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� Constraint-based approach:
� Use Learn_PDAG algorithm
� Key question: Independence test
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X � Y | Z iff P(X,Y|Z) = P(X|Z) P(Y|Z)    iff I(X,Y|Z)= 0
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n=250; p = 0.5; y = 140;
p = (1-binocdf(y-1,n,p)) + binocdf(n-y,n,p)
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� Score(�0���) = �m log θ*
x[m] +  log θ*

y[m]

� Score(�1���) = �m log θ*
x[m] +  log θ*

y[m] | x[m]

� Score(�1���) – Score(�0���)

= �x,y M[x,y] log θ*
y[m] – �y M[y] log θ*

y[m]

= M �x,y p*(x,y) log[p*(y|x) / p(y) 

= M 'p*(X,Y)

� 'p*(X,Y) = mutual information between X and Y in P*

� … higher mutual info � stronger X→Y dependency

X

Y
�0

X

Y
�1



��

'����������2���������	��������������	
��	��7����	���������&

� ��6��	���������	��	����������	θ�� ���	���������&	��	&���	�,

Flu Allergy

Sinus

Headache Nose

θ ijkN ijk
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So    log P(�| θ, �) is LARGEST

when each  H( Xi | PaXi,�
) is SMALL…

…ie, when parents of Xi are very INFORMATIVE about Xi !
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Doesn’t involve the structure, �! 
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� �����i '(Xi, PaXi, ��) = '(X, {}) + '(Y, X) + '(Z, Y)
= '(Y, X) + '(Z, Y)

� �����i '(Xi, PaXi, ��) = '(Y, {}) + '(Z,Y) + '(X, Z)
= '(Z,Y) + '(X, Z)

� … so diff is '(Y, X) – '(X, Z)

X Y Z

��

Y Z X

��

� �i '(Xi, PaXi, �)  + c

0

0
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Nonetheless… ���� efficient optimal alg to find OPTIMAL tree
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D

A B
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A B

C

D

A B

C
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A B

C

�-Equivalent!
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X2

C

Xn
X1

…

All but ONE feature have 2 parents: C, Xi
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Prior over Parameters

Posterior Likelihood Prior over Graphs
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A B

X C
A B

X

C

Θ(X; A,B) same in both structures
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	+���	
%����"	��&����&���	����������� ��	���,

max likelihood estimate for θ

likelihood score…
prefers fully-connected graph

regularizer…
penalizes edges
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Consistency is limiting behavior…
says nothing wrt finite sample size!!!

NO! True, Likelihood of optimal is MAX.
But fully-connected graph (which is NOT �-equiv) also max’s score!
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� '�	�	;�����	������,		#		�×α
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X

Y

θX ~ Beta(1, 1)

θY|+x ~ Beta(1, 1) 
θY|-x ~ Beta(1, 1)

G2

X

Y θY ~ Beta(1, 1)

θX|+y ~ Beta(1, 1) 
θX|-y ~ Beta(1, 1)

� �25-��6�����	���������

� J���	�������	�����	F47�	2�H 3
� �����&	;�	���	����CC

G1
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G2

X

Y

θX ~ Beta(1, 1)

θY|+x ~ Beta(1, 1) 
θY|-x ~ Beta(1, 1)

X

Y θY ~ Beta(1, 1)

θX|+y ~ Beta(1, 1) 
θX|-y ~ Beta(1, 1)

G1

[+x, -y]
G2

X

Y θY ~ Beta(1, 2)

θX|+y ~ Beta(1, 1) 
θX|-y ~ Beta(2, 1)

X

Y

θX ~ Beta(2, 1)

θY|+x ~ Beta(1, 2) 
θY|-x ~ Beta(1, 1)

G1

P1(+x) = 2/3

P2(+x) = P2(+x,+y) + P2(+x,-y)
= 1/3 × ½ + 2/3 × 2/3  =  11/18  !!!
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X

Y

θX ~ Beta(2, 2)

θY|+x ~ Beta(1, 1) 
θY|-x ~ Beta(1, 1)

G2

X

Y θY ~ Beta(2, 2)

θX|+y ~ Beta(1, 1) 
θX|-y ~ Beta(1, 1)

� '25-��6�����	���������

� 
�+	+���	�������	�����

F47�	2�H 3

G1
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G2

X

Y

θX ~ Beta(2, 2)

θY|+x ~ Beta(1, 1) 
θY|-x ~ Beta(1, 1)

X

Y θY ~ Beta(2, 2)

θX|+y ~ Beta(1, 1) 
θX|-y ~ Beta(1, 1)

G1

[+x, -y]
G2

X

Y θY ~ Beta(2, 3)

θX|+y ~ Beta(1, 1) 
θX|-y ~ Beta(2, 1)

X

Y

θX ~ Beta(3, 2)

θY|+x ~ Beta(1, 2) 
θY|-x ~ Beta(1, 1)

G1

P1(+x) = 3/5

P2(+x) = P2(+x,+y) + P2(+x,-y)
= 2/5 × ½ + 3/5 × 2/3  =  3/5  !!!
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Starting from 
Chow-Liu tree

Local search,
possible moves:
Only if acyclic!!!
• Add edge
• Delete edge
• Invert edge

Select using 
favorite score

Computed locally (� efficiently)
thanks to Score Decomposition…
FamScore
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Difficulty

SATGrade

Happy
Job

Coherence

Letter

Intelligence
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Alarm network
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