Lecture 6: Fri January 17, 2003

today

e sample answers to typical problems

announcements

e quizzes start Monday
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4 typical problems

1. Prove the following pseudocode postcondition.

postcondition: A[1] is maximum among A[1..n]
for j <- n downto 2 do
if A[j] > A[j-1] then
interchange A[j] <-> A[j-1]

w N = *

2. Prove that % lgjisin O(nlgn).
j=1

3. Let f(n) and g(n) be non-negative functions,

let s(n) = f(n) 4+ g(n), and let m(n) = max{f(n), g(n)}.
Prove or disprove: s(n) is in ©(m(n)).

4. Using O notation, give the simplest description of the running time of
the following, assuming a uniform RAM model of computation.

1 for j <- 1 to n-2 do

2 for k <- j+1 to n-1 do
3 for m <- k+1 to n do
4 Xx <-x + a
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an answer to 1.
e the key is to find a useful loop invariant
e LI: at start of 1, A[j] is max among Alj..n]
e now prove LI
e initialization: j = n, A[n] is max among A[n..n], so LI holds
e maintenance: assume LI holds for 7 = ¢, where 2 <t < n

— at start of 2, Alt] is max among Alt..n]
— case 1: suppose Aft] < Aft-1]
% at end of 2, A[t-1] > max among Alt..n], so
Alt-1] max among Alt-1..n]
* 3 does not execute, so next time 1 is reached
Aft-1] is max among A[t-1..n]
— case 2: suppose Alt] > Alt-1]
* at end of 2, A[t] max among Aft..n] and > A[t-1], so
Alt] max among Alt-1..n]
* 3 executes, so next time 1 is reached
A[t-1] max among Al[t-1...n]
e init'n, maintenance, and induction imply that
LI holds for all j with 1 < j < n.

e termination

— execution reaches 1 for last time with j=1

— LI for j=1 implies A[1] is max among A[l..n]

— 50 postcondition holds
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n
an answer to 2. Let s(n) = > lgj.
j=1

o forn>1, s(n) < zn: lgn = nlgn, so s(n) € O(nlgn).

J=1

let t = [n/2] for n > 2, s(n)

1V

1V

n _lgn

©

forn >4, lg— > —=—

5 so s(n) >

2

¢ 50 s(n) isin Q(nlgn).

s(n) in O(nlgn) and Q(nlgn), so s(n) in O(nlgn)
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an answer to 3.

e for each n,
f(n) <m(n), g(n) <m(n), sos(n) <2m(n), so

s(n) € O(m(n))
e for each n,
m(n) = (n) or m(n) = g(n), f(n) >0, g(n)>0, so

s(n) > m(n), so s(n) € Q(m(n))

e s(n) € O(m(n)) and s(n) € Q(m(n)) so s(n) € O(m(n))
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an answer to 4.

e run time is in O(s(n)) where s(n) = nz_j2 nil f: 1

J=1 k=j+1 m=k+1

n

s(n) < fj f: Enj =3 S n= f:n n?, so s(n) € O(n?)

Jj=1k=1m=1 J=1k=1 7=1
n—2 n—1
s(n) = )IDY (n — k)
J=1 k=j+1
n—2 -1
= Y(nn-1-4)— X k)
7=1 k=j+1
n—2
= X(n(n—1-j)=(@m—1-j)(n+7)/2)
]:
1 n—2 )
= s X (n—1-j)(n—j)
2]:1
/
> Iy mo1—tm—t) fort—|"
2 =1 2
Iln—1n—-2n
> =
- 2 22 2 32
> (n/2)"n - forn >4
16 64
e 50 s(n) € Q(n?), and O(n?), so s(n) € O(n?)
e 50 run time in O(n?) @

e note: can show s(n) = (3) = n(n —1)(n — 2)/6
e note: can show s(n) in Q(n’) using integration:

-1 m n+1 .
_ /kzj—i-l 1 dm dk dj

m=k+1
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