed
convex sets P,Q C S.

Initialization: Let ¢° € Q be an arbitrary distribution such that there exists
p € P with By(p;¢°) < o0.
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Iterative step: Given ¢*, find p* by backward projection onto P:
k : k
=a By (p;
p" = argmin By (p;q")
Then calculate ¢°*! by forward projection onto Q:
k+l _ : k
= argmin B ;
q gmin By (p"; ¢)

Repeat until convergence. I

To prove that this procedure converges, we first demonstrate the “three points”
and “four points” properties for the Bregman divergence.

Lemma 2. (Three points property) Consider a Bregman divergence By on
two nonempty closed convex sets P, Q C S. Let ¢ € Q be such that By4(p; q) < 00
for all p € P, and let p* = argmin,ep By(p;q). Then for all p € P we have

By(p;q) — By(p*;9) = By (p; p*)
Proof. By definition of Bregman divergence, we have
By(piq B¢(p q)
/ ¢(p(z)) — ¢(»*(2)) — ¢'(a(2)) (p(z) — p*(2)) p(dz)

= / x ¢(p(x)) — ¢(p"(2)) — ¢'(p" (2))(p(2) — p"())
+(¢'(P" (@) — ¢'(a(2)) (p(z) — p"(2)) p(dz)
= Bs(p;p) + /EX(d)'(p*(w)) - ¢'(¢(x))) (p(x) — p"(2)) u(dz)

Denote the partial gradient of By with respect to its first argument as VB4 (p; q),
and note that 0Bg(p; q)/0p(z) = ¢'(p(x)) — ¢'(¢(x)). Therefore we have

(VpBy(p";:0)) (z) = ¢'(p"(x)) — ¢ (a())
for all z. Since p* minimizes By (p;q) over convex set P, we must have
(VpBs(p"59) - (p—p")) 20

The result then follows since
/GX(¢'@*($)) — ¢'(¢(2))) (p(z) - p*(2)) p(dz) = (VpBs(®";9) - (p—p*)) 1

Lemma 3. (Four points property) Consider a jointly convex Bregman
divergence By on two nonempty closed conver sets P,Q C S. Let p € P such
that By(p;q) < oo for all ¢ € Q, and let ¢* = argmingcg By (p; q). Then for all
u € P,v € Q we have

By (u;q*) < Bg(u;p) + By (u;v)
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Proof. By the joint convexity assumption of Ag(p(x);¢(x)), we have

Ag(u(e);v(x)) > As(p(@); q*(2)) + g7y Ao (0(2); ¢* (2)) (u(z) — p(2))

+ 52205 Ao (p(@); 0" (@)) (v(a) — ¢* (@)

for all z. Therefore

By (u;v) > By(p;q*) + (VpBs(p;¢*) - (u —p)) + (Vg Bo(p5¢") - (v — ¢))
Since ¢* minimizes By (p; q) over the convex set Q, we have

(Vg By(piq") - (v —q7)) 20
Thus
Bg(u;v) = By(p;¢7) = (VpBs(p;¢7) - (u —p)) >0

On the other hand, by the definition of Bregman divergence, we have

By(u;p) = Bo(u;¢*) = [,cx ¢(q*(2)) — 6(p(2)) + ¢'(¢" () (u(z) — ¢*(2))
— ¢'(p(2))(u(z) = p(z)) p(de)
)

= —By(p;0*) = [,ex (@' (p(z)) — ¢'(¢"(z))) (u(z) - p(x)) p(dz)
= =By(p;q*) = (VpBs(p; ¢*) - (u—p))
Thus we obtain

By (u;p) + By (u;v) — By (u;¢*) = By(u;v) — By(p59%) — (VpBy(p59%) - (u — p))
(U |

v

Given these two lemmas, following [15] we obtain the following convergence
result.

Theorem 1. The alternating minimization algorithm (AM) converges. That is,
pl, p?, ... converges to some p>® € P, and q',¢>?,... converges to some ¢™ € Q,
such that

0o, 00\ _
By(p*™5¢™) = min  By(p;g)
Proof. The proof of this theorem follows the same line of argument as that of
theorem 2.17 given in [15]. We first show that the sequence By (p*;q*) is non-
increasing. First note that since ¢*t! = argmin,c g By (p¥; ¢) we have By (p*; ¢F)—
By (p*; 1) > 0. Next, by the three points lemma, we have By(p";¢h*!) —
By (pF*1;g*+1) > By (ph; pF+1). Combining these two results yields

By(p*;¢") — Bs(* 5 ¢")
— B¢(pk;q ) B¢(pk k+1) +B ( k+1) B¢,(pk+1;qk+1)
> 0+ By(p*;p"*") > 0
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Therefore, for all k > 1 the sequence By(p*;q*) is non-increasing and non-
negative.

Let p*®,q® = argminpep qeq Bs(p;q). We next show that the sequence
By (p™; p*) must be non-increasing. By setting p = p¥,¢* = ¢**!,u = p*> and
v = ¢ in four points lemma, we obtain

By(p™;¢"") < By(p™; ") + By (p™;¢™)

k+1

Next, by setting p* = p**1, ¢ = ¢**1,p = p> and q = ¢ in three points lemma

By(p™;4"*) = By(p* 5 ¢"*) > By (0™ 05)
Combining these two results yields the inequality
By(p™;p") — Bs(0™;p"') > By(*5¢"M) = Bs(0™5¢°) > 0 (5)

Therefore, for all ¥ > 1 the sequence By(p™;pF) is also non-increasing and
non-negative.

Since the sequence By (p®;p*) is bounded and non-increasing it must have a
limit. In particular, as k — oo, the left hand side of (5) must go to 0. Moreover
(5) implies further that limy_,oo By (p*; ¢*) = Bs(p™; ¢*).

Finally, we must show that the distributions p* and ¢* themselves converge.
From the boundedness of B, (p™;p*) we have that p* is bounded, so it has a
convergent subsequence, denoted {p*i}. Denote the limit of this subsequence as
po. Similarly, one can show that the corresponding subsequence {g*? } is bounded,
and therefore has a convergent subsequence. Without loss of generality, we may
assume that {¢*} is convergent with limit go. By the lower semi-continuity
assumption of the Bregman divergence, we have

By (po; o) < liminf By(p*™;¢*) = By(p™5¢™)

Denote P> = {p: minyep 4eo By(p;¢)} and Q@ = {q: minyep 4e0 By(p;9)}-
Then we have pg € P> and ¢o € Q.

To prove the convergence of the entire sequence, apply the above with p*>
replaced by pg. Then the sequence {B¢ (po; p’“)} is bounded and non-increasing,
and it has a convergent subsequence {p*} — py such that {Bg(po;p")} — 0.
This implies that {Bg(po;p*)} — 0, which establishes {p*} — po. Now since
{qk} is bounded, every subsequence has itself a convergent subsequence. Denote
the limit as q(g). By the lower semi-continuity assumption of the Bregman diver-
gence, as above we have By (po; q(0)) < By(p™;¢>)- So q(o) = argmingeg By (po; q)
and {qk} — q(O)-

Finally since p>® € P> and p>® = argminy,cp By (p; ¢*°), we have By (p™;¢™) =
minpep ge0 By (p;q)- |
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4 The AM-IS algorithm for learning latent structure

We now extend this alternating minimization algorithm to finding feasible so-
lutions to the LMB principle. To understand the algorithm and its information
geometry, we first define some useful sub-manifolds in S.

C=SpeS: | filx)p@)pde) = ) | fil)pzly)udz), i =1..N

zeX = zZEZ
yey

M= {pes:/ p(y,2) u(dz) = Ply), for each yeiz}
z€Z

Go = {p €S: /wexp(m)fi(m) u(dr) = a;, i= 1...N}

N
&= {PA €S :pa(z) =Ly <q072)\ifi($)> s AE 9}

=1

where C denotes the set of nonlinear constraints the model should satisfies, M
denotes the set of distributions whose observed marginal distribution matches
the observed empirical distribution, G, denotes the set of distributions whose
features’ expectations are constant, £ denotes the set of additive models, and

N
Q:{AE%N:£¢, (qg,Z)\ifi(w)> < oo}

i=1

Now by choosing the closed convex set M to play the role of P in the previous
discussion, and choosing the closed convex set € to play the role of Q, we can
define the corresponding forward projection and backward projection operators,
and then use these to iterate toward feasible LMB solutions.

First, to derive a backward projection operator, take a current p’f‘ playing
the role of ¢* in the previous discussion, and use this to determine a distribution
p* € M that minimizes

By(p*; pk) = min By(p; p})
pEM

That is, p* is the backward projection of p’f\ onto M. To solve for p*, one can
formulate the Lagrangian A(p, a)

Alp, @) = By(p;p5) + Y ay (/

yej’

Pl utd) - ﬁ(y))

Now since

0 Ap,a) = ¢ (p(@) - # @ (@) +
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it is not hard to see that the solution p* must satisfy
p(z) = (¢") ! (¢ A (2)) — ay)

for all y € V, where ay is chosen so that

/ p"(y,2) u(dZ)Z/ (@)1 (¢' WX (y, 2)) — ay) p(dz) = Bly) (6)
2€EZ zEZ

Lemma 4. For ¢ corresponding to Examples 1 and 2 above, the backward pro-
jection of p¥ onto M is given by the closed form solution p*(z) = p(y)pk(z|y)

for all x = (y,2).
Proof. Note that for ¢(t) = tlogt (Example 1) or ¢(t) = t* (Example 2) we have

(
¢' 5 (2)) — ' (DX (W) + ¢' (B(y)) = ¢ (PX(21y)D(y))
Therefore, if we let o, = ¢'(pk (y)) — ¢'(H(y)) we obtain

p*(@) = (¢) " (¢ (P5(2) — o)
=(¢")7" (&' (5 (21)B(y)))
= py)pi(zly) 1

Thus in many cases we can implement the backward projection step for AM
merely by calculating the conditional distribution p%(z|y) of the current model.
In general, one has to solve for the Lagrange multipliers that satistfy (6) to yield
a general form of the backward projection p*(z) = ﬁ(y)p’;y, 1(2]y). In this case,
instead of using the original conditional distribution p(z|y) on the right-hand
side of the constraints, Eqn (4), a modified conditional distribution pq,(2|y)
which is a function of p(z|y) has to be used in the problem formulation of the
LMB principle.

Next, to formulate the forward projection step, we exploit the following
lemma.

Lemma 5. For any p* € M, the forward projection of p* onto £ is equivalent
to solving the minimization

p€Ga

min  Bg(p;qo) where a; = / eXJD'“(ﬂb‘)fi(ﬂb’)u(dx) (M)

Proof. To find the solution of (7), form the Lagrangian ¥(p, \)

¥ (p. ) = By (pi10) +§;*i (f

Now since

) iwtae) — | eXp’“(w)fi(w)u(dm))

Ex

N
%@w, N =9 0(e) = ¢ wle) + NS
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any solution must satisfy

pa(z) = (¢") " <¢'(CIO($)) - Z/\z’fi(l")>

Plugging into ¥, we are left with the problem of maximizing

P ) = [ 0loa() — dane) — & (0(0) (42 0) — (o) )
N
+Z>(/Hmmmmm@m—/gwwmmmwﬂ

= Bdw(Pk; Q) — B¢(Pk;1ﬂ>\)

which is equivalent to minimizing Bg(p*; px) over px € £, the forward projection
of pF onto £. 1

To solve the minimization problem specified in (7) one can use iterative scal-
ing. By using an auxiliary function to bound the change in Bregman divergence
from below, the iterative scaling algorithm can be derived. Following [13], define
an auxiliary function as the following:

Definition 4. We call A: S xRN — R an augiliary function for p* and f if it
satisfies the following conditions:

1. A(q, A) is continuous in q and A(g,0) = 0.

2. By(p*;q) — Bo(@"; Lo(a, iy fil@)Ai)) > A(g, V).
3. If X\ =0 is a mazimum of A(q, \), then

/ ﬁ@q@M@wz/ fi@) P pde),  i=1,..N
zeEX TEX

Maximizing this auxiliary function we obtain new parameters A’ = A + AX and
a new model given by

N
Dor =L (fb\, > A)\ifz'(w))

=1 y .
=L (E (%; Z )\z'fi(w)) 72 A)\z‘fi(w))
=1 =1

=L (qx, > i+ A)\z-)f,-(a:)>

i=1

When AN = 0, we have that gy = min,cg, By(p; qo)-
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Lemma 6. Define f(z) = Yo, |fi(z)], oi(z) = sign(fi(z)) and ls(q,v) =
sup,es(v - p) — By (p; q). Then

defzx\ / fi(@) p*(@) p(da) (8)
|fz$ al ) )
Z lo (4.3 0s() f@A: | o)

:E
Ele

is an auziliary function for p* and f, and the corresponding iterative scaling
update scheme is given by

a4ty = Ly (qgc:iAifi(m)) 9)
i=1
where A\j,i =1, ..., N satisfies
| ks (@hoi@ @x) udn) = | fiw) P (10
and
Jim g =gl = argmin Bs(p*;9) (11)

Proof. Following [13], which considers discrete state distribution, we consider
the continuous case. The proof is essentially identical.

We verify that the function defined in (9) satisfies the three properties of the
definition. Property (1) holds since l4(g,0) = 0. Property (2) follows from the
convexity of 4.

N
ly <Qaz)\z‘fi($)) ly (q,zaz ) filz z) (12)
|fz z) N '
/ Z f(z) quaz(l')f(x))\z p(dz) (13)

EX i1 i=1

The rest proof follows exactly the proof of Proposition 4.4 of [13]. 1

We are then able to find feasible solutions for the LMB principle by using
an algorithm that combines the previous AM algorithm with a nested IS loop
to calculate the forward projection.

AM-IS algorithm:

Backward projection: Compute p*(z) = p(y) pﬁy,/\(z|y), which yields a; =
fmexpk (z)fi(zx)p(dx),i = 1,..., N for the forward projection step.
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Forward projection: Perform iterations of full parallel update IS as in (9) and
(10) to obtain the parameter values A = (A$°, ..., A%®) and set pk (z) = ¢% (z).

This alternating procedure will halt at a point where the three manifolds C,
€ and G, have a common intersection, since we reach a stationary point in that
case. Due to the nonlinearity of the manifold C, the intersection is not unique,
and multiple feasible solutions may exist.

We are now ready to prove the main result of this section that AM-IS can
be shown to converge and hence is guaranteed to yield feasible solutions to the
LMB principle.

Theorem 2. The AM-IS algorithm asymptotically yields feasible solutions to
the LMB principle for additive models.

Proof. By lemmas 5 and 6 and choose the closed convex set M to play the role
of P in Theorem 2, and choose the closed convex set £ to play the role of Q in
Theorem 2. The conclusion immediately follows. 1

Unlike the standard K-L divergence for which the EM-IS algorithm can be
shown to monotonically increase likelihood during each iteration [24], monotonic
improvement will not necessarily hold under the Bregman divergences.

5 Information geometry of AM-IS

We gain further insight by considering the well known Pythagorean theorem [13]
for additive models, which in the complete data case states that if there exists
Pax € GoNE then

By(p;px) = By(p;pa+) + By(pa+;pa) forall p € G, and py € €

In the incomplete data case, this theorem needs to be modified to incorpo-
rate the effect of latent variables. Unlike the case in [24], in general, M is not
a sub-manifold of C, thus the interpretation of the information geometry of
Pythagorean theorem need to be slightly modified.

Theorem 3. Pythagorean Property: For all py € £ and px- € CNE, there exists
a p(z) € M such that

Bs(p;pa) = By(p;pas) + Bg(pas;pa) (14)

Proof. For all py- € CN é_’,_pick p(®) = P(y)pa, A+ (2|y). Obviously p € M. Now
we show that for all p) € £

By (p(y)Pay a+ (2|9); pA(x)) = By (B(y)Pay, A+ (2|y); Pr+ (2)) + Bg(pas (2); pa ()
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Establishing the above equation is equivalent to showing

- O(B(Y)Pa, »+ (21y)) — d(pa (7)) — ' (PA(2)) (B(Y)Pa, 2+ (2]y) — PA(2)) p(dz)
=/€X (B(Y)Pa, 2+ (2]y)) — d(pr+ (2)) — ¢'(Pr+ (2)) B(Y)Pa, A+ (2]y) — pr- (7))
p(dz) + / d(pa (2)) — d(pa(2)) — ¢'(Pa(2)) (Pr+ (z) — pa(2)) p(de)
TEX
Cancelling common terms leaves

&' (PA(@))B(Y)Pay x+ (2]y) p(dx)
= &' (pa+ (2)) (DY) Pay 2+ (2]y) — Pa+ () p(dz)

Plugging

N N

=L (qO,Z)\ifi(»’U)) =(¢")7! <¢'((I0) + Z&fz’(@)
z;l 17\{1

pra(z) =L (qO;Z)\ffi(w)) = (¢! <¢'((I0) + Z/Vfi(@)
=1 =1

into the above equation, we then have

/ <¢I % +2Afz ) BY)Pay 2+ (2ly) p(d)
TEX
:/€X< o +Zx\ fiz ) Y)Pa, 2+ (2|y) — pas () p(de)

+/EEX< o +Z)\fz ) p(dz)

Cancelling the common terms, we then are left with

N
i:ZIA - (ZP / Pay.x (2(y) fi(@)p(dz) — / EXpA*(:c)fi(:c)u(dgg)>

yeY
=0

The term inside the brackets is 0 since px-(z) €eCNE. 1
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6 Summary

There are a number of iterative methods for performing Bregman divergence
projections onto convex sets that can be used to illustrate existing supervised
machine learning techniques. In this paper, we have presented a class of unsuper-
vised statistical learning algorithms formulated in terms of minimizing Bregman
divergences subject to a set of non-linear constraints that consider hidden vari-
ables. We have proposed a new alternating minimization algorithm with nested
iterative scaling that asymptotically finds feasible solutions to this constrained
optimization problem, and provided its convergence and information geometry
properties.

We are developing this framework to provide analytical tools to transform
current supervised machine learning techniques to unsupervised counterparts.
For example, a greedy search procedure [25] similiar as in AdaBoost can be
developed to automatically extract hidden latent structure. Prelimilary experi-
mental results on unsupervised boosting for clustering and gender independent
speech signal analysis are encouraging.
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