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CMPUT 365 — Class 3/36

Reminder

You should be enrolled in the private session we created in Coursera for CMPUT 365.

Don’t leave it to the last minute!
| cannot use marks from the public repository for your course marks.

You need to check, every time, if you are in the private session and if you are submitting
quizzes and assignments to the private section.

The deadlines in the public session do not align with the deadlines in Coursera.

If you have any questions or concerns, talk with the TAs or email us
cmput365@ualberta.ca.
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Plan

o Probability
o Linear algebra

o« (Calculus
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Please, interrupt me at any time!
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Probability
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Probability — The basics =X

A probabillity is a function that associates a number between O and 1 to an event,
with this number being a measure of the likelihood of that set of outcomes.

ﬁ(ample \

Dungeons & Dragons!

Pr(rolling 20) = 1/20 = 5%

Pr(rolling 19 or 20) =
Pr(rolling 19) + Pr(rolling 20) =
1/20 + 1/20 = 10%

Pr(rolling 20 and 20) =
Pr(rolling 20) x Pr(rolling 20) =
1/20 x 1/20 = 1/400 = 0.25%

/
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Probability — Somewhat more formally =X
A probabillity is a function that associates a number between O and 1 to an event,
with this number being a measure of the likelihood of that set of outcomes.

e A probability distribution is defines how the probability is distributed among the
outcomes.

@ample ﬂﬁ\

i 7g
For an unbiased dice, each
number is equally likely (i.e.,
uniform probability distribution).
Thus, for each outcome e € S,

Q‘(e) - 1/|9]. y
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Probability — Somewhat more formally

A probabillity is a function that associates a number between O and 1 to an event,
with this number being a measure of the likelihood of that set of outcomes.

e A probability distribution is defines how the probability is distributed among the
outcomes.

e A way of calculating the probability of a specific event is a matter of identifying
the sample space (set of all possible outcomes) and the probability distribution.

[Example 1 ﬁ;‘%\ [Example 2 ,ﬁ@)
L\ /4 ./
For an unbiased dice, the For an unbiased dice, the probability of
probability of rolling a 20 is rolling higher than 18 is Pr(rolling 19 or

\Pr(rolling 20) = 1/20. Y, @O) =1/20 + 1/20 = 1/10. )
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Probability — Properties
A probabillity is a function that associates a number between O and 1 to an event,
with this number being a measure of the likelihood of that set of outcomes.

e Nonnegativity: Pr(A) = O.

e Normalization:  __ . Pr(e) = 1.

e Additivity: Pr(A U B) = Pr(A) + Pr(B); AN B = {}.
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Random variables and expectations
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Random variables (=X

Random variables are ways to map outcomes of random processes to real numbers.

They are not a traditional variable, nor random &

Capital letter!

/
@ample 1 (Example 2 Example 3 ?V ?V
! \ \ /4 \ \ /d
(1ifr Y = [ 1 if heads Z= {sum of 2 dice}
w2ifroll 2 O if tails
\§
X=<... >
19 ifroll 19 -
20 if roll 20 Pl Pl
\ E < / s s
We can write Pr(X = 20) to We can write Pr(X = 19) to
represent Pr(rolling 20). represent Pr(rolling 19 or 20).
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Examples

When rolling a d20 dice, let X be the random variable denoting the outcome of the roll.

Pr(1 <X<20)=1

Pr(X = 15) = 1/20

Pr(X=0)=0

[Pr(2X=1):O
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L . Chain rule: @
Conditional probabilities Pr(A N B) = Pr(A, B) = Pr(A | B) Pr(Bj

The probability of an event A given another event B is defined as:

Pr(A | B)=Pr(A N B) .
Pr(B)

m a classroom with 100 students, out of those 100, 20 students play tabletop RPG, and 30 students q&
have read The Lord of the Rings books. There are 15 students who play tabletop RPG who have read s
LOTR. What is the probability that a student has read LOTR given that the student plays tabletop RPG?

Let X be the random variable denoting the probability that a student plays tabletop RPG, and let Y be
the random variable denoting the probability that a student has read LOTR.

Pr(X) = 0.2 Pr(Y) = 0.3 Pr(XNY) =0.15

Q(Y |X)=0.15/0.2 = 0.75 /
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Conditional probabilities

The probability of an event A given another event B is defined as:

Pr(A | B)=Pr(A N B) .
Pr(B)

/ When playing D&D, Tristan needs to roll 17 or higher on a d20 to successfully hit the troll. Tristan gets p;%
a critical hit when they roll a 20. Knowing that Tristan has successfully hit the target, what'’s the s
likelihood that Tristan got a critical hit?

Let X be the random variable denoting the number Tristan rolled on a d20, and Y a binary random
variable denoting whether Tristan rolled a 20 (Y=1) or not (Y=0).

PrX>=17)= 1/5 PrY=1NX=>=17)=1/20

k PriY=1NX=>=17) =1/20 =5 =25%

Pr(X > 17) 1/5 20 /
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Independence
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Two events are independent when the likelihood of an event does not change after
knowing the other event. A is independent of B if and only if

Pr(A | Bl =Pr(A N B)/ Pr(B)

Pr(A N B) =Pr(A | B

Pr(B)

Pr(A (1 B) = Pr(A) Pr(B)

Pr(B|A) =Pr(BNA)/PrA)
= Pr(B) Pr(A) / Pr(A)
= Pr(B)

Marlos C. Machado

Pr(A | B) = Pr(A).

éample

Tristan rolls two d20 dice. Given that they rolled a 1 on the first dice,
what'’s the likelihood of them running a 20 on the second dice?

&
.

Let X be the random variable denoting the roll on the first dice, and

Y be the equivalent for the second dice.

Pr(X=1)

Pr(Y = 20 | X = 1)

~1/20 Pr(Y = 20)

~1/20 Pr(X=1NY =20) = 1/400
— (1/400)/(1/20) = 1/20

/
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Example — Probabilities with two random variables

Let X be the random variable denoting the outcome of the roll of a d20, and let Y be
the random variable denoting the outcome of the roll of a d6. What’s Pr(X + Y = 25)7?

(
PriX+Y=25) = Pr(X=201N[Y=5))+Pr((X=20] N [Y =6]) + Pr(X=19] N [Y = 6)])
= Pr(X =20) Pr(Y = 5) + Pr(X = 20) Pr(Y = 6) + Pr(X = 19) Pr(Y = 6)
= 1/20x1/6 +1/20x 1/6 + 1/20 x 1/6
= 1/120 + 1/120 +1/120
= 3/120
\ = 1/40

~
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Conditional probabilities with more than 2 variables

The probability of an event A given another event B is defined as:

Pr(A | B) = Pr(A N B). Chain rule:
Pr(B) Pr(A N B) = Pr(A, B) = Pr(A | B) Pr(B)

What's Pr(4, B | C)?

/Let D=A N B. Then, Pr(D | C) = Pr(D, C) / Pr(C). Thus Pr(A, B| C) = Pr(A, B, C)/ Pr(C).

Now, let E = B N C, and recall, by the chain rule, that Pr(A, E) = Pr(A | E) Pr(E).
We then have Pr(A, B, C) =Pr(A | B, C) Pr(B, C) = Pr(A | B, C) Pr(B | C) Pr (C).

Putting these two together: Pr(A, B| C) = Pr(A | B, C) Pr(B | C) Pr (C) / Pr(C).
\Assuming Pr(C)20,Pr(A, B| C)=Pr(A | B, C) Pr(B | O). /
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Marginalization

The marginal probability is the probability of a single event occurring, independent
of other events.

e [f we have the joint distribution Pr(x, y), we can find the marginals Pr(x) and Pr(y).
Pr(X:x):ZyEYPr(X:x,Y:y) Pri =y)=) . ,PriX=x,Y =y)
/ Example Animal’s favourite activit \
AL TEOLLAR iy Pr(Sleep) = Pr(Sleep, Cat) + Pr(Sleep, Dog) =0.3+0.1=0.4
Sleep Play Pr(Play) = Pr(Play, Cat) + Pr(Play, Dog) =02+04=0.6
g Cat 0.3 0.2 Pr(Cat) = Pr(Sleep, Cat) + Pr(Play, Cat) =0.3+0.2=0.5
E Pr(Dog) = Pr(Sleep, Dog) + Pr(Play, Dog) =0.1+0.4=0.5
\,% Dog 0.1 0.4
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Expectations

The expectation of a numeric random variable is the weighted average of its possible
numeric outcomes, where the weights are the prob. of the outcome occurring:

ENY] =2, <y YPrY=Y)

4 N [ I
Example Q We can also compute the expectation
of a function of a random variable:
E[Y] =Vax1+Vax2+%x3+%k4
E[Y)] =3, o, ) Pr(Y = ).
=10/4 = 2.5.

- 2N J
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Law of total expectation:

Conditional expectations E[X] = E[E[X| Y]] J

EX] =2, EX|Y=Vy]PrY=y)

A conditional expectation of a random variable is the expected value of the variable
given that an event is already known to have happened.

EX|Y=y]=> XPriX=x|Y =y).

X € X

éxample

EX|Y<15]=0
\E[X|Y216]=4.5

Consider a D&D player who needs to roll 16 or higher to hit the target. When they hit the target, they
cause 1d8 of damage. What'’s the expected damage this player will cause during such a battle?

Let X be the random variable denoting the 1d8 damage roll, and Y be the r.v. denoting the d20 roll.

wE

EX|Y=16]=1Pr(X=1| Y=16)+...+8Pr(X=8| Y=16)=36/8 =45
E[X] = 15/20 x 0 + 5/20 x 4.5 = % x O + ¥4 x 4.5 = 1.125. /
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Linear algebra
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Vectors and matrices

A vector can be thought as a list of numbers.

1

< <!

I <

A matrix can be thought as a table of numbers.

mﬂ m12 m13
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&

A vector is a matrix with one of its
Products dimensions 1. Same rules apply. J

A dot product between two vectors, v and w € &7, is defined as:
<V, W> =VW=) VW

A product between a matrix M € R'*and a matrix P € R7*P js defined such that:

MP = R,
wherer.=m_p,.+m_p,+...+m_p.=> _9mp
i i1 oo T e iddj k=1 ' ikMkj
(FMyy My My5- -P11 Pia S F44Pq4 + M0 + Mg Py My 1P1p + MyoPgy + Mys )
Pz
m21 m22 m23 p21 p22 = m21p11 T m22p21 T m23 p31 m21p12 T m22p22 T m23
Psy

‘M. m. m._- "D D - ‘M. 0. +M.D . +M.D mpD. . +mMm.po. +m.o. /
Ol o2 [616] Ol T1 oL Z1 SISIREES A Ol [Z o2 ZZ2 SIS ES)

ol T oL Z
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Calculus
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Derivatives =K

The derivative dffa)/dx of a function fis the instantaneous rate of change of y = fx)
with respect to x when x = a.

y)\

Y
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Derivatives =K

The derivative dffa)/dx of a function fis the instantaneous rate of change of y = fx)
with respect to x when x = a.

y)\

Y
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Derivatives (=K

The derivative dffa)/dx of a function fis the instantaneous rate of change of y = fx)
with respect to x when x = a.

y)\
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Derivatives

The derivative dffa)/dx of a function fis the instantaneous rate of change of y = f(x)
with respect to x when x = a.

y afo) @eful property \

/

We can sample from fand
we can use its gradient to
find a local minimum or a
local maximum. That’s
stochastic gradient descent /
ascent:

Gseful property \

The derivative of a
function is zero at its
local minima and its fla)

@Cal maxima. /

X X+ aV fx).

o /
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The gradient vector

The gradient of f; denoted by Vf is a generalization of derivatives to a
multi-dimensional function (the collection of all of its partial derivatives).

T

Vg Vo ) = [ Yo A Y
oX oy
é(ample \ /Vf outputs a A
, , _ vector with all
If Aix, y) = x° + x Iny, which one is the right V? e
(a.) 2x+ Iny b. |2x + xIny derivatives of f.
O, { " } { o } N Y

\_ /
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Next class

o Reminder: If you are watching this video before Wednesday, Rich Sutton will
give a guest lecture on Wednesday (Sep 10, 2025). You should all attend.
o What |l plan to do

o Wrap up Fundamentals of RL: An introduction to sequential decision-making (Bandits)

o« What | recommend YOU to do for next class:

o  Finish the recommended reading for Coursera’s M1W2.
o  Submit practice guiz and programming assignment for Coursera’s Fundamentals of BL: Sequential
decision-making (M1 W2).
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