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Introduction

> M\-calculus models calculation using only 2 rules

» Can only represent functions and application

» Explicit datastructures and control structures: absent!

» How can A-calculus implement any calcluation?

» Possible to formalize data and control as function application

» Standard idioms map high-level data structures and control
into A-C expressions
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Abstract Numbers |

» The concept of number can be built up from “0”, "successor"

i.e., 1=successor(0), 2=successor(l), 3=successor(2) ...
» Let o(n) =successor(n) ... so 1 =0(0), 3 =0(c(c(0)), ...
» Numbers =~ a sequence of function applications
» Addition is a short-hand for composing successor

2+1 = o(o( 0(0) )) = 3

> ""Zero" is called the additive identity.

» = n+0=n foranyn
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Abstract Numbers Il

» Successor and addition have natural inverses:

» Predecessor is the number before the current one.
Let m(n) be the predecessor of n.

» b=oc(a) = n(b)=a
» Substraction is the inverse of addition: a+b=c = c-b=a

» Multiplication can be defined in terms of addition;
and division as inverse of multiplication

» Negative numbers and real-numbers can be dervied from
addition and division

» First, we need to define the successor function and zero
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M-Calculus Numbers

» Church found idioms with the desired properties:

» Each number =~ 2-argument functions

»0 =Qs | Az | 2) = OQs z | 2)

» Successor o(n) = (Ax | (A s z | s (xs 2))) (n)
> Always returns 2-arg function (A s z | s ((n) s z))
» Note: (A s z | s ((n) s z)) applies (n) to 2

function-constants
> Application "copies" body of number into new function

» The successor of zero:

00) = Axszls (xsz) (s zl z)

Free vars get bound in (As z| z)? No - no free vars!
— Asz |l s ((sz | 2z)sz))

— Aszls ((Asz | 2))sz)

- Aszlsz)=OAsz| (s2z2))
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Successor

» The successor of one:

o(l) = xszl|lsxsz) Asz| (s2z)
Aszls(Asz | (s2) s =)
Aszls(\szl (s2)sz))
MAszls((sz) =Gzl (6 (s2))

» The successor of two:

R

2) = (xszls&xsz) Asz | (s (s2))

=Mxszls(WMsz| (s (s2))sz)
= (Mxszl|ls(ANsz | (s (s2z))) s z))
= (Mxsz | s (s (s2))
= (xsz | (s (s (s2)))
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» Returns a 2-arg function: (As z | (m) s ((n) s z) )
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Addition
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» Returns a 2-arg function: (As z | (m) s ((n) s z) )
> (n) applied to s z (copies body into new function)
> (m) is applied to s and copy of (n)
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» Returns a 2-arg function: (As z | (m) s ((n) s z) )
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> (m) is applied to s and copy of (n)
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Addition

» (+mn) = AxylAsz lxs (ysz))) (m(n

» Returns a 2-arg function: (As z | (m) s ((n) s z) )
> (n) applied to s z (copies body into new function)
> (m) is applied to s and copy of (n)

> A total of (m) successors are composed onto (n)
» Addition of 1+1

Myl szl xs (ysz)))

ANsz | s z) ANsz | s z)
sz | ANszlsz)s((Asz | sz sz))
Msz | ANsz | sz)ssz)

(s z | ss z)
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Successor as Addition

» Check: o(n)=(+ 1 n)

Myl szl xs(ysz))) Asz | sz
Qxy |l szl ANsz|lsz)s(ysz)))
Myl sz Asz ]|l sz)s(ysz)))
Ay | sz | s (ysz)))
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Successor as Addition

> ...

Check: o(n)=(+ 1 n)

Myl szl xs(ysz))) Asz | sz
Qxy |l szl ANsz|lsz)s(ysz)))
Myl sz Asz ]|l sz)s(ysz)))
Ay | sz | s (ysz)))

equivalent to our definition of successor !
(Mxsz|s(xsz))
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Multiplication

» (*xmn) = (Axy (s | x(ys))) (m) (n)
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> (*32)
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Multiplication

» (*xmn) = Axy (As | x(ys))) (m) (n)

> (n) passed as 1% argument to number (m)=(Asz|...)
» Body of (n) is copied once for each successor op in (m)

> (*32)

Axy (s | x (y s)))

(Mdsz | s (s (s2)) (Asz | s (s2z)
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Multiplication

» (*xmn) = Axy (As | x(ys))) (m) (n)

> (n) passed as 1% argument to number (m)=(Asz|...)
» Body of (n) is copied once for each successor op in (m)

> (*32)

Axy (s | x (y s)))

(Mdsz | s (s (s2)) (Asz | s (s2z)
=(ds | sz | s (s (s2)) ((Asz ] s (s2)) s))
=(As | szl s (s((s2)) (Asz | s (s2))s))
=(xs | szl s (s (s2z)) Azl s (s2))

Dr B. Price and Dr. R Greiner CMPUT325: Applications of \-calculus



Multiplication

» (*xmn) = Axy (As | x(ys))) (m) (n)

> (n) passed as 1% argument to number (m)=(Asz|...)
» Body of (n) is copied once for each successor op in (m)

> (*32)

Axy (s | x (y s)))

sz | s (s (s2z)) (Asz | s (s2)
=(ds | sz | s (s (s2)) ((Asz ] s (s2)) s))
=(As | szl s (s((s2)) (Asz | s (s2))s))
=(s | sz |l s (s (s2))) Az 1] s (s2)))
=(s | sz | s (s (2))) (Az 1| s (s2)))
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Multiplication

» (*xmn) = Axy (As | x(ys))) (m) (n)

> (n) passed as 1% argument to number (m)=(Asz|...)
» Body of (n) is copied once for each successor op in (m)

» (*32)

Axy s | x (y s)))
(s z | s (s (s2z)) (Asz | s (s2z))

=(Xs | sz | s (s (s2))) ((Asz | s (s2)) 8))
=(As | szl s (s (s2)) (Asz s (s2))s)
=(As | sz ] s (s (sz)) Az | s (s2z)))

=(s | sz |l s (s (s2z)) Az | s (s2)))

=(s | (\z |

Az | 8 (8 2))((Az | s (8 22)((Az | s (s 2)) 2)))
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Multiplication

» (*xmn) = Axy (As | x(ys))) (m) (n)

> (n) passed as 1% argument to number (m)=(Asz|...)
» Body of (n) is copied once for each successor op in (m)

» (*32)

Axy s | x (y s)))
(s z | s (s (s2z)) (Asz | s (s2z))

=(Xs | sz | s (s (s2))) ((Asz | s (s2)) 8))
=(As | szl s (s (s2)) (Asz s (s2))s)
=(As | sz ] s (s (sz)) Az | s (s2z)))

=(s | sz |l s (s (s2z)) Az | s (s2)))

=(s | (\z |

Az |l s (z))(z | s (z)N(Az | s (s2z) 2))
=(Asz | s (s (s (s (s (s2)))N))
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Multiplication by Zero

> (*0m)
Axy |l (As | x(ys))) (As zl 2) (m)
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Multiplication by Zero

> (* 0 m)

Axy |l (As | x(ys))) (As zl 2) (m)
=Ny | Qs | (s zl z) (y 8))) (m
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Multiplication by Zero

> (* 0 m)

Axyl s | x (ys))) (As zl 2) (m
=Ny | Qs | (s zl z) (y 8))) (m
=Ny |l s | s zl 2) (y s))) (m)
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Multiplication by Zero

> (* 0 m)

Axyl As | x (y8))) (As z| z) (m
=Ny | Qs | (s zl 2) (y 8))) (m
=Ny | s | (As zl 2) (y 8))) (w
=Myl Qs | Az | 2)) (m
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Multiplication by Zero

> (* 0 m)

Axyl As | x (y8))) (As z| z) (m
=Ny | Qs | (s zl 2) (y 8))) (m
=Ny | s | (As zl 2) (y 8))) (w
=Ny |l Qs | Az | 2))) (m

=Ny | sz | 2)) (m
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Multiplication by Zero

> (* 0 m)

Axyl As | x (y8))) (As z| z) (m
=Ny | Qs | (s zl 2) (y 8))) (m
=Ny | s | (As zl 2) (y 8))) (w
=Ny |l Qs | Az | 2))) (m

=Ny | sz | 2)) (m

» Take any number m = (Asz|ss... sz)

ANy (As z|l 2z))m
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Multiplication by Zero

> (* 0 m)

Axyl As | x (y8))) (As z| z) (m
=Ny | Qs | (s zl 2) (y 8))) (m
=Ny | s | (As zl 2) (y 8))) (w
=Ny |l Qs | Az | 2))) (m

=Ny | sz | 2)) (m

» Take any number m = (Asz|ss... sz)

ANy (As z|l 2z))m
= (s z| 2)
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Predecessor and Subtraction

» For n>0, predecessor returns the integer before n, otherwise it
returns zero

Dr B. Price and Dr. R Greiner CMPUT325: Applications of \-calculus



Predecessor and Subtraction

» For n>0, predecessor returns the integer before n, otherwise it
returns zero

» There is no way to take apart a A-calculus expression easily
(Predecessor is not simply removing an 's’ from the body of a
Church number)

PREDECESSOR=
n (lagl (a(Abclc)) ((successor)(a(Abclc))))
(Agl00) (Aabla)
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Predecessor and Subtraction

» For n>0, predecessor returns the integer before n, otherwise it
returns zero

» There is no way to take apart a A-calculus expression easily
(Predecessor is not simply removing an 's’ from the body of a
Church number)

PREDECESSOR=
n (lagl (a(Abclc)) ((successor)(a(Abclc))))
(Agl00) (Aabla)

» Applies a function that maps
(x,y) to (y,y+1) to the pair (0,0) n times
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Predecessor and Subtraction

» For n>0, predecessor returns the integer before n, otherwise it
returns zero

» There is no way to take apart a A-calculus expression easily
(Predecessor is not simply removing an 's’ from the body of a
Church number)

PREDECESSOR=
n (lagl (a(Abclc)) ((successor)(a(Abclc))))
(Agl00) (Aabla)

» Applies a function that maps
(x,y) to (y,y+1) to the pair (0,0) n times

» Results in the pair (n-1,n)
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Predecessor and Subtraction

>

For n>0, predecessor returns the integer before n, otherwise it
returns zero

There is no way to take apart a A-calculus expression easily
(Predecessor is not simply removing an 's’ from the body of a
Church number)

PREDECESSOR=
n (lagl (a(Abclc)) ((successor)(a(Abclc))))
(Agl00) (Aabla)

Applies a function that maps
(x,y) to (y,y+1) to the pair (0,0) n times

Results in the pair (n-1,n)

The left number, n-1 is the predecessor

Dr B. Price and Dr. R Greiner CMPUT325: Applications of \-calculus



Predecessor and Subtraction

» For n>0, predecessor returns the integer before n, otherwise it
returns zero

v

There is no way to take apart a A-calculus expression easily
(Predecessor is not simply removing an 's’ from the body of a
Church number)

PREDECESSOR=
n (lagl (a(Abclc)) ((successor)(a(Abclc))))
(Agl00) (Aabla)

» Applies a function that maps
(x,y) to (y,y+1) to the pair (0,0) n times

» Results in the pair (n-1,n)

» The left number, n-1 is the predecessor

v

(- m n) =(Amn | n{predecessor)m)
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Boolean Expressions

» Define the boolean values
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Boolean Expressions

» Define the boolean values
» True: T= (A cd | <)

> Returns its first argument
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Boolean Expressions

» Define the boolean values
» True: T = (A cd | c)
> Returns its first argument
» False: F =(A cd | 4

> Returns its second argument
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Boolean Expressions

» Define the boolean values
» True: T = (A cd | c)
> Returns its first argument
» False: F =(A cd | 4

> Returns its second argument
» Boolean functions

(not m) = (A\x | xFT)
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Boolean Expressions

» Define the boolean values
» True: T = (A cd | c)
> Returns its first argument
» False: F =(A cd | 4

> Returns its second argument
» Boolean functions

(not m) = (A\x | xFT)
x| x (¢ dl d) (Ac dle) )
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Boolean Expressions

» Define the boolean values
» True: T = (A cd | c)
> Returns its first argument
» False: F =(A cd | 4

> Returns its second argument
» Boolean functions

(not m) = (A\x | xFT)
x| x (¢ dl d) (Ac dle) )

» Example (not t)

= (Ax | x (Ac dl d) (Ac dlc) ) (Ac dlc)
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Boolean Expressions

» Define the boolean values
» True: T = (A cd | c)
> Returns its first argument
» False: F =(A cd | 4

> Returns its second argument
» Boolean functions

(not m) = (A\x | xFT)
x| x (¢ dl d) (Ac dle) )

» Example (not t)

= (Ax | x (Ac dl d) (Ac dlc) ) (Ac dlc)
= (Ac dlc) (Ac dl d) (Ac dlc)
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Boolean Expressions

» Define the boolean values
» True: T = (A cd | c)
> Returns its first argument
» False: F =(A cd | 4

> Returns its second argument
» Boolean functions

(not m) = (A\x | xFT)
x| x (¢ dl d) (Ac dle) )

» Example (not t)

= (Ax | x (Ac dl d) (Ac dlc) ) (Ac dlc)
= (Ac dlc) (Ac d| d) (Ac dlc)
= (Ac dlc) (Ac dl d) (Ac dlc)
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Boolean Expressions

» Define the boolean values
» True: T = (A cd | ¢
> Returns its first argument

» False: F =(\ c d | d)

> Returns its second argument

» Boolean functions

(not m) = (A\x | xFT)
x| x (¢ dl d) (Ac dle) )

» Example (not t)

(Ax | x (Ac dl d) (Ac dlc) ) (Ac dlc)
= (Ac dlc) (Ac dl d) (Ac dlc)

(Ac dlc) (Ac dl d) (Ac dle)

(Acdl d) =F
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Boolean Expressions

» (and mn) =(Mxy | xyF)

» Soif x is F, will return 2" arg F
» Otherwise if x is T will return 1% arg y
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Boolean Expressions

» (and mn) =(Mxy | xyF)
» Soif x is F, will return 2" arg F

» Otherwise if x is T will return 1% arg y

(and T F)
= (M yl xy F) (Acdlc) (Acdld)
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Boolean Expressions

» (and mn) =(Mxy | xyF)
» Soif x is F, will return 2" arg F
» Otherwise if x is T will return 1% arg y

(and T F)
(Ax yl xy F) (Acdlc) (Acdld)

((Acdlc) (Acdld) F)
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Boolean Expressions

» (and mn) =(Mxy | xyF)

» Soif x is F, will return 2" arg F
» Otherwise if x is T will return 1% arg y

(and T F)

Ox yl xy F) (Acdlc) (Acdld)
((Acdlc) (Acdld) F)

((Acdlc) (Acdld) F)
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Boolean Expressions

» (and mn) =(Mxy | xyF)

» Soif x is F, will return 2" arg F
» Otherwise if x is T will return 1% arg y

(and T F)

Ox yl xy F) (Acdlc) (Acdld)
((Acdlc) (Acdld) F)

((Acdlc) (Acdld) F)

(Acdld)
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Boolean Expressions

» (and mn) =(Mxy | xyF)

» Soif x is F, will return 2" arg F
» Otherwise if x is T will return 1% arg y

(and T F)

Ox yl xy F) (Acdlc) (Acdld)
((Acdlc) (Acdld) F)

((Acdlc) (Acdld) F)

(Acdld)

and F T)

x yl x y F) (Acdld) (Acdlce)

o M
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Boolean Expressions

» (and mn) =(Mxy | xyF)

» Soif x is F, will return 2" arg F
» Otherwise if x is T will return 1% arg y

(and T F)

(Ax yl x y F) (Acdle) (Acdld)
((Acdlc) (Acdld) F)

((Acdlc) (Acdld) F)

(Acdld)

and F T)

(Ax vyl x y F) (Acdld) (Acdle)
(Acdld) (Acdle) F

o M
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Boolean Expressions

» (and mn) =(Mxy | xyF)

» Soif x is F, will return 2" arg F
» Otherwise if x is T will return 1% arg y

(and T F)

Ox yl xy F) (Acdlc) (Acdld)
((Acdlc) (Acdld) F)

((Acdlc) (Acdld) F)

(Acdld)

and F T)

x yl x y F) (Acdld) (Acdlce)
(Acd|d) (Acdlc) F

(Acdld) (Acdlc) F

o M
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Boolean Expressions

» (and mn) =(Mxy | xyF)

» Soif x is F, will return 2" arg F
» Otherwise if x is T will return 1% arg y

(and T F)

(Ax yl x y F) (Acdle) (Acdld)
((Acdlc) (Acdld) F)

((Acdlc) (Acdld) F)

(Acdld)

and F T)

(Ax vyl x y F) (Acdld) (Acdle)
(Acdld) (Acdle) F

(Acdld) (Acdlc) F

F = (Acdld)

o M
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OR, ZEROP and Math Predicates

» OR((F), (G)) is true if (F) is true or (G) is true

OR(x)=(\wz|wTz)
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OR, ZEROP and Math Predicates

» OR((F), (G)) is true if (F) is true or (G) is true
OR(x)=(\wz|wTz)
» ZEROP(n) returns true if n=0

zerop(n)=(Ax|x F not F)
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OR, ZEROP and Math Predicates

» OR((F), (G)) is true if (F) is true or (G) is true
OR(x)=(\wz|wTz)

» ZEROP(n) returns true if n=0
zerop(n)=(Ax|x F not F)

» Relations on integers

X>y=
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OR, ZEROP and Math Predicates

» OR((F), (G)) is true if (F) is true or (G) is true
OR(x)=(\wz|wTz)

» ZEROP(n) returns true if n=0
zerop(n)=(Ax|x F not F)

» Relations on integers

x>y=zerop(x-y)
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OR, ZEROP and Math Predicates

» OR((F), (G)) is true if (F) is true or (G) is true
OR(x)=(\wz|wTz)

» ZEROP(n) returns true if n=0
zerop(n)=(Ax|x F not F)

» Relations on integers

x>y=zerop(x-y)
X<y =
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OR, ZEROP and Math Predicates

» OR((F), (G)) is true if (F) is true or (G) is true
OR(x)=(\wz|wTz)

» ZEROP(n) returns true if n=0
zerop(n)=(Ax|x F not F)

» Relations on integers

x>y=zerop(x-y)
x<y = not x>y
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OR, ZEROP and Math Predicates

» OR((F), (G)) is true if (F) is true or (G) is true
OR(x)=(\wz|wTz)

» ZEROP(n) returns true if n=0
zerop(n)=(Ax|x F not F)

» Relations on integers

x>y=zerop(x-y)
x<y = not x>y
x=y
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OR, ZEROP and Math Predicates

» OR((F), (G)) is true if (F) is true or (G) is true
OR(x)=(\wz|wTz)

» ZEROP(n) returns true if n=0
zerop(n)=(Ax|x F not F)

» Relations on integers

x>y=zerop(x-y)
x<y = not x>y
x=y =x>y AND y>x
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Conditional

» If P then M else N = (Auvw | uvw) PMN
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Conditional

» If P then M else N = (Auvw | uvw) PMN

» P is a function returning true T or false F
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Conditional

» If P then M else N = (Auvw | uvw) PMN
» P is a function returning true T or false F

» Recall, T returns first argument, F returns second
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Conditional

v

If P then M else N = (Auvw | uvw) PMN

v

P is a function returning true T or false F

v

Recall, T returns first argument, F returns second

v

Example: (IF T M N)

= (Auvw | uvw) TMN

Dr B. Price and Dr. R Greiner CMPUT325: Applications of \-calculus



Conditional

> If P then M else N = (Auvw | uvw) PMN

» P is a function returning true T or false F

» Recall, T returns first argument, F returns second
» Example: (IF T M N)

= (Auvw | uvw) TMN
= (Auvw | uvw) TMN
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Conditional

> If P then M else N = (Auvw | uvw) PMN

» P is a function returning true T or false F

» Recall, T returns first argument, F returns second
» Example: (IF T M N)

= (Auvw | uvw) TMN
= (Auvw | uvw) TMN
(Avw | Tvw) MN
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Conditional

> If P then M else N = (Auvw | uvw) PMN

» P is a function returning true T or false F

» Recall, T returns first argument, F returns second
» Example: (IF T M N)

= (Auvw | uvw) TMN

= (Auvw | uvw) TMN
(Avw | Tvw) MN

(Avw | (Acdlc) vw) MN
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Conditional

» If P then M else N = (Auvw | uvw) PMN
» P is a function returning true T or false F
» Recall, T returns first argument, F returns second

» Example: (IF T M N)

= (Auvw | uvw) TMN
(Auvw | uvw) TMN
(Avw | Tvw) MN

(Avw | (Acdlc) vw) MN
(Avw | v) MN
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Conditional

» If P then M else N = (Auvw | uvw) PMN
» P is a function returning true T or false F
» Recall, T returns first argument, F returns second

» Example: (IF T M N)

= (Auvw | uvw) TMN
(Auvw | uvw) TMN
(Avw | Tvw) MN

(Avw | (Acdlc) vw) MN
(Avw | v) MN

M
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Lists

» Cons cell (M . N) represented as 1 arg function (A\z| z M N)
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Lists
» Cons cell (M . N) represented as 1 arg function (A\z| z M N)

» Cons operator: (cons M N) =(A&xy (A z | z x y)) MN
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Lists
» Cons cell (M . N) represented as 1 arg function (A\z| z M N)
» Cons operator: (cons M N) =(Axy (A z | zx y))MN
> First: (car m) = (Ax | x T) m  where T=(Acd|c)
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Lists

v

Cons cell (M . N) represented as 1 arg function (A\z| z M N)

v

Cons operator: (cons M N) =(Axy (A z | zx y)) MN
> First: (car m) = (Ax | x T) m  where T=(Acd|c)

v

Rest: (cdr m) =(Ax | x F) m  where F=(\cd|d)
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Lists

v

Cons cell (M . N) represented as 1 arg function (A\z| z M N)

v

Cons operator: (cons M N) =(Axy (A z | zx y)) MN
> First: (car m) = (Ax | x T) m  where T=(Acd|c)

v

Rest: (cdr m) =(Ax | x F) m  where F=(\cd|d)

v

Example: (car (A z | z M N))
= x| xT) Az | zMND
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Lists

Cons cell (M . N) represented as 1 arg function (A\z| z M N)
Cons operator: (cons M N) =(Axy (A z | zx y)) MN
First: (car m) = (Ax | x T) m  where T=(Acd|c)

Rest: (cdr m) =(Ax | x F) m  where F=(\cd|d)

Example: (car (A z | z M N))

M |l xT) ANz | zMN
ANzl zMND T
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Lists

Cons cell (M . N) represented as 1 arg function (A\z| z M N)
Cons operator: (cons M N) =(Axy (A z | zx y)) MN
First: (car m) = (Ax | x T) m  where T=(Acd|c)

Rest: (cdr m) =(Ax | x F) m  where F=(\cd|d)

Example: (car (A z | z M N))

x| xT) Az | zMN
ANzl zMN) T
(TMN) = ((Acdlc) MN) =M
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Lists

Cons cell (M . N) represented as 1 arg function (A\z| z M N)
Cons operator: (cons M N) =(Axy (A z | zx y)) MN
First: (car m) = (Ax | x T) m  where T=(Acd|c)

Rest: (cdr m) =(Ax | x F) m  where F=(\cd|d)

Example: (car (A z | z M N))

x| xT) Az | zMN
ANzl zMN) T
(TMN) = ((Acdlc) MN) =M

Example: (cdr (Az] z M N))
= x| xF) Az ]| zNMND
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Lists

Cons cell (M . N) represented as 1 arg function (A\z| z M N)
Cons operator: (cons M N) =(Axy (A z | zx y)) MN
First: (car m) = (Ax | x T) m  where T=(Acd|c)

Rest: (cdr m) =(Ax | x F) m  where F=(\cd|d)

Example: (car (A z | z M N))

x| xT) Az | zMN
ANzl zMN) T
(TMN) = ((Acdlc) MN) =M

Example: (cdr (Az] z M N))

= x| xF) Az | zMDN
= O\ANz | zMN)F
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Lists

Cons cell (M . N) represented as 1 arg function (A\z| z M N)
Cons operator: (cons M N) =(Axy (A z | zx y)) MN
First: (car m) = (Ax | x T) m  where T=(Acd|c)

Rest: (cdr m) =(Ax | x F) m  where F=(\cd|d)

Example: (car (A z | z M N))

x| xT) Az | zMN
ANzl zMN) T
(TMN) = ((Acdlc) MN) =M

Example: (cdr (Az] z M N))

M | xF) Az | zMN
ANz | zMN) F
(FMDN) = ((Acd|d) MN) =N
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Alternative Definition of Numbers |

» Define numerals as recursive lists
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Alternative Definition of Numbers |

» Define numerals as recursive lists
» 0= (Xx| x)
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Alternative Definition of Numbers |

» Define numerals as recursive lists

» 0= (Xx| x)
» o(n) =(1+ n) =(cons F n) for all n >0 where F=(Acd|d)
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Alternative Definition of Numbers |

> Define numerals as recursive lists
» 0= (Xx| x)
» o(n) =(1+ n) =(cons F n) for all n >0 where F=(Acd|d)
» 7(n) =(1- n) =(cdr n) = (x| x F)
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Alternative Definition of Numbers |

» Define numerals as recursive lists

0 = (X\x| %)

o(n) =(14 n) =(cons F n) for all n >0 where F=(Acd|d)
m(n) =(1- n) =(cdr n) = (Ax | x F)

(zerop n) = (first n) = (Ax | x T)

vV vy VvYy
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Alternative Definition of Numbers |

» Define numerals as recursive lists

0 = (X\x| %)

o(n) =(14 n) =(cons F n) for all n >0 where F=(Acd|d)
m(n) =(1- n) =(cdr n) = (Ax | x F)

(zerop n) = (first n) = (Ax | x T)

vV vy VvYy

» Examples

o(n) = (cons F )
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Alternative Definition of Numbers |

» Define numerals as recursive lists

0 = (X\x| %)

o(n) =(14 n) =(cons F n) for all n >0 where F=(Acd|d)
m(n) =(1- n) =(cdr n) = (Ax | x F)

(zerop n) = (first n) = (Ax | x T)

vV vy VvYy

» Examples

o(n) = (cons F )
=(xy Azl zxy))F
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Alternative Definition of Numbers |

» Define numerals as recursive lists

0 = (X\x| %)

o(n) =(14 n) =(cons F n) for all n >0 where F=(Acd|d)
m(n) =(1- n) =(cdr n) = (Ax | x F)

(zerop n) = (first n) = (Ax | x T)

vV vy VvYy

» Examples

n) = (cons F )
My Azl zxy))F
Ay Az | z Fy))

2
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Alternative Definition of Numbers Il

1 = 0(0) = (cons F 0)
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Alternative Definition of Numbers Il

o(0) = (cons F 0)

1 =
= Ay | Azl z Fy)) O] x)
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Alternative Definition of Numbers Il

= 0(0) = (cons F 0)
Ay | Ozl z Fy)) (x| x)
Azl z F (x| x)))

M =
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0(0) = (cons F 0)

Ay | Ozl z Fy)) (x| x)
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[F 0]
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Alternative Definition of Numbers Il

1 = 0(0) = (cons F 0)
= Ay | Azl z Fy)) O] x)
= (Az|l z F (x| x)))
= [F 0]
=0(1) = (cons F 1) = (cons F (cons F 0))

Ay | Azl z F y)) (Az] z F (Axl %))
Azl zF (Az| z F (Ax] x))) )

™
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Alternative Definition of Numbers Il

1 = 0(0) = (cons F 0)
= Ay | Azl z Fy)) O] x)
= (Az|l z F (x| x)))
= [F 0]
=0(1) = (cons F 1) = (cons F (cons F 0))

Ay | Azl z F y)) (Az] z F (Axl %))
(Mz| z F (\z| z F (x| %)) )
[F F 0]

11 111
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Alternative Definition of Numbers Il

1 = 0(0) = (cons F 0)
= Ay | Azl z Fy)) O] x)
= (Az|l z F (x| x)))
= [F 0]
=0(1) = (cons F 1) = (cons F (cons F 0))

Ay | Azl z F y)) (Az] z F (Axl %))
(Mz| z F (\z| z F (x| %)) )
[F F 0]

11 111
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Alternative Definition of Numbers Il

1 = 0(0) = (cons F 0)
= Ay | Azl z Fy)) O] x)
= Azl z F (Ax] x)))
= [F 0]
2 =0(1) = (cons F 1) = (cons F (cons F 0))
= Ay | Ozl zFy)) Ozl zF Qx| x)))
= (Az|l z F (A\z| z F (x| %)) )
= [F F 0]
=o(1) = (cons F 1) = (cons F (cons F 0))

[ o

Ay | Azl z F y)
Mz z F Ozl z F (x| x))))
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Alternative Definition of Numbers Il

1 = 0(0) = (cons F 0)
= Ay | Azl z Fy)) O] x)
= Azl z F (Ax] x)))
= [F 0]
2 =0(1) = (cons F 1) = (cons F (cons F 0))
= Ay | Ozl zFy)) Ozl zF Qx| x)))
= (Az|l z F (A\z| z F (x| %)) )
= [F F 0]
=o(1) = (cons F 1) = (cons F (cons F 0))

[ o

Ay | Azl z F y)

(Az| z F (zl z F (Axl x))) )
(Az| z F

(Az| z F (Az| z F (x| x))) ) )
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Alternative Definition of Numbers Il

1 = 0(0) = (cons F 0)
= Ay | Azl z Fy)) O] x)
= Azl z F (Ax] x)))
= [F 0]
2 =0(1) = (cons F 1) = (cons F (cons F 0))
= Ay | Ozl zFy)) Ozl zF Qx| x)))
= (Az|l z F (A\z| z F (x| %)) )
= [F F 0]
=o(1) = (cons F 1) = (cons F (cons F 0))

[ o

Ay | Azl z F y)

(Az| z F (zl z F (Axl x))) )
(Az| z F

(Az| z F (Az| z F (x| x))) ) )
= [FFF 0]
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Alternate Definition of Plus

» Analysis of examples of (+ m n)

(+ [0] [0]) — [0] Easy
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Alternate Definition of Plus

» Analysis of examples of (+ m n)

(+ [0] [0]) — [0] Easy

(+ [0] [F 0]) — [F O] Easy

(+ [F o]l [FO0l) — [FFOI]
=(+ [0] [F F 0]) Made easy

(+ [FFo] [FOD

= (+ [0] [FFFO0]) —[FFF 0] Made easy
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Alternate Definition of Plus

» Analysis of examples of (+ m n)

(+ [0] [0]) — [0] Easy
(+ [0] [F 0]) — [F O] Easy
(+ [Fol [FO0]) — [FF O]
=(+ [0] [F F 0]) Made easy
(+ [F F 0l [F O]
= (+ [0] [FFFO]) —[FFFO0] Made easy

> Leads to a recursive definition of plus (+ m n)
plus=(Ax y |
(zerop x) ;5 T returns first arg!

y
(plus (pred x) (succ y)) ) mn
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Alternate Definition of Plus

» Analysis of examples of (+ m n)

(+ [0] [0]) — [0] Easy
(+ [0] [F 0]) — [F O] Easy
(+ [Fol [FO0]) — [FF O]
=(+ [0] [F F 0]) Made easy
(+ [F F 0l [F O]
= (+ [0] [FFFO]) —[FFFO0] Made easy

> Leads to a recursive definition of plus (+ m n)

plus=(Ax y |
(zerop x) ;5 T returns first arg!
y
(plus (pred x) (succ y)) ) mn

» Recursive plus is self-referential
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Alternate Definition of Plus

» Analysis of examples of (+ m n)

(+ [0] [0]) — [0] Easy
(+ [0] [F 0]) — [F O] Easy
(+ [Fol [FO0]) — [FF O]
=(+ [0] [F F 0]) Made easy
(+ [F F 0l [F O]
= (+ [0] [FFFO]) —[FFFO0] Made easy

> Leads to a recursive definition of plus (+ m n)

plus=(Ax y |
(zerop x) ;5 T returns first arg!

y
(plus (pred x) (succ y)) ) mn

» Recursive plus is self-referential

» Need a technique for recursion

Dr B. Price and Dr. R Greiner CMPUT325: Applications of \-calculus



Recursion in A\-Calculus

» Recursion reuses same code repeatedly. Earlier we saw

Ax |l xx) (\Nx | xx)
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Recursion in A\-Calculus

» Recursion reuses same code repeatedly. Earlier we saw

Ax |l xx) (\Nx | xx)
— Ax |l xx) Ax | xx)

» The expression (A x | x x) is preserved indefinitely!
» Let R be a function. What does this variation do?

Ax | R xx) (Ax | R (xx)
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Recursion in A\-Calculus

» Recursion reuses same code repeatedly. Earlier we saw

Ax |l xx) (\Nx | xx)
— Ax |l xx) Ax | xx)

» The expression (A x | x x) is preserved indefinitely!
» Let R be a function. What does this variation do?
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Recursion in A\-Calculus

» Recursion reuses same code repeatedly. Earlier we saw

Ax |l xx) (\Nx | xx)
— Ax |l xx) Ax | xx)

» The expression (A x | x x) is preserved indefinitely!
» Let R be a function. What does this variation do?

Ax | R &E=x)) Ax | R (xx)
- R (COAx | Rxzx) Ax]|R(xzx)))

» Note:
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Recursion in A\-Calculus

» Recursion reuses same code repeatedly. Earlier we saw

Ax |l xx) (\Nx | xx)
— Ax |l xx) Ax | xx)

» The expression (A x | x x) is preserved indefinitely!
» Let R be a function. What does this variation do?

Ax | R &E=x)) Ax | R (xx)
- R (COAx | Rxzx) Ax]|R(xzx)))

» Note:

» 1 copy of R “peeled” off
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Recursion in A\-Calculus

» Recursion reuses same code repeatedly. Earlier we saw

Ax |l xx) (\Nx | xx)
— Ax |l xx) Ax | xx)

» The expression (A x | x x) is preserved indefinitely!
» Let R be a function. What does this variation do?

Ax | R &E=x)) Ax | R (xx)
- R (COAx | Rxzx) Ax]|R(xzx)))

» Note:

» 1 copy of R “peeled” off
» Self-replicating expression preserved:
(Ax|R(xx)) (Ax]R (xx))
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Fixed-Point Combinator

» A fixed point for a function is an argument whose image is
itself
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» The square function has 2 fixed points 0> =0 and 1 =1
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> A fixed-point combinator finds the fixed point of a function.
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Fixed-Point Combinator

» A fixed point for a function is an argument whose image is
itself

x is a fixed-point of f, if f(x)=x
» The square function has 2 fixed points 0> =0 and 1 =1
> A fixed-point combinator finds the fixed point of a function.

» Let Y be a fixed-point combinator. Y(square)=1
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Fixed-Point Combinator

» A fixed point for a function is an argument whose image is
itself

x is a fixed-point of f, if f(x)=x
» The square function has 2 fixed points 0> =0 and 1 =1
> A fixed-point combinator finds the fixed point of a function.

» Let Y be a fixed-point combinator. Y(square)=1

» Because square(1)=1
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Fixed-Point Combinator

» A fixed point for a function is an argument whose image is
itself

x is a fixed-point of f, if f(x)=x
» The square function has 2 fixed points 0> =0 and 1 =1
> A fixed-point combinator finds the fixed point of a function.

» Let Y be a fixed-point combinator. Y(square)=1

» Because square(1)=1
» By definition: square(Y(square))=Y(square)
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Fixed-Point Combinator

» A fixed point for a function is an argument whose image is
itself

x is a fixed-point of f, if f(x)=x
» The square function has 2 fixed points 0> =0 and 1 =1
> A fixed-point combinator finds the fixed point of a function.

» Let Y be a fixed-point combinator. Y(square)=1
» Because square(1)=1
» By definition: square(Y(square))=Y(square)

» In general: a fixed-point combinator is a function Y
with the property F(Y(F)) = Y(F) for all functions F
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M-Calculus Fixed-Point Combinator |

» Define a function: R=(\ £ | (body))
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M-Calculus Fixed-Point Combinator |

» Define a function: R=(\ £ | (body))
» Define a fixed-point combinator
Y=Qy | Oxly xx)) x|y &xx))

» Apply fixed-point combinator to R to find a fixed-point

OR=(O\y | Oxly&x)) x|y &xEx)) R
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M-Calculus Fixed-Point Combinator |

» Define a function: R=(\ £ | (body))
» Define a fixed-point combinator
Y=Qy | Oxly xx)) x|y &xx))

» Apply fixed-point combinator to R to find a fixed-point

OR=(O\y | Oxly&x)) x|y &xEx)) R
S0x 1R Gx)) Ox | R (x %)
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M-Calculus Fixed-Point Combinator |

» Define a function: R=(\ £ | (body))
» Define a fixed-point combinator
Y=Qy | Oxly xx)) x|y &xx))

» Apply fixed-point combinator to R to find a fixed-point

OR=(O\y | Oxly&x)) x|y &xEx)) R
S0x 1R Gx)) Ox | R (x %)

» Denote fixed-point: (YR)=(Ax | R (x x)) (Ax | R (x
x))
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M-Calculus Fixed-Point Combinator Il

» Evaluating (YR)

(YR)=(A x | R (x x)) (A x | R (x %))
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» Evaluating (YR)

(YR)=(A x | R (x x)) (A x | R (x %))

CROOxIRGE®) Azl R (x0))
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M-Calculus Fixed-Point Combinator Il

» Evaluating (YR)

(YR)=(A x | R (x x)) (A x | R (x %))

CROOxIRGE®) Azl R (x0))

\R/ ((Ax|R (x %)) (AxI|R (x x)))

function self-replicating form
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M-Calculus Fixed-Point Combinator Il

» Evaluating (YR)

(YR)=(A x | R (x x)) (A x | R (x %))

CROOxIRGE®) Azl R (x0))

\R/ ((Ax|R (x %)) (AxI|R (x x)))

function self-replicating form
= R (YR)

» Evaluate (YR) whenever we need a copy of R
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M-Calculus Fixed-Point Combinator Il

» Evaluating (YR)

(YR)=(A x | R (x x)) (A x | R (x %))

CROOxIRGE®) Azl R (x0))

\R/ ((Ax|R (x %)) (AxI|R (x x)))

function self-replicating form
= R (YR)

» Evaluate (YR) whenever we need a copy of R

» (YR) is an R factory
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Specific Fixed-Point Combinators

» Combinator we use was discovered by Haskell B. Curry

Y=Qy | Ox 1y (xx) x|y &xx)))
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Specific Fixed-Point Combinators

» Combinator we use was discovered by Haskell B. Curry
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» Combinator discovered by Alan Turing

© = xIQyly xx ) QxIQyly x x y))))
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Specific Fixed-Point Combinators

» Combinator we use was discovered by Haskell B. Curry
Y=Qy | Ox 1y (xx) x|y &xx)))

» Combinator discovered by Alan Turing

© = (xIQyly (xxy)) QAxIQyl(y (x xy)))))
» This one works for applicative order reduction

Oy = (Ahl Ozl Qyly (x x y)))))
Axl(h Qyl(y (xxy))))) ))
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Recursion with Haskell Combinator

» Define: R=(\ £ y | (body))
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Recursion with Haskell Combinator

» Define: R=(\ £ y | (body))
» Normal order eval of combinated R to argument m

YR) m ;3 what happen’s when we eval (YR)?
PP
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» Normal order eval of combinated R to argument m
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» What’s next step in Normal order reduction?
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» Normal order eval of combinated R to argument m
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» What’s next step in Normal order reduction?
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Recursion with Haskell Combinator

» Define: R=(\ £ y | (body))
» Normal order eval of combinated R to argument m

YR) m ;; what happen’s when we eval (YR)?
=R (YR) m
» What’s next step in Normal order reduction?

» Do leftmost apply: Apply R to its arguments

» R's 1% arg f : self-replicating combinated function (YR)
» R's2™ arg y :
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Recursion with Haskell Combinator

» Define: R=(\ £ y | (body))
» Normal order eval of combinated R to argument m

YR) m ;; what happen’s when we eval (YR)?
=R (YR) m
» What’s next step in Normal order reduction?

» Do leftmost apply: Apply R to its arguments

» R's 1% arg f : self-replicating combinated function (YR)
» Rs2™argy:m
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Recursion with Haskell Combinator

» Define: R=(\ £ y | (body))

» Normal order eval of combinated R to argument m

—~
=<

R) m ;; what happen’s when we eval (YR)?
R (YR) m

» What’s next step in Normal order reduction?

» Do leftmost apply: Apply R to its arguments
» R's 1% arg f : self-replicating combinated function (YR)
» Rs2™argy:m
» R "performs calculations on" its argument y=m
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Recursion with Haskell Combinator

» Define: R=(\ £ y | (body))

» Normal order eval of combinated R to argument m

—~
=<

R) m ;; what happen’s when we eval (YR)?
R (YR) m

» What’s next step in Normal order reduction?

» Do leftmost apply: Apply R to its arguments

R's 15t arg £ : self-replicating combinated function (YR)
R's2"argy:m

R "performs calculations on" its argument y=m

R evaluates to either:

vV vy vVvYy
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Recursion with Haskell Combinator

» Define: R=(\ £ y | (body))

» Normal order eval of combinated R to argument m

—~
=<

R) m ;; what happen’s when we eval (YR)?
R (YR) m

» What’s next step in Normal order reduction?

» Do leftmost apply: Apply R to its arguments

R's 15t arg £ : self-replicating combinated function (YR)
R's2"argy:m

R "performs calculations on" its argument y=m

R evaluates to either:

vV vy vVvYy

> a single value, say n, for a base case
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Recursion with Haskell Combinator

» Define: R=(\ £ y | (body))

» Normal order eval of combinated R to argument m

—~
=<

R) m ;; what happen’s when we eval (YR)?
R (YR) m

» What’s next step in Normal order reduction?

» Do leftmost apply: Apply R to its arguments

R's 15t arg £ : self-replicating combinated function (YR)
R's2"argy:m

R "performs calculations on" its argument y=m

R evaluates to either:

vV vy vVvYy

> a single value, say n, for a base case
> “copy” of itself stored in £ applied to a reduced value,
(YR) m’ for recursive case
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Recursion Example: Non-recursive

> Ignoring £ arg, what does this “sort-of” compute?

F = (A n | (zerop n) ;3 T returns 1% arg
1
(*n (f (1- n))) )
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> Ignoring £ arg, what does this “sort-of” compute?

F = (A n | (zerop n) ;3 T returns 1% arg
1
(*n (f (1- n))) )

» Basically, factorial: f(0)=1, f(1)=1, f(2)=2, f(3)=6 ...
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Recursion Example: Non-recursive

> Ignoring £ arg, what does this “sort-of” compute?

F = (A n | (zerop n) ;3 T returns 1% arg
1
(*n (f (1- n))) )

» Basically, factorial: f(0)=1, f(1)=1, f(2)=2, f(3)=6 ...
» Let d be a dummy function constant:

Fdo—
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> Ignoring £ arg, what does this “sort-of” compute?

F = (A n | (zerop n) ;3 T returns 1% arg
1
(*n (f (1- n))) )

» Basically, factorial: f(0)=1, f(1)=1, f(2)=2, f(3)=6 ...
» Let d be a dummy function constant:
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Recursion Example: Non-recursive

> Ignoring £ arg, what does this “sort-of” compute?

F = (A n | (zerop n) ;3 T returns 1% arg
1
(*n (f (1- n))) )

» Basically, factorial: f(0)=1, f(1)=1, f(2)=2, f(3)=6 ...
» Let d be a dummy function constant:

Fd0— 1
For m>0 F dnm

—
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Recursion Example: Non-recursive

> Ignoring £ arg, what does this “sort-of” compute?

F = (A n | (zerop n) ;3 T returns 1% arg
1
(*n (f (1- n))) )

» Basically, factorial: f(0)=1, f(1)=1, f(2)=2, f(3)=6 ...
» Let d be a dummy function constant:

Fd0— 1
For m>0 F dnm
— (x*n (d (1- n)))
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Recursion Example: Non-recursive

> Ignoring £ arg, what does this “sort-of” compute?

F = (A n | (zerop n) ;3 T returns 1% arg
1
(*n (f (1- n))) )

» Basically, factorial: f(0)=1, f(1)=1, f(2)=2, f(3)=6 ...
» Let d be a dummy function constant:

Fd0— 1
For m>0 F dnm
— (x*n (d (1- n)))

» d undefined!
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Factorial Example: Base Case

F = (Af nl|l (zerop n) ;; T returns first arg
1
(* n (f (1- n))) )
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Factorial Example: Base Case

F = (Af nl|l (zerop n) ;; T returns first arg
1
(* n (f (1- n))) )

» Use Haskell combinator Y to make F recursive

Y F)
=yl Axly G&Ex)) Axly &x=x))
(Mf nl(zerop n) 1 (*x n (f (1- n)))) )
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Factorial Example: Base Case

F = (Af nl|l (zerop n) ;; T returns first arg
1
(* n (f (1- n))) )

» Use Haskell combinator Y to make F recursive

Y F)

=yl Axly G&Ex)) Axly &x=x))
(Mf nl(zerop n) 1 (*x n (f (1- n)))) )

B

— (YF) ;; long expr with 2 copies of F
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Factorial Example: Base Case

F = (Af nl|l (zerop n) ;; T returns first arg
1
(* n (f (1- n))) )

» Use Haskell combinator Y to make F recursive

Y F)

=yl Axly G&Ex)) Axly &x=x))
(Mf nl(zerop n) 1 (*x n (f (1- n)))) )

B

— (YF ;3 long expr with 2 copies of F
g exp P

» Factorial example: base case

(YF) 0 ;; what happens when (YF) is eval’d?
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Factorial Example: Base Case

F = (Af nl|l (zerop n) ;; T returns first arg
1
(* n (f (1- n))) )

» Use Haskell combinator Y to make F recursive

Y F)

=yl Axly G&Ex)) Axly &x=x))
(Mf nl(zerop n) 1 (*x n (f (1- n)))) )

B

— (YF ;3 long expr with 2 copies of F
g exp P

» Factorial example: base case

(YF) 0 ;; what happens when (YF) is eval’d?

% F (YF) 0
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Factorial Example: Base Case

F = (Af nl|l (zerop n) ;; T returns first arg
1
(* n (f (1- n))) )

» Use Haskell combinator Y to make F recursive

Y F)

=yl Axly G&Ex)) Axly &x=x))
(Mf nl(zerop n) 1 (*x n (f (1- n)))) )

B

— (YF ;3 long expr with 2 copies of F
g exp P

» Factorial example: base case

(YF) 0 ;; what happens when (YF) is eval’d?

% F (YF) 0

5y
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Factorial Example: Recursive Case

F = (A nl| (zerop n) ;; T returns first arg
1
(xn (f (1- n))) )

Dr B. Price and Dr. R Greiner CMPUT325: Applications of \-calculus



Factorial Example: Recursive Case

F = (A nl| (zerop n) ;; T returns first arg
1
(xn (f (1- n))) )

» Factorial example: recursive case
(Roughly in partly applicative order...)

(YF) 1
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Factorial Example: Recursive Case

F = (A nl| (zerop n) ;; T returns first arg
1
(xn (f (1- n))) )

» Factorial example: recursive case
(Roughly in partly applicative order...)

(YF) 1
2R (YF) 1
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Factorial Example: Recursive Case

F = (A nl| (zerop n) ;; T returns first arg
1
(xn (f (1- n))) )

» Factorial example: recursive case
(Roughly in partly applicative order...)

(YF) 1
2R (YF) 1
O 1 ((YF) (1- 1))
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Factorial Example: Recursive Case

F = (A nl| (zerop n) ;; T returns first arg
1
(xn (f (1- n))) )

» Factorial example: recursive case
(Roughly in partly applicative order...)

(YF) 1
2R (YF) 1

O 1 ((YF) (1- 1))
B 1 (F(YF) (1- 1))
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Factorial Example: Recursive Case

F = (A nl| (zerop n) ;; T returns first arg
1
(xn (f (1- n))) )

» Factorial example: recursive case
(Roughly in partly applicative order...)

(YF) 1

2R (YF) 1

O 1 ((YF) (1- 1))
B 1 (F(YF) (1- 1))
LR (*11)
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Factorial Example: Recursive Case

F = (A nl| (zerop n) ;; T returns first arg
1

(xn (f (1- n))) )

» Factorial example: recursive case
(Roughly in partly applicative order...)

F (YF) 1

(x 1 ((YF) (1- 1))
(+ 1 (F (YF) (1- 1))
(* 1 1)

1
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Plus Example: Recursive Solution

(+ [F F 0] [F0])
= (+ [0] [FFFO0]) —[FFFO0]
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Plus Example: Recursive Solution

(+ [F F 0] [F0])
= (+ [0] [FFFO0]) —[FFFO0]

P=(\p x v |
(zerop x)

y
(p (pred x) (succ y)))
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Plus Example: Recursive Solution

(+ [F F 0] [F0])
= (+ [0] [FFFO0]) —[FFFO0]

P=(\p x v |
(zerop x)

y
(p (pred x) (succ y)))

v P)2(yp)
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Plus Example: Recursive Solution

(+ [F F 0] [F0])
= (+ [0] [FFFO0]) —[FFFO0]

P=(\p x v |
(zerop x)

y
(p (pred x) (succ y)))

v P)2(yp)
(YP) 1 2
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Plus Example: Recursive Solution

(+ [F F 0] [F0])
= (+ [0] [FFFO0]) —[FFFO0]

P=(\p x v |
(zerop x)

y
(p (pred x) (succ y)))

v P)2(yp)
(YP) 1 2

o (yp) 12
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Plus Example: Recursive Solution

(+ [F F 0] [F0])
= (+ [0] [FFFO0]) —[FFFO0]

P=(\p x v |
(zerop x)

y
(p (pred x) (succ y)))
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Plus Example: Recursive Solution

(+ [F F 0] [F0])
= (+ [0] [FFFO0]) —[FFFO0]

P=(\p x v |
(zerop x)

y
(p (pred x) (succ y)))
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Plus Example: Recursive Solution

(+ [F F 0] [F0])
= (+ [0] [FFFO0]) —[FFFO0]

P=(\p x v |
(zerop x)

y
(p (pred x) (succ y)))

v P)2(yp)

(YP) 1 2
o (yp) 12
2 (ypy 0 3
Spp)o3 L3
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Summation Example: Recursive Solution

Key idiom: sum(n)=n+sum(n-1)
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Summation Example: Recursive Solution

Key idiom: sum(n)=n+sum(n-1)

S=(As n | (zerop n) 0 (+ n (s (1- n))))
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Summation Example: Recursive Solution

Key idiom: sum(n)=n+sum(n-1)

S=(As n | (zerop n) 0 (+ n (s (1- n))))
v )2 (vs)
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Summation Example: Recursive Solution

Key idiom: sum(n)=n+sum(n-1)

S=(As n | (zerop n) 0 (+ n (s (1- n))))
v )2 (vs)

(Ys) 1
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Summation Example: Recursive Solution

Key idiom: sum(n)=n+sum(n-1)

S=(As n | (zerop n) 0 (+ n (s (1- n))))
v )2 (vs)

(¥s) 1
Zos (ys) 1
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Summation Example: Recursive Solution

Key idiom: sum(n)=n+sum(n-1)

S=(As n | (zerop n) 0 (+ n (s (1- n))))
v )2 (vs)

Ys) 1
S (¥s) 1
(

+ 1 ((YS) (1- 1))

—~

8
—

15
—
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Summation Example: Recursive Solution

Key idiom: sum(n)=n+sum(n-1)

S=(As n | (zerop n) 0 (+ n (s (1- n))))
v )2 (vs)

(¥s) 1
7 s (vs) 1

B 1 (¥s) (- 1))
B+ 1 (s (¥s) 0))
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Summation Example: Recursive Solution

Key idiom: sum(n)=n+sum(n-1)

S=(As n | (zerop n) 0 (+ n (s (1- n))))
v )2 (vs)

(Y
7 s (vs) 1

o1 (rs) (- D)
B+ 1 (s (¥s) 0))
Zowro) B
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