!'_ Complex (Sequential) Decisions



Decision Theoretic Agents

= Introduction to Probability [Ch13]
= Belief networks [Ch14]
= Dynamic Belief Networks [Ch15]

\ = Single Decision [Ch16]
= Sequential Decisions [Ch17]
= MDPs [Ch17.1-17.3]
(Value Iteration, Policy Iteration)
= POMDPs [Ch17.4-17.5]

Dynamic Decision Networks
= Game Theory [Ch17.6 — 17.7]



i Sequential Decisions

Environ/
Actions

Actlon(s)
Single =

Deterministic

Stochastic
= Plan =~ sequence of

DETERMINISTIC actions in

Utility Problem

(SImple)
Decision Problem

Sequential
Decision Problem

DETERMINISTIC ENVIRONMENT
But now: Actions/Environment stochastic
= (Simple) Decision Problem deals with SINGLE action
(Reward after each action)
But now: Sequence of actions

UnObservable
s State: Accessible
InAccessible
Environment + Effect of Actions:

{ Known
Unknown



i Sequential Decision Problem

0.8

=5 0.1 * 0.1

(b

= Agent can move { North South, East, West }
Terminates on reaching [ 4, 2 Jor [ 4, 3 ]

= Transition Model: M?; = P(S;,; =J | S;=i,A=a)
= prob of reaching state j if perform action a from state |

= If actions have DETERMINISTIC EFFECTS ( M?; € {0, 1} )

— (std) Planning Problem .

= but. . . Actions NOT reliable: T
Action = North = | .

0.1 0.1



i Immediate Reward & Total Utility

= Immediate reward:

R(S) =

IT § £
IT § =
IT § =

4, 2]
4, 3]

4, 2]

or [4, 3]

= Sequence of actions+states

[So, A1, Sy, -

2 R(sp) = {

, A, Spl

= Utility depends on EPISODE

Most reward after SERIES of states (= sequence of actions)

... hot single state

2

1 STaAT

=T

=71




i Observable (accessibie) EnVironments

= After each action,
agent can observe resulting state S, , ,
— Agent just needs to know

optimal action for each state | - | —

= Agent ~ "Policy” 2|
7. State — Action i

!

B

= Don't need optimal action sequerice -

... just need optimal policy!
= Optimize expected (cumulative) utility
= Agent, using r, is “deterministic” (“reflex”)




iDifferent Rewards = Different Policy

- | = | = |1 e | | - | T
. : * = | 1] " + O
2 | 4 = TEERTS —0.4278 < R(s) < —0.0850
1 1‘ —g— g

| e | e | [ET]

1 2 4

b ol 1=
Better to go around, b = [=]3
than risk “-1"

—0021E<Ris)< D Ris)=10

10



B

A

i Markov Decision Process |

= Assume: finite set of states S IR
finite set of actions A (e

= At each discrete time, agent ...
= oObserves state s, € S, and
= chooses action a, € A
then
= receives (immediate) reward r. = R( s, )

= state changestos.,; ~ P( Si.1 | Sy a¢ )
= Markov assumption:

I, St.1 depend only on current { state

action
11



Defining Utility Fn Over States

s| =|—|— |

2 | 4 } (=3

=)=
= U (S ) = expected cumulative reward of executing
policy &, starting in state S,

(aka “value function”)
U.([3,1]1) = R([3,11) + 2; P(S; | [3,1], n([3,1]) ) x U.('S;)

=-0.4 + [0.8x U ([2,1]) + 0.1 x U ([3,2] )
+ 0.1 x U ([3,1] ) ]

12



i Defining Utility Fn Over States

= U (S, ) = expected cumulative reward of executing policy
n, starting in state S,

(aka “value function”)
= U(S) = R(Si)+ZjP(Sj | Siy 7(S;) ) Un(sj)
= R(S;) + 2, M) U.(S)
= Theorem (Bellman and Dreyfus) [MEU]

Optimal policy ©*(S) =
action that maximizes expected utility U*(.)

7 (S) = argmavajM{;‘U*(Sj)
U'(S) = R(Si)+mavaj|\/I;j‘U*(Sj)

13



i Finding Optimal Policy

= Easy to find optimal policy =", given U”

n'(S;) = argmax, 2; M3; U*(S))

= Easy to find optimal utility U*, given ="

U'(S)) = R(S) + 25 My x U*(S;)

= Circular:
Use U™ to define «*
But need =" to find U™ values
[U*(S) depends on best action from S — ie, on =*(S)]

= A: Use iterative algorithm...

14



Value Iteration:
Algorithm for computing U”

function Valuelteration( ... )
Uy(s):=R(s) foralls
while U( . ) is changing do
for each state S, do
U 1( S ) = R( s )+ max, 2 M3; U 's;)
end % for
end % while
return U . )

= U(.) converges to stable values
= Each update of U is a Bellman backup

15




i Example of

Ut+1( [313] )
0.76

Bellman Backup

AR SRR S
e P(S'| S, A)
A ik Ut( S")
v v v A E[ Ut(S, A) ]
23] 01  -0.04
33] 08 -0.04 0.06
[43] 01 096
33] 0.1  -0.04

» [23] 08 -0.04 -0.04
3,2] 0.1  -0.04
2,3 01 -0.04

» [32] 08 -0.04 0.06
[43] 01 096
33] 0.1 -0.04

> [43] 08 09 0.76 >
3,2] 0.1  -0.04

—

17



3

$ Convergence! Bellman Backup

0.812 0.868 0.912

0.762

$.705 | 0sss | o611

Ut+1( [111] )

0.709 -0.04
= 0.705

4o S’
. P(S"|'S, A)
0.660 E | r ______________ Ut( SI )
0.388 v v v : """ E[ Ut(SI A) ]
0.1  0.705
0.8 0762 0.709 >
0.1  0.655
0.1  0.705
0.8 0705 0.708
0.1  0.762
0.1 0.705
0.8 0705 0.700
0.1  0.655
0.1 0.705
0.8 0.655 0.672
0.1  0.762

18



4 Optimal Value Function & Policy




‘_L Behavior of Value Iteratlon

Utility estimates

MNumber of iterations

Utility value for selected states...
at each iteration step in Valuelteration

20

: 0.812 | o0.868 | 0.912

(4,3)

- (3.3)
""""""" 2 E 2 0.762 0660 | [=1]

(1,13

(3.1)
1 0705 | 0655 | 0.611 | o0.388

“(4,1)

4
-05 F
| - - - — e —— (41 A
1 1 1 1 1
0 5 10 15 20 25 30




& Convergence of Value Iteration

EMS amrar

08

0 3 10 15

Mimmiksar of iRratians

g

20

1

Palicy lass

i 5 10 15 20
Mumber of lerations

PolicyLoss(%) = Y U(S;)-[ P(#" leads Sp to S;) —

S;eTerminal
P(7 leads Sp to S;) |

21



i Convergence Rate

If use discount factor v, then ...
= Get ¢-close after

N = log( 2 Rya/e(1-y)) / log(1/y))

o If || Uy = U]l < e(19)y
then [|U. ., —U"|| <c¢

= Policy Loss:
If [[U-U"] < e
then || U —U*|| < 2¢ey /(1)

22



i Policy Iteration

-

= Policy m not particularly sensitive
to utility estimate U

= Why not just estimate Policy, on each iteration?

function Policylteration( M#;, R(.) )
Choose initial policy =,, t:=0
Repeat
% Value Determinatjor
Compute utilit (s), D
% Policy Improvement
Compute new policy
V S me4(S;) f= argmax, 2, M2; U, (s)
until convergence (n.., ~ )
return( , )

23



i I[terative 2-step Process

T ~ yrl A. Value Determination
1 = Compute utility of current policy

Vs Ug(s) = R(s) + Zj Mn(Si)ij U(s))

B. Policy Improvement
/ = Compute new policy
V Sit myq(Sp) s= argmax, 2; M?3; U(s))

24



i ValueDetermination

= Thrm: Policy iteration converges
in fixed # of iterations

= PolicyImprovement is fast

n VS m(S) 1= argmax, 25 M2 U(s))
= Major expense = “Evaluating Fixed Policy”

= ValueDetermination

= VS U (s) :=R(s) + 2 M“(Si)ij Ui(s;)
= Approaches

(a) Linear Program

(b) Adaptive dynamic programming

(c) “Sampling” (Naive updating)

(d) Temporal Difference Learning
“in between (b) and (c)”

25



i (a) Linear Program

= Evaluating Fixed Policy =
Finding { U(s) }. s.t.
U(s)) = R(s;) + 2 M U(s;)
(in known accessible environment)

= Just solve set of equations:
U, Ry TSl ¥ SOB ¥ ol

)

Us R> MEE) gzt ME (=)

: = ' —I_ . . . .

'il-":rﬂ Rﬂ ;qI-I?;TfEﬂ} J:\'I?;Téen.} oo .'rll'j-;l;T-;ﬂE"}
U = (I-M)'R

(Note: most M;; = 0)
but ... too many equations/unknowns!

= Eg, for backgammon:
~ 10°% equations w/ 10°9 unknowns! ... Unfeasibly large!

26



(b) Adaptive Dynamic Programming

= Guess initial values { U(s) }
= Iteratively re-assign

Ur(s) := R(s) + 24 P(s'|s, m(s) ) x Ur(s")
“simple backup”
= May need to examine each state s many times. . .

— AdaptiveDynamicProgramming ADP
= ... Valuelteration without “max":

function ADP(r, ...)
U(s):=R(s) foralls
while U™( . ) is changing do
for each state s, do
Urq(si) 1= R(sp) + 2;Ma ) Ur(sp)
end % for
end % while
return Um( . )

27




(C “Sampling” (aka Naive Updating)

il | -
’l—'|T

= Watch: Agent meandering thru MDP: 1 ;
4—>[1 2].04a = [1,3].04 = [1,2]. 04 = [1,3].04 = [2,3]. 04—>[33] 04—>[43]+1
4—>[1 2].04 = [1,3]04 = [2,3]. 04 = [3,3]. 04 = [4,3]41
LD

ba = [2,1]. 04 = [3/1]. 04 = [3,2]. 04 — [4,2]4

= Collect total score, starting from each state
« from [1,1]: % x {[1- 7/25] + [1 — 5/25] + [-1 — 4/25]} = 0.12
= from [1,2]: % x {[1 - 6/25] + [1 —4/25] + [1 — 4/25]} = 0.813
« from [3,3]: V2 x {[1-1/25] + [1 - 1/25]} = 0.96

28



i Sampling (con't)

= Simulate agent following policy
For each state,

= Collect statistics on utility
= Eg, from [2, 3], how often reached +1 vs -1... in how many steps?

=« Compute average
Provably converges to true expected utilities
= Pro: Only considers RELEVANT part of space

= Con: slow convergence

=« Even in small world, requires
> 1000 sequences to get small error
(< 0.1 root-mean-square error)

29



Convergence Graphs
Naive Updating

0.6
0.5 l
u z
3 3 0al
N=i 3
= N
u -
z E 0.3
= LY
=] = 02}
o
01 F
1 1 1 1 1 il L . 1 L L
0 200 4K 6K B0 LLLY 0 200 4K 600 B0O 1 00
Mumber of epochs MNumber of epochs
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i Better Approach

= Must get to end before ANYTHING!
Q: Can we do better than sampling?

... by exploiting agent's knowledge of
= probability of state transitions
= final rewards

A: Yes!
= just recall Dynamic Programming
= + iteratively in Adaptive Dynamic Programming

= Now combine DP with Sampling...

= Stochastic approximation to backups
(to evaluate fixed policy)

= Combine “sampling” with “calculation”
... use sampling to solve set of equations. . .

31



i (d) Temporal Difference Learning

Assume 7 is deterministic

= Watch n-agent wandering around:
At time ¢ agent at [1,1] with utility (estimate): U.( [1,1])

= 0.5
Agent 3 = = | -
= receives reward R( [1,1] ) = -0.04
= transitions to =: [1,1] — [1,2] 2 =
... with utility (estimate): U [1,2]) = 0.74
= Recall 1 - T

UC[1,1]) =R([L,1]) + 2 MytADU(Cs)) = 5
= R([1,1]) + Zj M pg,13,7 D UCs; )
=R([1,1] )+ 1.0xU([1,2])
=R([1,1]) + U(C[L,2])
=-0.04+?U([1,2])°7

So TWO estimates of U( [1,1] ): 0.5 and -0.04 + U( [1,2])




i (d) Temporal Difference Learning

= Watch n-agent wandering around:
At time ¢ agent at s with utility (estimate): U.(s)

Agent

= receives reward R( s ) R

= transitionsto s’ :=n(s) @ @
... with utility (estimate): U/(s’) U(s) U(s)

— Utility of s should be =R('s) + U(s')
= Optionl: Set U, (s) :=R(s) + U(s)
= But U(s’) unknown!
= Option2: Set Jt+1(s) =R(s) + Ut(s)
= But Ut(s) m|ght also be wrong!

= Option3: Move Ut+1(s) to be “closer” to
R('s )+ Us")

33



a4

i Adjusting U

= Use observed transition to adjust
utility of observed state,

to bring it closer to constraint equations
= When observing transition from s to s’

bring U(s) closerto R(s)+U(s") using

U, 1(S) := (1 — o) Us) + a( R( s )+ Uy(s) )
= Temporal-difference (TD) equation

... difference between temporally successive states
= Justification:

s’ closer to end, so typically more accurate

34



‘L Temporal-difference Equation

Up.1(5) := (1 = o) Ugs) + a( R( s )+ Uy(s) )

= At equilibrium: U(s) = R( s ) + U(s")
= U,1(S) = U(s)
= o IS learning rate... typically o < [0:01, 0:5],

= If M™0); stochastic:
= Transitions to { sy, ..., S, } with prob { p4, ..., Py }:

= Empirically, will consider each R( s, )+ lNJt(Si)
with prob p; ... so perfect!

35



i Why TD-Learning Works?

= Why is
U(s) = (1-a) U(sp) + o [ R(s)+U(s;) 1 (**)
effective at solving/approximating:
U(s) = R(s) + 2 M;; U(s;) (*)
= If My deterministic: OBVIOUS!
(as only one neighboring state)
= If stochastic:
(*) requires weighted average over neighboring states...
= No problem!
Over time, agent samples from transitions out of /
So, successive applications of (**)

will average over neighboring states!
(Need to keep o appropriately small)

36



i Example of TD-Learning
D@ @@

Immediate “"Reward’ :

R(s;) = —1 Tor ¢ =— 1..999
R( s1000) = 1000
FPolicy: «w(a;) — Next

SO x; — ﬂ:i—l—l
Transition Probability:

AN - 1 iT 5 =4+ 1
T T 0O otherwise

Utilitw:

initially unNnknown (except U{sigoo) — 1000)
For ¢ —= 1..999

Lr(s;) — R(s; ) + U(s;41)
- e . Use o = 0.5

37



How TD-Learning computes U(s)

—_— —_— —_— s = & —_— —_— 1000
1000

e Initialize Ug(s;) = R(s;) (or whatever)
e Sweep F1: e Sweep FE3:
Ui(s1) = alUy(s1) + (1—a)[R(s1)+Us(s2)] For i = 1..996
—05x -1 + 05[-14+-1] = -1.5 Us(s;) = —2.5
Ui(s2) = alo(s2) + (1—a)[R(s2)4+Uos(sz)] U'3(sgo7) = 122.62
=05x -1 + 05[-14+-1] = —1.5 Us(sges ) = 496.1
S o L‘r3|:: Sggg} — 874.0
U1(sg9s8) = alUg(sges) + (1 —a)[R(sees) + Uo( sc
—05x -1 + 05[-14+-1] = -15 e Sweep F4:
Ui(so90) = alUo(seee) + (1 —a)[R(se09)+ Uo( s Fﬂré_:( 1}935 e
e Sweep #2: ' LSt =
/ = BbO.6
Ux(s1) = alUi(s1) + (1—a)[R(s1)+4Ui(s2)] f‘fsggﬁ}
—05x—-15 4+ 05[-14+—-15] = -2 Us(sger) = 309.9
UE( 52) = —2 Ca L"Tg(Sgg?) = -2 '["Iﬂ-{ sgog ) — 685.6
Ux(soss) ‘= aUi(sess) + (1 —a)[R(sees)+Us(se  Ualsooe) = 0936.5
=05x—-15 + 05[-1+449] = 223
) . ) e Sweep F5LH: | .
Uz(s999 ) = aUi(seee) + (1 —a)[R(sg999) + U1(s;

= 0.5x449 4+ 0.5[-1+4 1000] = 724 38



i Trace of TD

Lambda = 0, Alpha =

':l:""lmmrP-WMI—LD

493
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i ADP vs TD

= TD: Each time, TD adjusts utility of OBSERVED state
to agree with single OBSERVED successor

= ADP adjusts utility of ALL states (propagated)
to agree with ALL successors, weighted by M, ~ M

= = D = approx to ADP!

= Prioritized sweeping”
improve efficiency of ADP by adjusting just some utility values

40



i Performance

= Runs “noisier” than Naive Updating
but smaller error:
In 4x3 world, RMS < 0.07 after 1000 examples!
= Deal w/ observed states during sample runs

(not all instances,
unlike Adaptive Dynamic Programming)

= In backgammon,
considers only a few states,
... only =10° out of 1030

41



i Performance Curves

Utility estimates
=
P A

i
=
A

: (4,3) -
]
|
i
A -
ik AN (3.3)
bt ) A Y23
il ; i -y .
i ! (1,1}
l . .s'\ (3,1) T
¥

I ~.J'lﬂ_w m"'“*"'**" W (4 1)

-—-—-—-—;—-—-—-—-—-—-—-—-—-—-—-—-—; --------- -(4,2)

0 200 4K LiLL 8OO RLLY

Mumbser of epochs

EMS error in utility

0.6

0.5

0.4 |

0.3

200 40 600 8O0 1 KD

Mumber of epochs
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i Limitation of TD-Learning...

Jambda = 0, Alpha = 0.5 leneth = 8, HumRounds = 16
0: -1.,60 -1.60 -1.B0 -1.B0 -1.60 -1.607499.00
1: -2.00 -=-2.00 -=-2.00 -=-2.00 -2.00 : 749,00
2: -2.60 -2.60 -2.50 . B0 62 498.12 874.00
31 -3.00 =-3.00 309.88 685.66 936.50
4; -3.60 -3.560 : 497 .22 B810.63 967.7h
b -4.00 11. : 340.22 653.38 888.64 983.38
+ .32 : .36 486.30 T70.61 93L5.B1 991.19
T 139.71 3E58.83 632.90 862.51 962.85 905.00
¢ : 248,77 496,37 742.21 907.18 978.4T7 997.056
S iee.11 37L.B7 618.29 824.19 942,32 987.26 998.02
10: 268.34 494.43 T20.74 882.76 964.29 092.14 0998.561
11: 380.88 607.08 801.26 923.02 977.72 0994.83 0908.76
12: 493.48 TO03.67 861.64 D40.87 OB8L.TT 006,29 598,88
13: E98.07 782,15 90L.2E 967.32 890.53 0997.08 0508.94
14: 689.61 843,20 935,79 978.43 803,31 0997.E1 808,97
16: 766,91 888,99 09Le.61 985,37 894,91 0997.74 008,098

1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
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Limitation of TD-Learning

On Sweep#1.:

= TD-learning does NOTHING for i = 1..998

= ... helps U(sggq) as U(S;ye0) Mmeaningful

On Sweep#2.

« TD-learning does NOTHING for i = 1..997

= ... helps U(Syeg) as U(Sqqq) less meaningless

= ... helps U(Syq9) as U(S;q9) Meaningful

On Sweep#Kk:

= TD-learning does NOTHING for i = 1..1000 —k

= ... helps U(s;) as U(s;,,) less meaningless (j>1000-k)

Takes 1000 sweeps to do ANYTHING for s; !

44



Propagation of Values...
— Eligibility Trace

= Q: Why is TD-learning so slow?
= A: Only uses Ut(51+1) to help adjust Ut(si)

= S0 “factual” information takes many
iterations to “percolate” back

= Q: Why not propagate back FARTHER?
= General form:

U,,(s) = (1-o0) U(S) + o U*(s)
where U"(s) is “better estimate of U(s)”

45



i What is good estimate of U(s)?

= Now: just “look ahead 1":
UA(s) 1= 1 + U (Siee)
= Why not: Look ahead 2:
U@(s) 1= 1 + 1,y + Uy (Sis2)
Look ahead 3:
UGXS) 1= 1, + fiyy + My + U(Sias)

= Look ahead k: N
UK)(s) = Zt=ok_1 Mt + Un(Sisi)

= Or better: Why not ALL of these estimates?

U(s) = (1-1) [UQ)(s) + A UR)(s) + A2 UB)s) + ---]

for some A € [0,1] .



i What is good estimate of U(s)?

= Or better: Why not ALL of these estimates?
UK(S) = (1-)) [U(1)(s) + ) U(Z)(s) + )2 U(3)(S) + ...]

for some A € [0,1]
(s)= (s

U*(s) UMs’)

= Implementation of TD(L):
UMs’) =R(s)+[(1-2) Ugs) + 1 UXs)]
Uy1(s) = (1= @) Uy(s) + o0 UX(s)

s A=0 = UXs) = Uld)s)
Ash > 1 = UMs) - UK(S) forlarge k...

47



?L Computing U*(s)

's Consider trajectory s, »S; >S, »S3 55 A

= Suppose we have
U(sg) = (1- ) x [U)(s;) + A UB(s5) + A2 UCN(sy) + - ]
= (1- 1) x [ (ry + U(s,)) + Ary + rp + U(sy))
+ 2%(ry + 1y + 1y +U(Sp)) + - ]
= Now reach S, ... need to compute U*(s,)

Ut(sy) = (1 =2) x [UN(s,) + A UB(s,) + 22 UB)(s,) + --- ]
=(1=2) x[(ry + U(S3)) + A(ry tr3 + U(sy))
+ A%(ry +ry+ 1y + U(sy))
+ A3(ry+ g+t +U(Sy)) + -0 ]
=(1=2) x[U(s;) + r,(1 + A+ A2 +A3+ )+
L(ry + U(Sy)) + A(ry + 1y + U(Sy))
+ A (rg +ry + 1y + U(Sp)) + - ]
=(1-2)x[U(s3) +r,/ (1=2) + A UMs5) /(1-2)]
=1, + A UMs;3) + (1 -2) U(s3)



‘L Data — TD().)

Lamibda =

C

C 117

107

0] TUTE=t+
UL amlxd =

11 UEst
UL amld =

2] UE=s+t
L =mild =

2] UEst
UL =amisd =

4] TE=t
L =mild =

5] UEst
UL =amisd =

8] TUE=t+
L =mild =

1] UEst
UL =amisd =

8] TUE=st
L =mild =
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UL =amisd =
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TTLambda

13] UE=st
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Dealing with Large Spaces

= Typical spaces 1020 — 10-Y
How to represent U(s)?

Al: As explicit table?

= Need to see each state/action (often)

= Need to store each state/action
A2: Implicitly, as U ( s,W )

= W/ adjustable param's W (eg, weights in NN)
= Eg: TD-Gammon:

= input nodes encode board position
= activation of output node gives utility

= To get "best” W, use temporal difference error

Use temporglf difference error
JW) = E(E-}(S.H—-")—[R(s)—}—’;;{-'}(5;.1-1-")])2

Gradient descent, using derivative (wrt 15t W):

W —= aVwUs(s,W) [Ur(s,W) —[R(s)+~Ux(s,W)]]
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i Eligibility Trace

Now: Update W based only on s; += s;y1
VWhy not also use s1.,5>,.... Sp_1 ¢

U(sp_; . W,_,) Tor each s;_;

]

e Re-use Vyy,

Update U (s¢, W) with step — NV, U (s¢. W)
_|_
small step —Vw,_U(sg—1.Wi_1),
smaller step Vi, U(si—2.W;_2),

i
W —= « (Z AVw, Ux( st_s, We_s )) (Ur( s, W) — [R(s) +~Ux(s".W)H])
=0

e Implementation:

Maintain current gradient vector
Gy = AGi 1 + Vw, Ux (56, Wy )

e kinda like momentum but ...
momentum: re-uses WEIGHT CHAMNMGES

eligibility: re-uses GRADIENT VWECTORS
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TD(A) Alg:
Computing value of policy

procedure TD(x, A, a, Sy)
initialize G := 0; W randomly
S, IS starting state
while W has not converged do
take action a := n(s,)
observe resulting state s, ; , reward R( s, )
G:= 212G+ vyU(s,W)
W -= o G( U, (sy; W) — [R(sy) + v U, (Sts1, W)]
end while
return W % which defines U( ) (eg, U(s,))
end TD
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i Comments on TD(A)

= TD()) computes value of fixed policy
w/out direct access to

= transition prob M_Y
« immediate reward R( ... )

= Use it to find better policy using policy iteration
me+1(S) 1= argmax, 2; M3, Unt( S; )

e Formal analyses

1/2

)

U-Ux(-)llp = (Z U(s) — Ur(s) ED(S))
If ...

U - U*lip
1 —~(1—-X)

|["T_["T*rr( :‘ |D

|/

/(1=Av)
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i The Curse of Dimensionality

= Computational cost scales with
number of states, |S|

= |S| is exponential in
number of “dimensions” (sensors)

= Curse of Dimensionality” [Bellman]
= Value Iteration: O( n |S| |A| B)
= Value Determination: O( n’ |S|B)
or O( |S[3)
=« Policy Iteration: O( n” |S]| |A| )
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‘_L Simple Extensions

= SO far,
« Rs3—  R(Si1 | Sy a)

reward just depends on current state and action

« PCsertspar) RISy | Sy @)

transition probability  dependson *~WHEN

IV g Zst "' Rt
total cost discounted sum of rewards
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i Summary

= Sequential Decision Making

= If Observable, Markovian (+ Stationary)
— Markov Decision Policy

» Solution = Policy (map state to action)
« "Utility” = value of policy ... dynamic programming

s FINC
= Va

= PO

ing Policy:
ue Iteration (Bellman Backup)
icy Iteration ... ValueDetermination

= (Adaptive) Dynamic Programming
= Nalve Sampling
= TD(X) 57






EXTRA:
‘_L Using Dynamic Programming

= Simple Task: Value Determination
Given fixed policy =, compute U*(s)
(Expected value of starting at s, and foIIowmg n)

I

(54)—(8¢)—((3E)

. . A ™ A ‘-'3‘._-. . __.-'

= Only one action / non-terminal node: B % B “‘*\‘ .
MA,C =0.2 MA,D = 0.8 l..-"'SB""._IIi_.-l.--"S-E-]I"‘-.:I l-'-".--' -F"‘{'II
Mgc =04 M,,=0.6 M R "i‘;x_ &

Mce =03 M =0.7
Mpe=0.1 Mpe=0.9
= Rewards:
R(sp) = R(sg) = R(sc) = R(sp) =

R(sg) =-1 R(sg)=+1
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Dynamic Programming

= As state @ time=3 is TERMINAL,
only options { Sg, Sg }... known values:

Time = 1 2 3

U(sg) = R(sg) = —1
Sk U(sg) = R(sg) = +1

Q: What is value of being in state s, @ time=2?
A: Reward for being in sy, PLUS
value obtained by taking action n(sp)

60
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i Dynamic Programming, II

= N.b. already know

= U(sg) =R(sg) = -1

« U(se)=R(s;)=+1

= U(s¢) = 0+[0.3x-1 + 0.7 x +1]
So. ..

n U™(sg) = R(sg) + 25 P(S" | S¢; m(sc) ) x UX(s)
= Only non-zero values:

{ P(sg | s¢; nlsc) ) = 0.3, PO sg | s, m(s¢) ) = 0.7 }

Time =

1

2

3

0.4
0.8

0.4

ST P .ff’;::::“l‘l"r-

|84'|q—|5r.ff- |SE ]

NS S M
., , =

rf"_-"‘-._l \l. rf"_"\_ K\ l,-:f"::::'.“t{wl
|,SB,I£I,SDI- | SF |
A e L
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‘L Dynamic Programming, 111

= Q: What is value of being in state s, @ time=1?
= A: Reward for being in s,, PLUS
value obtained by taking action =(s A).
s U™(sy) = R(Sp) + 25 P(S" | Sa, m(Sa) ) x U(S)
= 0 + [My ™A x UR(Sc) + M, g™A) x U(Sg)
=0+[0.2x0.4+ 0.8x0.8]=0.72

o e R,
LSS Lz CATEOTE)
Sa 0.72 |f5jEI :élfg—ﬁ /\‘ﬁj{; }MI
Sg 0.64 2/ oD \F)
= 0.4
% 0.8
S 1
S +1
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Value Determination

= If n7states, and A times, _
just need to do 7 x kA computations...each . . .

U(s) = R(s) + 25 P(s" | s, n(s) ) x UX(s’)
Q1: What if many actions?
= A: Fixed policy; so single action n(s) for s
Q2: What if 3 loops? What before what...

(SA % . % SA) 1;_-.{1 R]_ fl.'_f]_] ﬂ'_f?] ‘e ﬂ'fﬂ] 1;_-{]_
L’g _ Rg —I— fl-_f]_g ﬂ-_fzz ‘s s fl-fﬂg v[z'z
Uﬂ R’?’l M 1n M 21 . M 71 Uﬂ

U=—(M-D"1R

(Note: most M;; =0)

Q3: What if each state ~ m features?
= n=2m..

Q4: What if policy is NOT known? 3



Finding Best Policy

a1 - )
l SAJT'[ SE'H\':’—"[ qE |

TN, / “‘“-, 7 _"‘h
[SB |—‘[SD 'f—'-[ SF ||
M bz "h,.____.-"" dz H_._:__:ﬂ-"

Let U*(s) = BEST possible, starting at s.
e Easy at end. ..

Time =|1]2| 3 |
D
SE U*(sg) = R(sg) = +1
SF U*(sF) = R(sF) = —

2. What is BES'T wvalue of being in
state s @ time=27
A: Reward for being in s, PLUS
value obtained by taking BEST action w*(sp)



i Best Action nt*(S)

= Q: What is best action n*(s)?
= A: Consider single actiona € { a, }
= P(s;|s,a)= (distribution over) {s; }
= (distribution over) { U"(s)) }
— each a, has EXPECTED value
EUs(@) = 2 P(s; | s, a) x U(s)
= Take action a” = n"(s) = argmax_{ EU.(a) }

Eg: From S,
= d, leads to S w/prob 1.0
As U(Sg) = -1, EUg(dy) = 1.0 x-1 = -1
= d, leads to S w/prob 1.0
As U(S¢p) = +1, EUg(d,) = 1.0 x +1 = +1
s = take n°( Sp) = d, as EUg,(d,) > EUg,(d,)
« Similarly ©°( S¢) = ¢,
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Why Possible?

— ai N 1 ,r’ 2

| 54 Iﬂ.—-l' C j l SE )|

M 2 '“\-._-""' -__’__.ﬂ" _'a"'r

- IlJl o ‘“"\__‘ o

[’sﬂﬁﬁ—.fs H\‘—. (sF t

A bE 'x__j Ef-g “2:_-_____.-"'
U*(Sg) = —1
U*(Sp) = 41
e T (Sc)=c1 U*(Sc)=+1
W*(Sﬂ} = do L*(Sﬂ +1
T (Sp) = b1 U*(Sa) = +1
m*(54) = a2z U*(Sp) =+1

e Why possible?
Know U*(s) for all “downstream’ s's

Q: What if 4 loops?

A Same idea:

Compute best action «*(s) for s
assuming U*(s") for all “downstream’ s’ correct

Then iterate. ..
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Dynamic Programming

e Spse n-step process leads to terminals {.5‘51_'3"}};?

. SEt L‘*(S{Ft}) — R(S{k})

e MNow work ba{:l{wqrds ‘
Compute U* (.b ) ﬁ::r each S{L::'L one step from a T,.E“
(ie, Result(a, S, 1) includes S, for some action a)

U*(Sp—1) = R(Sp—1) + mfxzii-fg_lsj U*(Sh)

T*(Sn—1), policy at Sy_1, is that a in max

Then compute U(S,,_5)
for each Sh—- one step from a Sh—1

Until reaching Sgo

—omments: 1. Exhaustive enumeration: O |A|™)
2. Dynamic Programming: O( |A]|S|n)
As need to consider each action, at each state,
at each “depth"

= Dwvnamic Programming works best when
+ d sMALL number of possible STATES
+ know state exactly
+ known final depth n

Here: ...arbitrary depth
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