Approximating the minimum independent dominating set in

perturbed graphs

Weitian Tong* T Randy Goebel*? Guohui Lin*$

November 3, 2013

Abstract

We investigate the minimum independent dominating set in perturbed graphs g(G,p) of
input graph G = (V, E), obtained by negating the existence of edges independently with a
probability p > 0. The minimum independent dominating set (MIDS) problem does not admit
a polynomial running time approximation algorithm with worst-case performance ratio of n!=¢
for any € > 0. We prove that the size of the minimum independent dominating set in g(G, p),
denoted as i(g(G,p)), is asymptotically almost surely in ©(log|V]). Furthermore, we show

4|V

that the probability of i(g(G,p)) > =, 1s no more than 2-1V1, and present a simple greedy

algorithm of proven worst-case performance ratio % and with polynomial expected running

time.

Keywords: Independent set, independent dominating set, dominating set, approximation

algorithm, perturbed graph, smooth analysis

1 Introduction

An independent set in a graph G = (V, F) is a subset of vertices that are pair-wise non-adjacent to
each other. The independence number of G, denoted by «(G), is the size of a maximum independent

set in G. Onme close notion to independent set is the dominating set, which refers to a subset of
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vertices such that every vertex of the graph is either in the subset or is adjacent to some vertex
in the subset. In fact, an independent set becomes a dominating set if and only if it is maximal.
The size of a minimum independent dominating set of G is denoted by i(G), while the domination
number of G, or the size of a minimum dominating set of G, is denoted by v(G). It follows that

1(G) <i(G) < a(G).

Another related notion is the (vertex) coloring of G, in which two adjacent vertices must be
colored differently. Note that any subset of vertices colored the same in a coloring of G is necessarily
an independent set. The chromatic number x(G) of G is the minimum number of colors in a coloring

of G. Clearly, a(G) - x(G) > |V].

The independence number a(G) and the domination number v(G) (and the chromatic number
X(G)) have received numerous studies due to their central roles in graph theory and theoretical
computer science. Their exact values are NP-hard to compute [4], and hard to approximate. Raz
and Safra showed that the domination number cannot be approximated within (1 — €)log |V| for
any fixed ¢ > 0, unless NP ¢ DTIME(|V[°glg[Vl) [9, B]; Zuckerman showed that neither the
independence number nor the chromatic number can be approximated within |[V|!=¢ for any fixed
e > 0, unless P = NP [I4]; for i(G), Halldérsson proved that it is also hard to approximate within
|V|'=¢ for any fixed € > 0, unless NP ¢ DTIME(2°(VD) [5].

The above inapproximability results are for the worst case. For analyzing the average case
performance of approximation algorithms, a probability distribution of the input graphs must be
assumed and the most widely used distribution of graphs on n vertices is the random graph G(n, p),
which is a graph on n vertices, and each edge is chosen to be an edge of G independently and with
a probability p, where 0 < p = p(n) < 1. A graph property holds asymptotically almost surely
(a.a.s.) in G(n,p) if the probability that a graph drawn according to the distribution G(n,p) has
the property tends to 1 as n tends to infinity [IJ.

Let Ln = logy/;_pn. Bollobds [2] and Luczak [7] showed that a.a.s. x(G(n,p)) = (1 +
o(1))n/Ln for a constant p and x(G(n,p)) = (1 + o(1))np/(21In(np)) for ¢/n < p(n) < o(1) where
c is a constant. It follows from these results that a.a.s. a(G(n,p)) = (1 —o(1))Ln for a constant
p and a(G(n,p)) = (1 —o(1))2In(np)/p for C/n < p < o(1). The greedy algorithm, which colors
vertices of G(n,p) one by one and picks each time the first available color for a current vertex, is
known to produce a.a.s. in G(n,p) with p > n"! a coloring whose number of colors is larger than

the x(G(n,p)) by only a constant factor (see Ch. 11 of the monograph of Bollobés [I]). Hence the
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largest color class produced by the greedy algorithm is a.a.s. smaller than a(G(n,p)) only by a

constant factor.

For the domination number v(G(n,p)), Wieland and Godbole showed that a.a.s. it is equal to
either |Ln — L((Ln)(Inn))| +1 or |[Ln —L((Ln)(Inn))]| + 2, for a constant p or a suitable function
p = p(n) [13]. It follows that a.a.s. i(G(n,p)) > |Ln — L((Ln)(Inn))] + 1. Recently, Wang proved
for i(G(n,p)) an a.a.s. upper bound of |[Ln —L((Ln)(Inn))| + k + 1, where k = max{1,L2} [12].

Average case performance analysis of an approximation algorithm over random instances could
be inconclusive, because the random instances usually have very special properties that distinguish
them from real-world instances. For instance, for a constant p, the random graph G(n, p) is expected
to be dense. On the other hand, an approximation algorithm performs very well on most random
instances can fail miserably on some “hard” instances. For instance, it has been shown by Kucera [6]
that for any fixed € > 0 there exists a graph G on n vertices for which, even after a random
permutation of vertices, the greedy algorithm produces a.a.s. a coloring using at least n/log,n
colors, while x(G) < nc. To overcome this, Spielman and Teng [10] introduced the smoothed
analysis. This new analysis is a hybrid of the worst-case and the average-case analyses, and it
inherits the advantages of both, by measuring the expected performance of the algorithm under
slight random perturbations of the worst-case inputs. If the smoothed complexity of an algorithm
is low, then it is unlikely that the algorithm will take long time to solve practical instances whose

data are subject to slight noises and imprecision.

Formally, let A be an algorithm we want to analyze and () be the quality measurement. Without
loss of generality, we assume the larger @) the worse the algorithm A is, such as ) being the running
time of algorithm A. Given x an input instance, Q(A,z) denotes the performance of algorithm A
on z. Let U denote the set of instances and U,, denote the subset of size-n instances. The smoothed
performance measure of algorithm A under @) essentially is the worst of the expected performances
of algorithm A in a small neighborhood of an instance, over all instances, and is defined precisely

as

Msmooth(na U) = sup ET‘[Q(A7 T+o- |LU‘ : T)]a
xeUn,

where r is the random noise and o is the perturbation parameter measures the strength of noise.
Intuitively, o - |z| - r is the perturbation on instance x, in which the the magnitude of the pertur-
bation is related to the magnitude of input. We have the following observations. If the smoothed

performance measure of algorithm A under @ is good with some relatively small o and some rea-
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sonable random model for 7, then it is unlikely algorithm A would perform very bad in real world
applications under quality measure (), because real world instances are often subject to a slight
amount of noise, especially when they are obtained from measurements of real-world phenomena.
A classic example is the Simplex method for linear programming. Simplex method is a very prac-
tical algorithm, but it has exponential running time in the worst-case. Spielman and Teng [10]
had shown that Simplex method has polynomial smoothed running time, which explains the above
phenomenon perfectly. Though the smoothed analysis concept was originally introduced for the

complexity of algorithms, we extend its idea to depict the essential properties of problems.

In this paper, we study the approximability of the minimum independent dominating set (MIDS)
problem under the smoothed analysis, and we present a simple deterministic greedy algorithm
beating the strong inapproximability bound of n'~¢, with polynomial expected running time. The
MIDS problem, and the closely related independent set and dominating set problems, have impor-
tant applications in wireless networks, and have been studied extensively in the literature. Our
probabilistic model is the smoothed extension of random graph G(n,p) (also called semi-random
graphs in [8]), proposed by Spielman and Teng [I1]: given a graph G = (V, E), we define its per-
turbed graph g(G, p) by negating the existence of edges independently with a probability of p > 0.
That is, g(G, p) has the same vertex set V' as G but it contains edge e with probability p., where
pe =1 —pif e € E or otherwise p. = p. For sufficiently large p, Manthey and Plociennik presented
an algorithm approximating the independence number a(g(G,p)) with a worst-case performance

ratio O(y/np) and with polynomial expected running time [§].

Re-define Ln = log, /, n. We first prove on 7(g(G,p)), and thus on i(g(G,p)) as well, an a.a.s.
lower bound of Ln — L((Ln)(Inn)) if p > L. We then prove on a(g(G,p)), and thus on i(g(G,p))
as well, an a.a.s. upper bound of 2lnn/p if p < % or 2Inn/(1 — p) otherwise. Given that the
a.a.s. values of a(G(n,p)) and i(G(n,p)) in random graph G(n,p), our upper bound comes with
no big surprise; nevertheless, our upper bound is derived by a direct counting process which might
be interesting by itself. Furthermore, we extend our counting techniques to prove on i(g(G,p))
a tail bound that, when 4In’n/n < p < 3, Prli(g(G,p)) > /4n/p] < 27". We then present a
simple greedy algorithm to approximate i(g(G, p)), and prove that its worst case performance ratio

is y/4n/p and its expected running time is polynomial.
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2 A.a.s. bounds on the independent domination number

We need the following several facts.
Fact 1 e+ < 14z < e holds for all z € [—1,1].
Fact 2 (%)T <M< (%)r holds for all T =0,1,2,...,n.

Fact 3 (Jensen’s Inequality) For a real convex function f(x), numbers x1, xa, ..., T, in its domain,

Zam) < 2aif(®i) .

and positive weights a;, f ( Sor ) S TSTa the inequality is reversed if f(x) is concave.

Given any graph G = (V, E), let g(G, p) denote its perturbed graph, which has the same vertex
set V as G and contains edge e with a probability of

1—p, ifeck,
Pe =
D, otherwise.

2.1 An a.a.s. lower bound

Recall that v(g(G,p)) and i(g(G,p)) are the domination number and the independent domination
number of g(G, p), respectively. Also, Ln = log; Jp -

Theorem 4 For any graph G = (V, E) and % <p<1, aa.s.

1(9(G,p)) = Ln — L((Ln)(In n)).

PROOF. Let S, be the collection of all r-subsets of vertices in g(G, p), and these (’;‘) sets of S, are
ordered in some way. Define I7 as a boolean variable to indicate whether or not the j-th r-subset

of S, Vj, is a dominating set; set X, = Zj I3

Clearly, v(g(G, p)) < r implies that there are size-r dominating sets. Therefore,
Pr[’Y(g(va)) < ’I”] S Pr[XT 2 1] S E(XT)a

where E(X,) is the expected value of X,. (We abuse the notation F a little, but its meaning should

be clear at every occurrence.)
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For the j-th r-subset Vj, let E; be the subset of induced edges on V; from the original graph
G = (V,E); let Vi =V —Vj, the complement subset of vertices. Also, for each vertex u € Ve,
define E(u,V;) = {(u,v) € E | v € V;}, and its size ny; = |E(u, V;)|. Using Fact |1} we can estimate
E(X,) as follows:

INA
v
D
>
o
|
o
_
s
IS
=
SN—

ueVe veV;

= Y exp =D pri(l—p) "
j=1

ueVy
(7)
- Yew (- X (%) Ta-wr
j=1 uevye

Since function f(z) = (+£:)* is convex in the domain [0,n], by Jensen’s Inequality, the above

becomes

Since function g(x) = e~%"? with a = (ﬂp)"*r and b = (n —r)(1 — p)" is concave in the domain

[0,n2], again by Jensen’s Inequality, we further have

)
Z Z "
E(X,) < (”) exp —(p> o0l S n—r1—-pr|. (2.1)

Recall that n,; is number of edges in the original graph G' = (V, E) between u and vertices
)

(7
-2
of V;. Each edge e € E is thus counted towards the quantity g E ny; | exactly 2(n 1>
r —
j=1ueve
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times. That is,

S g = 2(” i} 2) y = Wt = nIBL (2:2)

uGVjC r—1 (2)

Using Eq. (2.2), Fact 2land r = Ln — L((ILn)(Inn)), Eq. (2.1) becomes

()
2

| E|
o) < (Mew |- (12) @ wona-pr
oA
< (Y oo( o)
< exp <rlnn+r —rlnr — (I[m)n(lnn)(n - 7“))
= exp((Ln)(Inn) — L((Ln)(Inn))Inn+r —rinr — (Ln)(Inn) + r(Ln)(Inn)/n)
= exp(—L((Ln)(Inn))Inn —r (Inr — (Ln)(lnn)/n — 1))
< exp(—=L((Ln)(Inn))Inn —r(lnr — 2)). (2.3)

f The right hand side in Eq. || approaches 0 when n — +o00. Since p > % guarantees r > 1,

Ln — L((Ln)(Inn)) is an a.a.s. lower bound on v(g(G, p)). This proves the theorem. O

Since Pr[i(g(G,p)) < r] < Pr[v(g(G,p)) < r], we have the following corollary:

Corollary 1 For any graph G = (V, E) and % <p<1, aa.s.

i(a(G,p)) > Ln — L((Ln)(lnn)).

2.2 An a.a.s. upper bound

Recall that a(g(G,p)) is the independence number of g(G, p).

Theorem 5 For any graph G = (V, E), a.a.s.

2lnn . 2lnn 1
9 pr € ( 77]7
a(g(G.p) <4 " "
211nn prG [%’1_ 2lnn)'

_p’ n

PROOF. Let S, be the collection of all r-subsets of vertices in g(G, p), and these (:f) sets of S, are

ordered in some way. Define I} as a boolean variable to indicate whether or not the j-th r-subset
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of S, is an independent set; set X, = > ; I} Since a(g(G,p)) > r implies that there is at least one
independent r-subset, i.e. X, > 0, the probability of the event a(g(G,p)) > r is less than or equal
to the probability of the event X, > 0, i.e.

Pria(g(G,p)) > r] < Pr[X, > 0].

On the other hand, let A; denote the event I7 = 0, i.e. the j-th r-subset is not independent. It

follows that X, = 0 is equivalent to the joint event ﬂjAgf, ie.

Pr[X, = 0] = Pr[n,;A7] > [[ Pr(A}] = [J(1 — Pr[1] =1]).
J J
Therefore, we have
Pra(g(G,p)) >r] <1 - [ = Pr[Ij = 1)). (2.4)
J

Let EY denote the subset of edges of 9(G, p), each of which connects two vertices in the j-th
r-subset of S,. Note that [E7| € [0, (5)]. Among all the edges of E7, assume there are n of them

coming from the original edge set E of G. It follows that

Prlf =1 = [ (1-p) = <1pp> T1-p)®),

T
eeEj

Using this and Fact [l|in Eq. (2.4]) gives us

Prla(g(G,p)) > 7] < 1-[[(1—Pr[fj =1])

j
< 1—Uexp (—1 PrJ[IT:1]>
7j=1
C) pyrr = 1
= e _;I—Prj[l’”—l]
() (l%p)"] 1—p)©)

= 1—exp —Z

Consider the function f(z) = 1le;b in Eq. 1} where a = £ > 0, b = (1 —p)(g) € (0,1),

and 0 <z < (;) Since its derivative

<0, ifa<l,

/,y__ a’blna )
f (m) - (1 _ axb)Q - 0, 1fa/ — 17

>0, ifa>1,
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f(z) is strictly decreasing if a < 1, or strictly increasing if @ > 1. Therefore, the maximum value

of function f(z) is achieved at  =0if a <1, or at z = (3) if a > 1.

When p < %, that is a = ﬁ <1, Eq. 1| becomes

0
Pra(a(G.p) > 1] < 1-exp [ -3 P2

(n) (1,p)(£)

To prove Pr[a(g(G,p)) > r] — 0 as n — 400, we only need to prove that B — 0 as
1-(1-p)\?
n — +o0o. Using Fact [2, we have
n\_(1-p)&) O )
r)1— (1 _ p) (;) B 1 (;) o 1 (;) (2 7)
()" -1 ()7

Setting r = 2Inn/p. We see that r — 400 as n — +00. On the other hand, when r is large

enough, we have

R
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Using Eq. (2.8) and Fact |1}, when n is sufficiently large, Eq. (2.7]) becomes

T

n _ ) ne)” ne
< >(1P> < B niomy= | —" | aro)
T 1—(1—]9)(2) L (2) r(i) 2
1 p 1-p
= ( = (I+0(1))
< (1+0(1))
(Texp ’; 21>
. ( - ) (1 +0(1))
rexp T
_ ( ) (29)
= ( > (1+0(1))
< ( ) o(1)). (2.10)

T

5 T
The quantity (ez‘() in Eq. (2.10) is less than 0.5 when n is sufficiently large, the latter

approaches 0 when n — +o0. This proves that when p < %, Pr[a(g(G,p)) > r] — 0 as n — +oc.
That is, when p < 1, a.a.s. a(g(G,p)) < 2lnn/p.

When p > 1 , that is a = lj'%p >1,g=1—-p< % and exactly the same argument as when p < %
applies by replacing p with 1 — ¢, which shows that a.a.s. a(g(G,p)) < 2Inn/(1 — p). This proves

the theorem. O

Since a(g(G,p)) > i(g(G,p)), Prli(g(G,p)) > r] < Prla(g(G,p)) > r] and thus we have the

following corollary:

Corollary 2 For any graph G = (V, E), a.a.s.

i(g(G,p)) <

21
)
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3 A tail bound on the independent domination number

2

Theorem 6 For any graph G = (V,E) and p € (411;1 n %],

Prlia(G.) 2 [ < Prio(a(G.) 2 [ <270

PRrROOF. The proof of this theorem flows exactly the same as the proof of Theorem [5] In fact, with
p <z , we have both Eq. and Eq. hold. Different from the proof of Theorem [5| where
r = 2Inn/p, we have now r = %" > 2Inn/p and therefore Eq. holds as well. Again, using
Eq. and Fact |1} when n is sufficiently large, Eq. still holds. It then follows from Fact
that Eq. becomes

Prli(g(G,p)) =] < Prla(g(G,p)) = 7]

nel+5 )’
< 1l—exp (— (Tegp> (1+ 0(1))) . (3.1)

DN\T
Using 7 = /22, we prove in the following that ( 1,?) (1+0(1)) = o(1). And consequently

b
p re 2

by Fact [1| again and r = 4?" > v/8n, Eq. |i becomes

nel*8\’
Prli(g(G,p)) 2 1] < ( rp) (1+0(1))

IN
N O
/\

=

@ ,_.

o+
ks

1
—r <lnr—|— 3P - Inn—1- g))

1 1
lnr+47“p lnn—l—g) —47‘2p>

1
(1nr+47’p—lnn—1—§)—n). (3.2)

@
»
T

Il
N o m\m w\m
’U
/\/_\/\

The quantity (lnr + %rp —Inn—-1- %) in Eq. 1' is non-negative when n > 2, since

1 1 1 1
lnr—&—zrp—lnn—l—g > 51n(8n)+1 4np—lnn—1—1
1 1 41n® 1
> S In(8n) + |/4n- IT‘L”—lnn—l—Z
1 5
> 0.
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It follows that Eq. (3.2) becomes

1
Pri(e(C.p) 2 7] < Sexp <_r (m T g) B n)
< € e ™
- 2
< 2™
This proves the theorem. -

4 Approximating the independent domination number

We present next a simple algorithm, denoted as Approx-IDS, for computing an independent domi-
nating set in g(G, p). In the first phase, algorithm Approx-IDS repeatedly picks a maximum degree
vertex and updates the graph by deleting the picked vertex and all its neighbors; it terminates
when there is no more vertex and returns a subset I of V. If |I] < 47”, algorithm Approx-IDS
terminates and outputs I; otherwise it moves into the second phase. In the second phase, algo-
rithm Approx-IDS performs an exhaustive search over all subsets of V', and returns the minimum

independent dominating set I*.

Theorem 7 For any graph G = (V,E) and p € (41212”, %], algorithm Approx-IDS is a \/%—

approximation to the MIDS problem on the perturbed graph g(G,p), and it has polynomial expected

running time.

Proor. Note that i(g(G,p)) > 1. The subset I of V' computed by algorithm Approx-IDS is a
dominating set, since every vertex of V is either in I, or is a neighbor of some vertex in I. Also,
no two vertices of I can be adjacent, since otherwise one would be removed in the iteration its
neighbor was picked by the algorithm. Therefore, I is an independent dominating set of g(G, p). It
follows that if algorithm Approx-IDS terminates after the first phase, |I| < \/% -i(g(G,p)). Also

clearly the first phase takes O(n?) time.

In the second phase, a maximum of 2" subsets of V are examined by the algorithm. Since
checking each of them to be an independent dominating set or not takes no more than O(n?) time,
the overall running time is O(2"n?). Note that this phase returns I* with |I*| = i(g(G,p)). As
a(g(G,p)) > |I]| > \/% , Theorem @ tells that the probability of executing this second phase is no
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more than 27", Therefore, the expected running time of the second phase is O(n?). This proves

the theorem. O

5 Conclusions

We have performed a smooth analysis for approximating the minimum independent dominating
set problem. The probabilistic model we used is the perturbed graph g(G,p) of the input graph

G = (V,E) [11]. We have proved a.a.s. bounds and a tail bound on the independent domination

number of g(G, p), and presented an algorithm with the worst-case performance ratio of % and

with polynomial expected running time.
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