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Large Deviations for Quiksort�C.J.H. MDiarmidyDepartment of Statistis, Oxford University, Oxford OX1 3TG, United KingdomandR.B. HaywardzDepartment of Mathematis and Computer Siene, University of Lethbridge, 4401University Drive W., Lethbridge, Alberta, Canada T1K 3M4Reeived Marh 22, 1993Let Qn be the random number of omparisons made by quiksort in sorting ndistint keys, when we assume that all n! possible orderings are equally likely. Knownresults onerning moments for Qn do not show how rare it is for Qn to make largedeviations from its mean. Here we give a good approximation to the probability ofsuh a large deviation, and �nd that this probability is quite small. As well as the basiquiksort we onsider the variant in whih the partitioning key is hosen as the medianof (2t+ 1) keys. 1996 Aademi Press, In.1 IntrodutionIn the short history of omputer siene, Hoare's quiksort has emergedas one of the lassi algorithms. There are several reasons for this.First, the algorithm is eÆient. It is a �(n log n) expeted time sortingalgorithm (where n is the number of keys to be sorted). Arguably one ofthe best general purpose omputer sorting algorithms from a point of view
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2 HAYWARD AND MCDIARMIDof spae and time eÆieny, it is the basis for example of the Unix \sort"feature, whih uses the variant of quiksort in whih the partitioning keyis hosen as the median of three keys.Seond, the algorithm embodies two paradigms that are today on-sidered key ideas in algorithm design, namely divide and onquer, andrandomization.Third, sine the introdution of quiksort [Hoa61℄, an extensive bodyof literature has been published that is based on the design and analy-sis of many variants of the original algorithm. (Many of the ommonlyonsidered variants were in fat antiipated by Hoare in [Hoa62℄. For a dis-ussion of this, see [Sed80℄.) Indeed, the study of quiksort and its variantshas beome a model for the analysis of algorithms in general. Examplesin point are the work by Knuth [Knu73℄ and by Sedgewik [Sed80℄. (Forreent relevant results on the analysis of quiksort, see [Hen89℄, [R�eg89℄,[R�os91℄ and [Mah92℄.)The aim of this paper is to establish a new and rather preise resultonerning quiksort's typial performane. We establish muh tighterbounds than have been shown previously onthe probability that the number of omparisons of a random exe-ution of quiksort will have a large deviation from the expetednumber of omparisons.Our proofs involve the reently popularised ombinatorial approah knownas the \method of bounded di�erenes".Before introduing the de�nitions we need in order to state our theo-rems preisely, let us disuss the two variants of quiksort we shall referto in this paper. First, by \basi" quiksort (and unless otherwise stated,that is the version we will be referring to) we mean the original, unadornedversion:A partitioning key is seleted at random from the list of unsortedkeys, and used to partition the keys into two sublists. The algorithmis alled reursively on remaining unsorted sublists, until sublistshave size one or zero.One ommon variant is to use a di�erent sorting algorithm (usually inser-tion sort) for lists whose size is not greater than a ertain threshold valueM . We refer to this variant as \utting at length M". Another ommonvariant is to selet the partitioning key as the median of 2t + 1 keys se-leted from the list of unsorted keys. (Observe that basi quiksort an beonsidered as the \median of 1" version of this variant.) A omprehensivesurvey and omparative analysis of ommon variants is given in [Sed80℄.We now introdue some notation. Let Qn be the number of key om-parisons made when (basi) quiksort sorts n keys. We make the usual



LARGE DEVIATIONS FOR QUICKSORT 3assumption that the n keys are distint and that all n! linear orders areequally likely. (Alternatively, our results apply to a suitably randomisedversion of quiksort ating on any list of n distint keys.) We further as-sume that the partitioning phase of the algorithm is performed so thatthe resulting sublists are also \random". Some are must be taken to en-sure this, but it is not diÆult to do. See [Sed80℄ for a desription of suha partitioning algorithm, and a proof that the randomness of the sublistsis preserved.A straightforward and well known analysis (in fat, so well known itis likely to appear in any undergraduate algorithms ourse!) shows thatthe expeted number qn = E [Qn℄ of key omparisons satis�es q0 = 0 andfor n � 1 qn = n� 1 + 1n nXj=1(qj�1 + qn�j) : (1)De�ne Hn so that H0 = 0 and Ht = Pt1 1=j for all integers t �1. It follows easily from Equation 1 that qn = 2(n + 1)Hn � 4n. SineHn = lnn+  +O(1=n) as n!1, (where  is Euler's onstant, namely0:5772156649 : : :), it follows that as n!1,qn = 2n lnn � (4� 2)n + 2 lnn + O(1) :Of ourse one attahes more redibility to an average ase result ifit is known that there is a strong onentration of probability aroundthe mean. In partiular, given " > 0, what bounds an be plaed on thequantity Pr � ���� Qnqn � 1 ���� > " � ?The point of this paper is to establish tight bounds for the above proba-bility. There are some previous results of this form. For instane, from thefat that the variane of Qn is �(n2) (see [Knu73℄ or [Sed80℄), it followsusing Chebyshev's inequality that for " > 0Pr � ���� Qnqn � 1 ���� > " � = O((" lnn)�2) :Reently Hennequin [Hen89℄ used Chebyshev's inequality with fourth mo-ments to show that for " > 0 the above probability is O((" lnn)�4). Evenmore reently R�osler [R�os91℄ improved these upper bounds dramatially, and showed that for �xed " this probability is O(n�k) for any �xed k.We shall see that the probability of suh deviations is even smallerthan this. For �xed " > 0 we shall show thatPr � ���� Qnqn � 1 ���� > " � = n�(2 + o(1)) " ln(2) n (2)



4 HAYWARD AND MCDIARMIDas n!1. Note that here we use lnn to denote loge n. Also, we use thenotation ln(k) n, where ln(1) n = lnn and ln(k+1) n = ln(ln(k) n). Our mainresult for basi quiksort is a more preise version of (2) above.Theorem 1. Let " = "(n) satisfy 1= lnn < " � 1. Then as n!1,Pr � ���� Qnqn � 1 ���� > " � = n�2"(ln(2) n� ln(1=") +O(ln(3) n)) :This result is quite preise for " > 0 �xed or tending to 0 very slowly,but says little when " = O(ln(2) n= lnn).Theorem 1 is stated above for the most basi form of quiksort. How-ever, the di�erene between the number of omparisons required by thisversion of quiksort and the orresponding number for the more eÆient\utting at length M" variant is only O(n). This small term does nota�et our results, and the theorem we have just stated (as well as the onethat is to follow) also holds for the \utting at length M" variant.More are must be taken, however, when onsidering the \median of(2t+1)" variants of quiksorts. Reall that these are the variants in whihthe partitioning key is hosen as the median of (2t + 1) keys. Here t isa �xed non-negative integer, t = 0 orresponds to basi quiksort, andt = 1 is perhaps most ommon in pratie.We need more notation before stating our seond and �nal theorem.Let Q(t)n be the random number of omparisons taken to sort a randomlist of length n, and let q(t)n = E hQ(t)n i. Thus Q(0)n is Qn. For j = 1; 2; : : :let �j = (H2j+2�Hj+1)�1. Thus for example �0 = 2 and �1 = 12=7. It iswell known ([Van70℄ and [Sed80℄) thatq(t)n = �t n lnn + O(n) as n!1 :We an now state the \median of (2t+1)" extension of our �rst theorem:Theorem 2. Let " = "(n) satisfy 1= lnn < " � 1. Then as n!1,Pr " ����� Q(t)nq(t)n � 1 ����� > " # = n�(t+ 1)�t"(ln(2) n� ln(1=") +O(ln(3) n)) :We lose this introdutory setion by mentioning that our results forbasi quiksort apply to the analysis of binary searh trees, via a wellknown orrespondene whih we now desribe. An exeution of quiksortis ommonly assoiated with a so-alled partition tree, namely the binarytree whose root is the initial partitioning key, and whose two subtrees are



LARGE DEVIATIONS FOR QUICKSORT 5the trees of the reursive alls. Given a �xed number n of keys, there isa natural one-to-one orrespondene between partition trees and binarysearh trees (binary trees in whih eah left/right hild is lesser/greaterthan its parent). Thus the distribution of the number of key omparisonsof a quiksort exeution is the same as the distribution of the numberof key omparisons performed in onstruting a binary searh tree byrepeated insertion, when all n! initial orders are equally likely.Thus, for example, Theorem 1 an be interpreted as a result on binarysearh trees, by letting Qn be the number of key omparisons made whena binary searh tree on n keys is onstruted.2 Basi quiksortThe purpose of this setion is to prove Theorem 1. In x3 we will proveTheorem 2. In this setion we present the proofs of the lemmas in detail.As the proofs of the orresponding lemmas in x3 are often similar, thearguments there will be brisker.We shall work in the simple probability spae (
;F ;Pr) de�ned asfollows (for a given positive integer n). The set 
 is the set of all n!permutations � of f1; : : : ; ng; the �-�eld F of events is the set P(
) ofall subsets of 
; and the probability measure Pr is the uniform measure,so that Pr [A ℄ = jAj=n! for A � 
. (When we prove the lemmas on listlengths, lemmas 1, 10, and 11, we shall need briey to onsider a riherprobability spae.)2.1 List lengths in the partition treeA standard tehnique in the analysis of randomised quiksort is to asso-iate with an exeution of quiksort a binary tree whose nodes ontain thesublists obtained by the algorithm, the root orresponding to the originalunsorted list, and the hildren of any node being the sublists obtainedby the splitting of the parent node. We now desribe this orrespondenemore preisely.Consider the in�nite binary tree, with nodes numbered 1,2,3,: : : levelby level and left to right in the usual manner. (So for instane, the pathfrom the root down the left side onsists of nodes 1,2,4,8,: : :). Eah ex-eution of (basi) quiksort yields a labelling of a subtree of this tree,orresponding to the reursive struture of quiksort. The root, node 1,is labelled with the unsorted list of n keys, and its \list length" L1 is n.A partitioning key is hosen, and after partitioning an (unsorted) list ofthose keys less than the partitioning key forms the label for the left hild(node 2) whih then ats like the root of a new tree. Similarly, those keysgreater than the partitioning key are sent to the right hild of the root.



6 HAYWARD AND MCDIARMIDFor eah j = 1; 2; : : : let Lj be the length of the list to be sorted atnode j. Thus L1 = n and exatly n of the Lj are non-zero. Our aim inthis setion is to show that as we move down the tree the list lengthsshorten suitably with high probability. Let Mnk be the maximum value ofthe list length Lj over the 2k nodes j at depth k, that isMnk = maxfL2k+i : i = 0; 1; : : : ; 2k � 1g :The following lemma is essentially ontained in Lemma 3.1 of [Dev86℄.We give a short proof here for ompleteness.Lemma 1. For any 0 < � < 1 and any integer k � ln(1=�)Pr [Mnk � �n ℄ � ��2e ln(1=�)k �k :Proof. The key observation is that we an obtain the exat joint distri-bution of (L1; L2; : : :) as follows. Let the random variables X1;X2; : : : beindependent with eah uniformly distributed on the interval (0,1). De-�ne random variables ~L1; ~L2; : : : as follows. Let ~L1 = n and for i � 1let ~L2i = bXi ~Li and ~L2i+1 = b(1 � Xi)~Li. Then it is easily seen that(L1; L2; : : :) and (~L1; ~L2; : : :) have the same joint distribution. Also, let~Mnk be the maximum value of ~Lj over the nodes j at depth k. Then itfollows that Mnk and ~Mnk have the same distribution.Now de�ne further random variables Z1; Z2; : : : from X1;X2; : : : asfollows. Let Z1 = 1 and for i � 1 let Z2i = XiZi and Z2i+1 = (1�Xi)Zi.Then we have ~Li � nZi for eah i = 1; 2; : : :. Let Z�k be the maximumvalue of Zj over the 2k nodes j at depth k. Then~Mnk � nZ�k :Now the onlusion of the lemma follows from a series of routine proba-bility inequalities and arguments involving Z�k . We havePr [Mnk � �n ℄ = Pr h ~Mnk � �n i� Pr [Z�k � � ℄� 2k+1�1Xj=2k Pr [Zj � � ℄= 2k Pr" kYi=1Xi � � # ;



LARGE DEVIATIONS FOR QUICKSORT 7sine eah random variable Zj at depth k is the produt of k independentrandom variables uniformly distributed on (0; 1). ThusPr [Mnk � �n ℄ � 2k Pr " kYi=1Xi � � #� 2k��sE " kYi=1Xsi # for any s > 0 ; by the Markov inequality= 2k��s(E [Xs℄)k= 2k��s(s+ 1)�k= ��2e ln(1=�)k �k upon taking s+ 1 = kln(1=�)to minimise the bound.2.2 The bounded di�erenes approahIn this setion we shall use the idea of the method of \bounded di�er-enes" [MD89℄ to establish some neessary lemmas.We shall be interested in the omparisons performed by quiksort oneah of the levels of the partition tree. (Reall that the root is at level0.) For k = 0; 1; 2; : : : let Hk = Hk(�) be the random \history" of theomparisons performed at level k, namely, a reord of eah omparison,and its outome, made at level k. Thus the vetor (H0;H1; : : : ;Hk�1)reords the entire history of the proess for the �rst k levels: we all thisthe k-history H(k).It is onvenient to introdue some more notation. Let k be a positiveinteger and let h be a (�xed) possible k-history.Let 
h denote the event that we observe this partiular history, thatis, 
h = f� 2 
 : H(k)(�) = hg. Note that the list lengths at depth kare determined by h, that is, they are the same for all � 2 
h. We shallbe interested in the ase when their maximum size Mnk is not too large.Given that the event 
h ours, we are now onerned with the prob-ability spae (
h;P(
h);Prh), where Prh is the uniform probability mea-sure on 
h. Let us use Eh for expetation in this spae.Also, given that 
h ours, our \base point" is Eh[Qn℄. Suppose thatwe run the proess on down to some level k0�1, where k0 > k. The randomvariable Eh[QnjH(k0)℄ depends on the random extension H(k0) of h ob-served. [Reall that by de�nitionEh[QnjH(k0)℄(�) = Eh[QnjH(k0) = h0℄ for� 2 
h, where h0 = H(k0)(�): another notation for this is Eh[QnjF ℄ whereF is the �-�eld generated by H(k0) restrited to 
h.℄ Thus Eh[QnjH(k0)℄



8 HAYWARD AND MCDIARMIDwill deviate from Eh[Qn℄ depending on whether there were good or badsplits after h. We want to show that these deviations are very unlikely tobe large.If h is any level 0 history, so that h tells us the rank r of the initialsplitting element, thenEh[Qn℄� qn = n� 1 + qr�1 + qn�r � qn :The key property of (basi) quiksort that makes our proofs work is givenin the following lemma.Lemma 2. Let n be a positive integer and letAn = fn� 1 + qr�1 + qn�r � qn : r = 1; 2; : : : ; ng :Then(a) j x j � n for all x 2 An, and(b) max(An)�min(An) � (2 ln 2)n.Proof. This follows from straightforward manipulations of the losed formsolution to Equation 1 that we have desribed earlier. The details of thisproof are given in an Appendix.Lemma 3. Let n and k be positive integers and let h be any possiblek-history for Qn. Then �� Eh[Qn℄� qn �� � kn :Proof. If k = 1 the result is just lemma 2(a). Now let k � 2, and under agiven k-history h let the list lengths at level k be l1; l2; : : : ; l2k . Then�� Eh[QnjHk = h℄ � Eh[Qn℄ ��= ������ 2kXj=1�E hQlj jH0 = h(j)i � qlj� ������ for suitable level-0 histories h(j)obtained from h;� 2kXj=1 lj by the ase k = 1� n :The lemma now follows by indution on k.



LARGE DEVIATIONS FOR QUICKSORT 9We shall use Lemma 3 when onsidering levels near the top of thepartition tree. For further down the tree we use another inequality, againbased on Lemma 2. First we need two preliminary lemmas taken (essen-tially) from [MD89℄.Lemma 4. (see lemma 5.8 in [MD89℄) Let X be a random variable suhthat E [X℄ = 0, and a � X � b for some onstants a and b. Then for anys, E [exp f sX g℄ � expn s2(b� a)2=8 o : 2The seond preliminary lemma is a variant of Theorem 6.7 of [MD89℄.It is our `bounded di�erenes' inequality, though `onstrained di�erenes'might be a more appropriate phrase here.Reall that a �lter in a probability spae (
;F ;Pr) is an inreas-ing sequene F0 � F1 � : : : of �-�elds ontained in F . Given a �lter,a sequene X0;X1; : : : of integrable random variables is a martingale ifE [Xt+1 j F t℄ = Xt for eah t. For an introdution to the theory of mar-tingales, see for example [Nev75℄ or [Wil91℄.Lemma 5. Let (�;
) = F0 � F1 � : : : � Fn be a �lter, let X bean integrable random variable, and let X0;X1; : : : ;Xn be the martingaleobtained by setting Xk = E [X j Fk℄. Suppose that for eah k = 1; : : : ; nthere is a onstant k suh that for any s we haveE [exp f s(Xk �Xk�1) g j Fk�1℄ � expn 2ks2 o :Then for any t > 0Pr [ j Xn �X0 j � t ℄ � 2 exp( �t2=4 nXk=1 2k ) :Proof. We follow the lines of the proof of Theorem 6.7 of [MD89℄. LetYk = Xk �Xk�1 and Sk =Pkj=1 Yj = Xk �X0. For any s > 0,Pr [X �E [X℄ � t ℄ = Pr [Sn � t ℄� e�stE [exp f sSn g℄= e�stE [exp f sSn�1 gE [exp f sYn g j Fn�1℄℄� e�stE [exp f sSn�1 g℄ expn 2ns2 o� e�st expn s2X 2k o by iterating.



10 HAYWARD AND MCDIARMIDNow set s = t=2P 2k to obtainPr [X �E [X℄ � t ℄ � expn �t2=4X 2k o :To obtain the same bound for Pr [X �E [X℄ � �t ℄, just replae X by�X.Lemma 6. Let k1 < k2 be positive integers, let � > 0, and let h be apossible k1-history for whih Mnk1 � �n. Then for any t > 0Prh h��� Eh[QnjH(k2)℄ � Eh[Qn℄ ��� � ti � 2 exp( � t22(ln 2)2(k2 � k1)�n2 ) :Proof. We shall set up things to use Lemma 5. We work in the probabilityspae (
h;P(
h);Prh). The �lter is de�ned by letting Fk be the �-�eldgenerated by the histories Hk1 ; : : : ;Hk1+k�1. Thus the �lter orrespondsto the inreasingly re�ned partitions of 
h obtained from all the di�erentpossible extensions of the k1-history h.Naturally we take X to be Qn (restrited to 
h). Thus in the notationof Lemma 5 we have X0 = Eh[Qn℄, and Xk2�k1 = Eh[QnjH(k2)℄. We laimthat for any k = 1; 2; : : : and any s we haveEh [exp f s(Xk �Xk�1) g j Fk�1℄ � expn 2ks2 o (�)where eah 2k = 12(ln 2)2�n2. One this laim is established, the lemmawill follow immediately from Lemma 5.Let us then prove the laim (�). Let k be a non-negative integer, letj = k1 + k, and let h0 be a possible j-history extending h. We onditionon the event H(j) = h0 and use notation as before. De�ne the randomvariable T on 
h0 by settingT = Eh0 [Qn j Hj℄ � Eh0 [Qn℄ :The laim (�) is equivalent to showing that for any sEh0 [exp f sT g℄ � expn s2(ln 2)2�n2=2 o : (��)It remains then to prove (��). As we observed earlier, given thatH(j) = h0, all the list lengths at depth j are determined, say as l1; : : : ; l2j .Also we have Xi l2i � �n2 ;



LARGE DEVIATIONS FOR QUICKSORT 11sine eah li � �n and Pi li � n .Now T has the distribution of the sum of 2j independent randomvariables Tli for i = 1; : : : ; 2j , where Tli is uniformly distributed on theset Ali (de�ned in Lemma 2). Hene, by Lemmas 2(b) and 4, for any sEh0 [exp f sT g℄ =Yi E [exp f sTli g℄� exp( s2(2 ln 2)2Xi l2i =8 )� expn s2(ln 2)2�n2=2 o ;as required.2.3 Upper boundWe now need only assemble the piees from x2.1 and x2.2 to give a non-asymptoti upper bound for the probability of a large deviation � this isLemma 7 below � and then hoose appropriate values for the parametersto yield the upper bound in Theorem 1.Lemma 7. Let n, k1 and s be positive integers. Then for any real � with0 < � � 1 and positive integer k2 suh that ln(1=�) � k1, k2 > k1,k2 � ln(n=2) we havePr [ j Qn � qn j � k1n+ s ℄ � 2n �2e ln(n=2)k2 �k2 + ��2e ln(1=�)k1 �k1+ 2 exp( �s22(k2 � k1)�n2 ) :Proof. Let Rn be the random variable E hQn j H(k2)i. Reall that a k1-history h(k1) determines Mnk1 . Let H be the set of k1-histories h(k1) forwhih Mnk1 � �n. ThenPr [ j Qn � qn j � k1n+ s ℄� Pr [Qn 6= Rn ℄ + Pr hH(k1) 62 H i+ Pr h j Rn � qn j � k1n+ s and H(k1) 2 H i= Pr [Qn 6= Rn ℄ + Pr hH(k1) 62 H i+ Xh2H �Prh [ j Rn � qn j � k1n+ s ℄ � Pr hH(k1) = h i�



12 HAYWARD AND MCDIARMID� Pr �Mnk2 � 2 � + Pr �Mnk1 > �n �+ Xh2HPrh � ��� Rn �Eh[Rn℄ �� � s� � � Pr hH(k1) = h isine �� Eh[Rn℄� qn �� � k1n by Lemma 3. The result now follows fromLemmas 1 and 6.Lemma 8. Let " = "(n) satisfy 0 < " � 1. Then as n!1,Pr � ���� Qnqn � 1 ���� > " � � expn �2" lnn(ln(2) n� ln(1=") +O(ln(3) n)) o :Proof. It suÆes to assume that "(n) � "0(n) = 2 ln(2) n= lnn, for if" < "0 then the upper bound an take the value 1.We need to hoose our parameters appropriately. Let s = s(n) andk1 = k1(n) be integers with s = �"n lnnln(2) n � ;and k1 = b2" lnn� 2s=n = 2" lnn�1 +O( 1ln(2) )� :Observe that k1n+ s = b2"n lnn� s� "qn for n suÆiently large ;and then Pr � ���� Qnqn � 1 ���� > " � � Pr [ j Qn � qn j � k1n+ s ℄ :Next let � = �(n) = "2(ln(2) n)�5and let k2 = k2(n) = l(lnn)(ln(2) n)m :Note that k1 � ln(1=�) for n suÆiently large, sineln(1=�)k1 � 2 ln(1=") + 10 ln(3) n2" lnn = (1=") ln(1=")lnn + o(1) � 12 + o(1) :



LARGE DEVIATIONS FOR QUICKSORT 13It remains only to hek that eah of the three terms in the right handside of the inequality in Lemma 7 is suitably small. The �rst term is2n �2e ln(n=2)k2 �k2 � expn �k2 ln(3) n o ;whih is very small. The seond term is��2e ln(1=�)k1 �k1 � expn �k1(ln k1 � ln(2)(1=�) +O(1)) o= exp� �2" lnn�ln(2) n� ln(1" )� ln(2)(2" )� ln(4) n+O(1)� � ;= exp� �2" lnn�ln(2) n� ln(1" ) +O(ln(3) n� � ;whih is as required. The third and �nal term is2 exp( �2s2(k2 � k1)(2 ln 2)2�n2 )� 2 exp( �(1 + o(1))2(ln 2)2 n2(lnn)2=(ln(2) n)2(lnn)(ln(2) n)(ln(2) n)�5n2 )� 2 exp� �(1 + o(1))2(ln 2)2 lnn(ln(2) n)2 � ;whih is very small.2.4 The lower boundIn this setion we shall prove the lower bound part of Theorem 1. Weshall see that a few \bad splits" near the top of the partition tree anaount for the probability of large deviations.Lemma 9. Let " = "(n) satisfy 1= lnn � " � 1. Then as n!1,Pr � Qnqn � 1 > " � � expn �2" lnn �ln(2) n� ln(1=") +O(ln(3) n)� o :Proof. The proof for the median of (2t+1) quiksort will be very similar tothe proof below, so it is onvenient to introdue �0 = 2 into our disussion.As in the proof of Lemma 8, we need to hoose the appropriate parametersarefully.To begin with, let us assume that"(n) � 9 ln(2) n= lnn : (�)



14 HAYWARD AND MCDIARMIDLet � = �(n) = 3 ln(3) n= ln(2) nand let � = �0 + �; � = �=3 and Æ = �=4 :Note that �(1� ��=2) � �0 + Æ for n suÆiently large.Now let k = k(n) = b�" lnn ;l = l(n) = b(�n)=(" lnn) ;J = J(n) = f2j + 1 : j = 0; 1; : : : ; k � 1g [ f2kg ;and let L = L(n) be the set of vetors (lj : j 2 J) of non-negative integerslj suh that lj � l for eah j 2 Jnf2kg.For eah l in L let A(l) be the event that Lj = lj for eah j in J .Finally let A be the union of the events A(l) for l in L. Note thatPr [A ℄ � � l + 1n �k� � �" lnn�k= exp� �(�0 + �)" lnn �ln(2) n � ln(1" ) + ln( 1�) � �= expn ��0" lnn �ln(2) n� ln(1=") +O(ln(3) n)� o :Let Q0n be the number of omparisons orresponding to partitioningthe leftmost nodes at depth at most k � 1 (these are the parents of thenodes in the set J) and let Q00n = Qn �Q0n. If the event A ours thenQ0n � k�1Xj=0(n� j(l + 1)� 1)= k(n� 1� 12(k � 1)(l + 1))= �"(1 � ��=2)n lnn + O(n)� (�0 + Æ)"n lnn + O(n) :Now let l 2 L be suh that Pr [A(l) ℄ > 0. Observe thatPj2J lj = n�kat least one k(l + 1) < n. Conditional on A(l), Q00n is distributed like



LARGE DEVIATIONS FOR QUICKSORT 15Pj2J Qlj , where these k+1 random variables Qlj are independent. HeneE[Q00n j A(l)℄ =Xj2J E[Qlj ℄�Xj2J(�0 lj ln lj � 4lj)� �0 l2k ln l2k + �0k l̂ ln l̂ � 4nwhere l̂ = 1k Pj2Jnf2kg lj . But l2k = n� k(l̂ + 1) and sol2k ln l2k � (n� k(l̂ + 1))(lnn+ ln(1� k(l + 1)n ))= n lnn� kl̂ lnn+O((lnn)2) :Hene for n suÆiently largeE[Q00n j A(l)℄ � �0n lnn� �0kl̂ ln(n=l̂)� 5n� �0n lnn� �0kl ln(n=l)� 5n� �0n lnn� �0��n ln�" lnn� �� 6n� �0n lnn� (4 + o(1))n ln(3) n :Also var (Q00n j A(l)) = Xj2J var Qlj = O(Xj2J l2j ) = O(n2) :Here we are using the fat that var(Qn) = O(n2), as noted in x1. Hene,by Chebyshev's inequalityPr hQ00n � �0n lnn� 5n ln(3) n j A(l) i! 1 as n!1 ;and this onvergene is uniform over l in L.Now, for n suÆiently large,(�0 + Æ)"n lnn+ �0n lnn� 6n ln(3) n > (1 + ")qn :Hene we havePr [Qn > (1 + ")qn ℄ � Pr [Qn > (1 + ")qn j A ℄ Pr [A ℄=Xl2LPr [Qn > (1 + ")qn j A(l) ℄ Pr [A(l) ℄�Xl2LPr hQ00n � �0n lnn� 5n ln(3) n j A(l) iPr [A(l) ℄= (1 + o(1)) Pr [A ℄� expn ��0" lnn�ln(2) n� ln(1=") +O(ln(3) n)� o



16 HAYWARD AND MCDIARMIDas required. This ompletes the proof of Lemma 9 for the ase (�).Now suppose that 1lnn � "(n) � 9 ln(2) nlnn : (��)Thus we an write "(n) = f(n)= ln(n), where 1 � f(n) � 9 ln(2) n, and soln(2) n�ln(1=")+O(ln(3) n) = ln(2) n�ln(2) n+ln(f(n))+O(ln(3) n)) = O(ln(3) n):Hene to prove the lemma for (��), it suÆes to prove thatPr � Qnqn � 1 > " � � n�" ln(3) nfor some onstant . We shall in fat show that for n suÆiently large,Pr � Qnqn � 1 > " � � n�(2+ 2)" ln(3) nwhere  = 12. We hoose parameters as before, exept that now k =k(n) = b" lnn. Arguing muh as before, we �nd that for n suÆientlylarge, Pr [A ℄ � n�(2+ 1)" ln(3) n ;Q0n � (� 1)"n lnn ; andE �Q00n j A(l)� � �0n lnn � �0�n ln�" lnn� � � 6n :� �0n lnn� 7n :But var(Q00n j A(l)) � n2 (for n suÆiently large), sine var(Qn) �(7� 2�2=3)n2 as n!1, and 7� 2�2=3 ' 0:42 < 1 (see [Knu73℄). Heneby Chebyshev's inequality, with probability � 1=2, Q00n � �0n lnn � 9n.Further (for n suÆiently large)�0n lnn + (� 1)"n lnn � 9n � (1 + ")qn :Now we omplete the proof muh as in the ase of (�).3 Median-of-(2t + 1) quiksortIn this setion we shall prove Theorem 2. Many of the ideas and tehniquesof this setion are similar to those explained in the previous setion. Lett be a �xed non-negative integer throughout.



LARGE DEVIATIONS FOR QUICKSORT 173.1 List lengths in the partition treeWe argue muh as in x2.1 though the details are more ompliated here.Lemma 10. Let n and k be positive integers, let 0 < � < 1 and supposethat (2t+ 1)2tk < �n.Let X1;X2; : : : ;Xk be independent random variables eah distributedas the median of 2t+1 independent random variables uniformly distributedon [0,1℄. ThenPr [Mnk � �n ℄ � 2k �1� (2t+ 1)2tk�n ��1 Pr " kYi=1Xi � � # :Proof. Let U (i)j for positive integers i and j be independent random vari-ables eah uniformly distributed on [0,1℄. For eah i = 1; : : : ; k we maytake Xi to be the median of U (i)1 ; : : : ; U (i)2t+1.Next we de�ne a dereasing sequene N0, N1, : : :, Nk of random vari-ables orresponding to the list lengths L0, L2, : : :, L2k . Let N0 = n. Foreah i = 1; : : : ; k do the following. If Ni�1 < �n then set Ni = : : : =Nk = 0 and stop. If Ni�1 � �n then onsider U (i)1 ; U (i)2 ; : : : in turn untilwe obtain 2t + 1 distint numbers bU (i)j Ni�1. Then let Ni be one lessthan the median of these 2t+ 1 numbers. The key observation is thatPr [L2k � �n ℄ = Pr [Nk � �n ℄ :Let A be the event that for eah i = 1; : : : ; k with Ni�1 � �n the �rst2t+ 1 numbers bU (i)1 Ni�1; : : : ; bU (i)2t+1Ni�1 are distint. ThenPr [Nk � �n and A ℄ � Pr " kYi=1Xi � � #sine learly Nk � nQki=1Xi on A. AlsoPr [A j Nk � �n ℄ �  1�  2t+ 12 ! 2�n!k� 1� (2t+ 1)(2t)k�n :Now the desired onlusion follows from routine probability inequalities.In partiular,Pr [Mnk � �n ℄ � 2k Pr [L2k � �n ℄= 2k Pr [Nk � �n ℄



18 HAYWARD AND MCDIARMID= 2k Pr [Nk � �n and A ℄ � Pr [A j Nk � �n ℄� 2k Pr" kYi=1Xi � � # � �1� (2t+ 1)2tk�n � :
Lemma 11. Let 0 < � < 1 and let n and k be positive integers suh thatk > 2t+ 1t+ 1 ln 1� :Let X be distributed like the median of 2t + 1 random variables eahuniform on [0,1℄, and let X1; : : : ;Xk be independent random variables,eah distributed like X. ThenPr " kYi=1Xi � � # � �2t+1 �(2t+ 1)e ln(1=�)(t+ 1)k �(t+1)k :Proof. It is well known and routine to hek that X has the � distributionwith parameters t+ 1, t+ 1; whih has probability density funtionf(x) = � (2t+ 2)(� (t+ 1))2xt(1� x)t for 0 < x < 1 :Thus, for s > �(t+ 1)E [Xs℄ = Z 10 xsf(x) dx= � (2t+ 2)(� (t+ 1))2 Z 10 xs+t(1� x)t dt= � (2t+ 2)� (t+ 1) � (s+ t+ 1)� (s+ 2t+ 2)= tYi=0� 2t+ 1� is+ 2t+ 1� i� :Now we argue as in the proof of Lemma 1. For any s > 0Pr " kYi=1Xi � � # = Pr" kYi=1Xsi � �s #� ��s(E [Xs℄)k= ��s " tYi=0� 2t+ 1� is+ 2t+ 1� i�#k� ��s � 2t+ 1s+ 2t+ 1�(t+1)k :



LARGE DEVIATIONS FOR QUICKSORT 19Now we hoose s > 0 to minimise this bound b say. Note thatdds ln(b) = dds �s ln 1� � (t+ 1)k ln(s+ 2t+ 1)�= ln 1� � (t+ 1)ks+ 2t+ 1 ;and so we take s = (t+ 1)kln(1=�) � 2t� 1 > 0 :Then ��s = �2t+1 e(t+1)kand 2t+ 1s+ 2t+ 1 = (2t+ 1) ln(1=�)(t+ 1)kand so we obtain the required bound.3.2 The bounded di�erenes approahOur �rst result here is the key property for median-of-(2t+ 1) quiksortand orresponds to lemma 2 for basi quiksort. That result was non-asymptoti and proved from �rst priniples: here we are not so luky andmust use asymptoti results for q(t)n .If h is any level 0 history, so that h tells us the rank r of the splittingelement, thenEh[Q(t)n ℄� q(t)n = n� 1 + q(t)r�1 + q(t)n�r � q(t)n :Lemma 12. For eah positive integer n letAn = fn� 1 + q(t)r�1 + q(t)n�r � q(t)n : r = 1; 2; : : : ; ng :Then there is an � > 0 and a funtion g(n) > 0 with g(n) = O(n1��)suh that for eah positive integer n�(�t ln 2 � 1) n � g(n) < x < n + g(n) for all x 2 An :Proof . It is known (see [Hen89℄) that for some onstants � = �(t) and� = �(t) with 0 < � < 1 we haveq(t)n = �tn lnn + �n + (n) ;where (n) = O(n1��). Suppose that j (n) j � n1� . Letf(n) = �tn lnn + �n :



20 HAYWARD AND MCDIARMIDIt is easy to hek thatf(r � 1) + f(n� r)� f(n) 8><>:� O(1)� ��t(n ln 2 + lnn) + O(1) :It follows thatq(t)r�1 + q(t)n�r � q(t)n 8>>>>>><>>>>>>:� 3 max1�k�n j (k) j + O(1)� ��t(n ln 2 + lnn)�3 max1�k�n j (k) j + O(1) :Thus there is a suitable funtion g(n) withg(n) = 3n1� + 2 lnn + O(1) : 2Consider the variant of median of (2t+1) quiksort whih uts listsat length ln(n) say. Let ~Qn be the orresponding number of omparisonsand let ~qn = E h ~Qni. Note that��� Q(t)n � ~Qn ��� = O(n ln(2) n) :Lemma 13. There exist ; � > 0 suh that the following holds. Let n andk be positive integers and let h be a possible k-history for ~Qn. Then��� Eh[ ~Qn℄ � ~qn ��� � �1 + (lnn)��� kn :Proof. This follows from Lemma 12 muh as Lemma 3 followed fromLemma 2(a).Choose ; � > 0 suh that g(n) � n1�� in Lemma 12. Note that sine�t ln 2 � 2 ln 2 � 2, Lemma 12 shows that jxj � n+ g(n) for all x 2 An.We now see that the ase k = 1 follows immediately from Lemma 12.Now let k � 1, let h be a possible k-history with orresponding listlengths l1; : : : ; l2k at level k, and let h be a possible level k history ex-tending h. Then��� Eh h ~Qn j Hk = hi � Eh h ~Qni ���= ������ 2kXi=1 �E h ~Qli j H0 = h(i)i � ~qli� ������ for suitable depth-0 historiesh(i) obtained from h



LARGE DEVIATIONS FOR QUICKSORT 21�Xi nli + g(li) : i = 1; : : : ; 2k with li � lnno� n+ Xi nl1��i : i = 1; : : : ; 2k with li � lnno� n+ n(lnn)�� :In the last step we used the fat that if a > 0, x1; x2; : : : � a andPi xi � nthen Pi x1��i � na��.The lemma now follows by indution on k.3.3 An upper boundIn this setion we shall prove the upper bound part of Theorem 2, fol-lowing the pattern of the proofs for the ase of basi quiksort.Lemma 14. Let " = "(n) satisfy 0 < " � 1. ThenPr " ����� Q(t)nq(t)n � 1 ����� > " # � expn �(t+ 1)�t" lnn �ln(2) n� ln(1=") +O(ln(3) n)� o :Proof. Consider ~Qn as in Lemma 13 above. De�ne s, k1, �, k2, Rn, H asin the proof of Lemma 8, exept with the term 2" lnn in the de�nition ofk1 replaed by �t " lnn, and referring to ~Qn. (Note that �0 = 2.) Now theproof of this lemma is similar to the proofs of Lemmas 7 and 8. As there,it suÆes to assume that "(n) � "0(n). In partiular, for n suÆientlylarge,Pr h ��� Q(t)n � q(t)n ��� > " q(t)n i� Pr h ��� ~Qn � ~qn ��� > k1 n + s i� Pr h ~Qn 6= Rn i + Pr hH(k1) 62 H i+ Pr h ��� ~Qn � ~qn ��� > k1n+ s and H(k1) 2 H i� Pr �Mnk2 > lnn � + Pr �Mnk1 > � n �+ Xh2H �Prh [ j Rn � ~qn j > k1n+ s ℄� Pr hH(k1) = h i � :Now onsider the three terms in this bound. First we shall show thatPr hMnk2 > lnn i is very small. Let k3 = bk2=2. Then by Lemmas 10and 11Pr �Mnk2 > lnn � � Pr �Mnk2 > 1 �� Pr �Mnk3 > k3 �� expn �(t+ 1) k3 �ln(3) n + O(1)� o ;



22 HAYWARD AND MCDIARMIDwhih is very small.Next onsider Pr hMnk1 > � n i. By Lemmas 10 and 11 this is at mostexpn �(t+ 1) k1 �lnk1 � ln(2)(1=�) + O(1)� o= expn �(t+ 1)�t" lnn �ln(2) n� ln(1=") +O(ln(3) n)� o ;whih is as required.Finally, for the third term, onsider a k1-history h in H. Note that byLemma 13 �� Eh [Rn℄ � ~qn �� � �1 + (lnn)��� k1n :Hene Prh [ j Rn � ~qn j > k1n+ s ℄� Prh � �� Rn �Eh [Rn℄ �� > s� k1n(lnn)�� � :But s� k1n(lnn)�� = (1 + o(1))s. Now we use Lemma 5 as in the proofof Lemma 6. We �ndPrh [ j Rn � ~qn j > k1n+ s ℄ � 2 exp( � (2 + o(1))s2(k2 � k1)(�t ln 2)2�n2 )� exp� �(2 + o(1))(�t ln 2)2 (lnn)�ln(2) n�2 �whih is very small.3.4 Lower bound { general aseIn this setion we shall prove the lower bound part of the proof of Theo-rem 2. We have set up the proof of Lemma 9 above so that we an followit losely.Lemma 15. Let " = "(n) satisfy 1= lnn < " � 1. Then, as n!1,Pr h �Q(t)n > (1 + ")q(t)n � i � expn �(t+ 1)�t" lnn�ln(2) n� ln(1=") +O(ln(3))� o :Proof. In the proof of Lemma 9 replae all referenes to Q, q, �0 by Q(t),q(t), �t respetively. Note that �t � �0 = 2. Also, var(Q(t)n )=n2 ! �2t � �20as n!1 (see [Hen89℄). The only parts that need to be hanged onernPr [A ℄.Note that L3 � l if and only if at least t+ 1 of the hosen 2t+1 keysare amongst the last l+1 of the n possible keys. So ertainly L3 � l if the



LARGE DEVIATIONS FOR QUICKSORT 23�rst t + 1 keys hosen are amongst the last l + 1 of the n possible keys.Thus Pr [L3 � l ℄ � � l � tn �t+1 :Considering the other members j of J � f2kg similarly, we see thatPr [A ℄ � � l � tn �(t+1)k= expn �(t+ 1)�t" lnn �ln(2) n� ln(1=") +O(ln(3) n)� o :4 Appendix 1: A lemmaIn this setion we prove in detail the following lemma, whih desribeshow the expeted number of omparisons in basi quiksort an hange,given the knowledge of the �rst partition. Reall that qn = E[Qn℄. Forpositive integers n and for 1 � k � n de�nen;k = qn � (qk�1 + qn�k) ;and for positive integers n de�neAn = fn� 1 � n;k : 1 � k � ng :Lemma 16. (a) For any integers n; k with 1 � k � n=2,qk�1 + qn�k � qk + qn�k�1 :(b) For any integers n; k with 1 � k � n,qn�1 � qk�1 + qn�k :() For any integer n � 1,qn�1 � (qb(n�1)=2 + qd(n�1)=2e) � (2 ln 2)n :(d) For any integer n � 1,max(An)�min(An) � (2 ln 2)n :(e) For any integer n � 1,�(n� 1) � min(An) � max(An) � n� 1 :



24 HAYWARD AND MCDIARMIDProof. The proof follows from routine arithmeti manipulations of Equa-tion 1. A losed form solution to this equation (see [Knu73℄ or [Sed80℄) isgiven by q0 = 0, and for n � 1,qn = 2(n+ 1) nXj=2 j � 1j(j + 1) :By rewriting the summand in the above equation as 2jj + 1 � 1j , itfollows that for all n � 0,qn = 2(n+ 1)Hn � 4n :It is onvenient to note here that if n is odd (n � 1) thenHn�1 �H(n�1)=2 � Z n�1(n�1)=2 dxx = ln2and if n is even (n � 2) thenHn �Hn=2 � Z nn=2 dxx = ln2 :To prove part (a) of the lemma, we wish to show that qn�k�qn�(k�1) �qk� qk�1. It suÆes to show that qt� qt�1 is a non-dereasing funtion oft. But it follows from (*) that qt� qt�1 = 2(Ht� 1), so the result follows.Now prove part (b). For 1 � k � n,qk�1 + qn�k � q0 + qn�1 � qn�1 by lemma 16(a) :Now prove part () of the lemma. For integers n � 1 letÆn = qn�1 � (qb(n�1)=2 + qd(n�1)=2e) :We wish to show that Æn=2 � n ln 2. There are two ases to onsider,depending on the parity of n. First suppose that n is odd. Then b(n �1)=(2) = d(n� 1)=(2)e = (n� 1)=(2) and soÆn=2 = 12(qn�1 � 2q(n�1)=2)= nHn�1 � (n+ 1)H(n�1)=2� n(Hn�1 �H(n�1)=2)� n ln 2 :



LARGE DEVIATIONS FOR QUICKSORT 25Now suppose that n is even and at least 2. Then b(n�1)=2 = (n�2)=2and d(n� 1)=2e = n=2. HeneÆn=2 = 12(qn�1 � qn=2 � q(n�2)=2)= nHn�1 � (n+ 1)Hn=2 + 1� n(Hn�1 �Hn=2)� n ln 2 :Now prove (d). Observe thatmax(An) � min(An) = max(n;k) � min(n;k) :De�ne qn � (qb(n�1)=2 + qd(n�1)=2e) = �n :Using lemma 16(a), maxk (n;k) = �nand mink (n;k) = qn � (qn�1 + q0) = qn � qn�1 :Thusmax(An) � min(An) = qn � (qb(n�1)=2 + qd(n�1)=2e) � (qn � qn�1)= Ænand now the onlusion follows by lemma 16().Finally, we prove (e). Note that the upper bound follows by observingthat n;k is non-negative. To establish the lower bound, observe thatmin(An) = n� 1 � max(n;k)= n� 1 � �n :To omplete the proof, we wish to show that�(n� 1) � n� 1 � �n ;namely, that �n � 2n� 2 for n � 1 : (��)Observe that for all n � 1,�n = Æn + qn � qn�1 = Æn + 2(Hn � 1)



26 HAYWARD AND MCDIARMIDThus using our previous expressions for Æn, we have, for n odd,�n2 = nHn�1 � (n+ 1)H(n�1)=2 +Hn � 1= (n+ 1)(Hn�1 �H(n�1)=2) + 1n � 1 ;and for n even and at least two,�n2 = nHn�1 � (n+ 1)Hn=2 + 1 +Hn � 1= (n+ 1)(Hn�1 �H(n�1)=2) + 1n :Thus to show that �n � 2n� 2, we need to show thatHn�1 �H(n�1)=2 � n� 1nn+ 1 for n odd, andHn�1 �Hn=2 � n� (1 + 1n)n+ 1 for n even and at least two.This an be heked diretly for small n; for larger values of n, itfollows from observing that ln 2 an be squeezed between the left andright hand sides of the above inequalities. This ompletes the proof oflemma 16.5 Appendix 2: Computations, Simulations and FiguresIn this setion we present some �gures relevant to the theoretial resultswe have obtained. Spei�ally, for both the basi and median-of-3 variantsof quiksort, we present three �gures: the exat key omparison frequenydistribution for n = 100, a (pseudo-random number generated) simulationof the distribution for n = 120; 000, and a omparison of the theoretial(as from our theorems) and simulated (as from the simulations) behaviourof Pr � ���� Qnqn � 1 ���� > " �.Let f(n; k) be the probability that a basi quiksort of n keys takesk key omparisons, assuming all possible input permutations are equallylikely. The exat key omparison frequeny distribution �gures were re-ated by piking a suitably small n (small enough to allow the omputa-tions to �nish in a reasonable time), and omputing f(n; k) for all possiblevalues of k. This omplete distribution for n keys an be omputed in timeO(n6) and spae O(n3) as follows:Set f(0; k) = Æ0;k for all k (where Æi;j = 1 if i = j and 0 otherwise),and for n � 1f(n; k) = nXr=1 1nXx;y ff(r � 1; x)f(n� r; y) : x+ y = k � n+ 1 g :



LARGE DEVIATIONS FOR QUICKSORT 27Figures 1a and 1b show the exat quiksort key omparison frequenydistribution for n = 100. In order to show better the behaviour in thetail, the logarithm of the distribution is also shown.A similar omputation works for the median-of-3 ase, although wemust be areful to speify the number of key omparisons in the basisases. Also, we assume that for n � 3 keys, 3 omparisons are performedto �nd the median, and so partitioning takes a total of 3 + n � 3 = nomparisons.Let g(n; k) be the probability that a median-of-3 quiksort of n keystakes k key omparisons, assuming all input permutations to be equallylikely. For k � 0, setg(0; k) = g(1; k) = Æ0;k; and g(2; k) = Æ1;k :Then for n � 3 and k � 0,g(n; k) = nXr=1 (r � 1)(n� r) n3! Xx;y fg(r� 1; x)g(n� r; y) : x+ y = k�n g :The simulation �gures 2a and 2b were produed by simulating 10,000trials of quiksort. The minimum and maximum values on the horizontalsale are the respetive minimum and maximum observed during the tri-als; one these values were determined, the range of observed values waspartitioned into a number of bukets, and the density of eah buket (asshown by the height of the orresponding bar) was determined. Note thatthe maximum observed number of key omparisons is far less than themaximum possible number of key omparisons.The �nal two �gures show how the bounds established in our twotheorems ompare with simulations of quiksort, for a �xed value of �,namely " = 0:05. For eah of 60 values of n from 2,000 through 120,000(inrementing by 2,000), 1,000 trials of quiksort were performed. Foreah set of 1000 trials, the empirial value Pr h ��� Qnqn � 1 ��� > " i (that is,the proportion of the trials in whih j Qn=qn � 1 j > ") and the quantityn�2"(ln lnn� ) are shown, for a ertain value of . (The value of  washosen to least-squares �t the larger half of the sample points for n.)All simulations were performed on a luster of Suns and Spars. MikeHallett, Fahir Erginan and Doug Goodman helped with the running ofthe quiksort simulations.
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Figure 1.bMedian-of-3 Quiksort Key Comparison Frequenyomputed exatlyn = 100 keys
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Figure 2.aBasi Quiksort Key Comparison Frequenyfrom simulation: 10,000 trialsn = 120; 000 keys
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Figure 2.bMedian-of-3 Quiksort Key Comparison Frequenyfrom simulation: 10,000 trialsn = 120; 000 keys
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Figure 3.bMedian-of-3 QuiksortTheoretial vs. Observed Deviations
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