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Abstract

The fundamentalquestionabouta temporalmodel is “what
is its underlyingtemporalstructure?”More specifically what
arethetemporalprimitivessupportedn the model,whattem-
poraldomainsareavailableover theseprimitives,andwhether
the primitives aredeterminater indeterminaten this paper
a simple, generalframevork for supportingtemporalprimi-
tives (instants,intenals, setsof intenals) is presented.The
framework allows seamlesséntegrationof denseanddiscrete
temporaldomainsof time over a linearly ordered unbounded
point structure. The framework alsoprovides a set-theoretic
basisthat allows uniform treatmentof determinateandinde-
terminatetemporalprimitives.

1 Intr oduction

The primary componentof a temporalmodelis its underly-
ing temporalstructure. Supportinga temporalstructurein-

volvesmakingchoicesbetweenralternatve temporalfeatures.
This includesthe temporalprimitives supportedpointsor in-

tenals), the temporaldomainavailable for theseprimitives
(denseor discrete),the temporaldeterminag of the primi-

tives,theorderingimposedonthe primitives(linearor branch-
ing), andwhethertime is boundedor unboundedIndeed the
temporalstructurewith its variousconstituentsformstheba-
sic building block of the designspaceof ary temporalmodel
sinceit is comprisedof the basictemporalfeaturesthat un-

derlie ary temporalmodel. In this paperwe concentrateon

temporaprimitives,thetemporadomainsavailableoverthese
primitives,andthetemporaldeterminag of the primitives.

Thedefinition of temporalprimitives requiresprior knowl-
edgeof theunderlyingtemporaldomain. A temporaldomain
canbedenseor discrete Betweerary two temporalprimitives
in adensdime domain,anothettemporalprimitive exists. For
ary temporalprimitive in a discretetime domain,thereis a
uniquesuccessoandpredecessoSimilarly, in handlingtem-
poral indeterminag, someresearcherassumea densetem-
poral domain[12], while othersassumea discretetemporal
domain[8, 6]. Therefore selectingthe appropriateaemporal
domainis anintegral partof definingatemporalmodel.

Most of the researchin the context of temporaldatabases
hasassumedhat the temporaldomainis discrete. Several
amumentsin favor of using a discretetemporaldomainare
madeby Snodgras§l6] includingtheimprecisionof clocking
instruments,compatibility with naturallanguagereferences,
possibilityof modelingeventswhich have duration,andprac-
ticality of implementinghetemporaldatamodel.

However, in anexcellentsurney by Chomickion temporal
querylanguage$3], it is amguedthatthe densetemporaldo-
mainis very usefulin mathematiceindphysics.Furthermore,
densetime providesa usefulabstractiorif time is thoughtof
asdiscretebut with instantsthat arevery close. In this case,
thesetof timeinstantanmaybeverylargewhichin turnmaybe
difficult to implementefficiently. Chomickifurtheramguesthat
gueryevaluationin thecontext of constraindatabasef 1, 14]
hasbeenshavn to be easierin densedomainghanin discrete
domains.Densetemporaldomainshave alsobeenusedto fa-
cilitate full abstractsemanticdn reasoningaboutconcurrent
programq1].

In our opinion, both views have valid aguments. While
the discretedomainof time helpsin promotingthe practical
sideof temporakesearchthe densedomainof time providesa
usefulunderlyingabstractionOur contentioris thata tempo-
ral modelshouldbe generalenoughto supportboththe dense
andthe discretetemporaldomains.In this paper we propose
a simplegeneraframevork for definingtemporalprimitives,
without makingary assumptionaboutthe underlyingtempo-
ral domain. We do not adwocateone domainover the other;
ratherour framevork enablesleveragingthe advantagesof
both by allowing seamlessntegration of denseand discrete



domainsof time. This allows a temporalmodelto provide
supportotonly for applicationsvhichusuallyneedadiscrete
temporaldomain, but also for applicationsthat needdense
time asan abstraction. This is in contrastto recentpropos-
alsthathandlemultiple granularitieq4, 13,5, 18, 2,17, 15].
Theseproposalassume singleunderlyingtemporaldomain
whichis usuallydiscrete.

The contritutionsof this papercanbe summarizedsfol-
lows: (1) We present simple,generaframevork for support-
ing temporalprimitives which allows seamleséntegration of
denseand discretedomainsof time over a linearly ordered,
unboundedoint structure.To the bestof our knowledge this
featureis novel to our work. (2) We definecalendricsupport
overthepointstructurewhichis independentf ary particular
temporaldomain. This allows physicaltime to beinterpreted
in ameaningfulmannerandallows usto definevariouscalen-
dric systemsn ourframework. (3) We provide a uniformand
consistenmappingof calendricprimitivesto the point struc-
ture. (4) A set-theoretidramevork thatallows uniform treat-
mentof determinat@andindeterminateéemporalprimitives.

The rest of the paperis organizedas follows: Section2
givesthe definition of our underlyingpoint structure andde-
scribeshow intervals and temporalelementscan be defined
overit. In Section3 thefoundatiorfor calendricsupports set
by defininggranularitieoverthepointstructure Sectiord de-
finescalendarandtheirprimitives,anddescribefiow thecal-
endricprimitives aremappedo the point structure.Section5
provides a treatmentof indeterminateemporalinformation.
Section6 summarizeghe work presentedn this paperand
discussesvenuedor futureresearch.

2 Preliminaries

In this sectionwe define our underlyingdomain (calledthe
global timelin@ which will be usedasthe basisof all subse-
guentdefinitions. The setof desiredpropertiesof the global
timeline postulatedhereis quite weak: for example,we do
not postulateeitherdensityor discretenessf the globaltime-
line. Thiswill allow usto usealmostall subsequertonstructs
independentlyf the densityof the underlyingdomain. The
only constructthat dependsn the densityof the underlying
domainis theinfinitely divisiblegranularity thatwill allow us
to bridgebetweera densedomainandits discreteapproxima-
tion.

Definition 2.1 Global timeline: The global timeline (de-
noted7) is apointstructurewith precedenceelation< - (ab-
breviatedto <), which is a total (linear) order without end-
points(i.e., < is irreflexive, transitve andlinear relationun-
boundedrom bothleft andright).

Example2.1 Examplesof point structuressatisfyingDefini-
tion 2.1 includeintegers Z, rationalsQ, andrealsR. More
exotic examplesareZ & Q (lexicographicallyorderedpairsof
integerandrationalnumbersandR ® Z ® R. Notethatboth
denseanddiscretepoint structuresareallowed. Theexamples

in this paperuse7 = Z (denoted7z) and7 = Q (denoted
7Q).

The global timeline with —oco (minimal element)and +oco
(maximal element)addedto it is called the extendedglobal

timelineandis denoted7. The power setover 7 (denoted
P(T)) hasthe usualset-theoretioperationgunion, comple-
ment,intersectionanddifference)definedoverit. In addition,
it hastwo distinctpartialorderingmnamely strongprecedence
<p(7) andsubsetnclusionCp . Wewill now defineinter-
valsover 7.

Definition 2.2 Opentime interval: An opentime interval

(a,b), whereaeT,beT,anda < b isasubsebf 7 suchthat

(z € (a,b) < (z €T Aa<z<b)

Left-closed,right-closed,and closedtime intenals (denoted
respectiely [a,b), (a,b], and[a, b]) aredefinedanalogously
Closedintenalsallow a = b; thus,intenalsof theform [a, a]
areallowed. All thesekinds of intenvals form INT(T), the
setof all intervals over 7. Note that 7 is isomorphicto a
subsedf I NT'(T) formedby intervalsof theform [a, a] with
precedenceelation<p (1. Thereis oneadditionalpartialor-
dering,weakprecedene <, definedfor intenals. It is defined

asfollows: (I, < I2) &L (WVaelidbel: a<bA
(Ab € I> Ya € I1: b < a)). Thestrongprecedencés a
subordeof theweakone.For example,in 7z, (0,3] < (2,4),
while (0, 3] £ (2,4). Sincetime intervals aresets,usualset-
theoreticoperationgunion, intersectioncomplementdiffer-
ence)canbe definedfor them. However, the setof all inter
vals is not closedwith respectto the above operations. For
example,in 7z, (0,4] \ (2,3) ¢ INT(7z). The notion of
tempoal element(unionof a finite numberof time intenals)
[7] is thereforeused. We will denotethe setof all temporal
elementsover 7 asTE(T). TE(T) is treatedas a subset
of P(T), with thesameset-theoretioperationsindordering.

INT(T)andTE(T) aredefinedthe sameway asINT(T)
andTE(T).

Figure 1 shows the relationshipbetweenthe global time-
line andthe temporalprimitives definedover it. The figure
shavsthat7 isisomorphido asetof intenals|a, a], thelower
andupperboundsof which arepointsthatarememberof 7.
Thesetof intenals[a, a] is asubsebf thesetof intervalsover
T, whichin turn is a subsetof the setof temporalelements
over 7. Finally, the setof temporaklementss a subsetf the
power setover 7.

isomorphic c c
<P faal), = INT(T)

Cc
TE (T) —= P(T)

Figurel: Relationshipbetweerntemporaprimitivesde-
finedovertheglobaltimeline



3 Granularities

Theglobaltimeline (7) definedin Section2 is “flat”. In this
section,we definegranularitiesover 7 in orderto overcome
its “flatness”. Generallyspeakinggranularitiesallow 7 to be
perceved at several resolutionlevels. For example,defining
theGregoriancalendaover 7 wouldallow 7 to bepartitioned
in severallevels, e.g.,years,months,days. Granularitiesare
subsequentlysedto definecalendarsn Sectiond. Granulaf

ities canalsobe percevedasgeneralizedorwardshiftsalong
thetimeline. For example thegranularityof secondGecona)

movesary pointonthetimelineonesecondorward.

In the following, we use f*, z € Z to denoteinteger
powers of functions. Positve powers are definedas f* =
ff... f(ntimes), zeropower (of ary function)is definedas
id7 (identity over 7), and negative powers are definedas
77 =" = (f™)~" wheref~! is aninversefunction.
Negative powersof afunction only makesensédf the inverse
functionexists.

Definition 3.1 Granularity: A (partial)functionG € T—=T
with domaindom(G) and codomaincodom(G) is calleda
granularityif it satisfieghefollowing:

1. Monotonicity (MON):
t2) = (G(t) < G(t2))

2. Forwarddirectednes§FORW):
G(t)

Vi, b2 € dom(G): (61 <

Vit € dom(G): t <

3. Origin (ORIG): 3o € dom(G): o € ORIG(G)o €
def

ORIG(G) <= Vz € Z : 0o € dom(G*) AVt €
T: 32" €Z: G7 (o) <t< G (o)

An origin o is a point on the timeline such that

CHAIN(G,o) d=Ef{t | t=G?(0), z € Z} canbeviewed
asa partitionof thetimeline.

Thus, a granularityis a generalizedorward shift that de-
finesat leastone partition of the timeline. In otherwords,a
granularityallows usto “stepthrough”backandforth the en-
tire timelinein a countablenumberof stepsstartingfrom ary
of its origins. Thiswill beusedto definecalendarsn the Sec-
tion 4.

A granularitycandefineseveralpartitions. A singlecalen-
daronly makesuseof oneof them;however, differentcalen-
darscanusedifferentpartitionsdefinedby the samegranular
ity. Notethatif G agranularitythenG~' canbetreatedasa
generalizedadward shift that definesthe samepartitionsof
thetimelineasG. Notealsothatfor ary granularityG andary
n € N, G" isalsoagranularity TheorenB.1ensureshatfor
ary givendomainsatisfyingDefinition2.1,therealwaysexists
atleastonegranularity

Theorem3.1 If 7 is a point structure satisfying Defini-
tion 2.1,then7 hasagranularity

The proof follows from Definitions2.1 and 3.1, and Zorn's
Lemma[10].

Example 3.1 Theseareexamplesof granularities:

o) = z+2 z is even
T) = undefined otherwise

(z) = z+3 3k <z <3k+1(k €Z),
9\%) =9 undefined otherwise

i(z)=z+2

A granularityG is calleda total granularity iff G is atotal
function(i.e. dom(G) = T). Total granularitiesarevery use-
ful in establishingrelationshipshetweendifferent calendars
sinceevery pointonthetimelinebelonggo achaindefinedby
atotal granularity An exampleof a total granularityis :(z)
from the above example. We now definedivisible granulari-
tiesthatprovide successiely finer partitionsof thetimeline.

Definition 3.2 Divisible granularity: A granularityG is di-
visiblebyn € N, n > 1 iff thereexistsa granularityG'/»
suchthatvt € dom(G): (G'/™)™(t) = G(¢t).

The divisibility of a granularityG by n essentiallymeans
thatfor every partition definedby G, thereis a partition that
is n timesfiner. It is easyto seethatif G is a granularitythen
G" is divisible by n. Theability to divide a granularityby an
arbitrary number(thus giving “infinitely finer” partitions)is
anessentiapropertywhenthe underlyingdomainis dense A
granularitythatis divisible by all n € N is calledaninfinitely
divisiblegranularity.

Example 3.2 The granularity f from Example3.1is not di-
visiblebyanyn € N, n > 1. Thegranularityg fromthesame
exampleis infinitely divisible. For example,we canchoose

1/"(13)— z+1/n 3k<z<3k+1-1/n
g Y243 3k+1-1/n<z<3k

Thegranularity: from thesameexampleis divisible by 2 over
Tz andis infinitely divisible over 7q. In 7z we canchoose
i'2(z) = & + 1 while in Tq we canchoose'/"(¢) = = +

2/nforalln € N,n > 1.

Theorem3.2 If T is densethenit hasat leastoneinfinitely
divisible granularity

The proof follows from Theorem3.1 and the definition of a
densedomain.Thefollowing theoremstateghatary chainof
ary totalinfinitely divisible granularitycanbeusedto approx-
imateary pointonthetimelinewith anarbitraryprecision.

Theorem3.3 If G is a total infinitely divisible granular
ity over 7 thenVo € ORIG(G) Vi, t2 € T: (i <
t2) = (3t € CHAIN(G,0) 3n e N dm € N m <

n: 4 < Gm/n(t) < t2)



Infinitely divisible granularitiesare usefulfor the interpreta-
tion of densedomains Discretedomainsdo nothave infinitely
divisible granularities. Every granularityG over 7 canbe
extendedto 7 to yield an extendedgranularity G: Q) ve €
T: G(t) = G(t) (2) G(—o0) = —o0 (3) G(400) = 400
In therestof thepapemwe will useextendedgranularitiesonly
andwill omit™ for brevity. In the next sectionwe usegranu-
laritiesto definecalendar®ver theglobaltimeline.

4 Calendars

In orderto interprettheglobaltimeline,we proposeo usecal-
endars.A calendaiis a meandy which physicaltime canbe
representeth a meaningfulway. A calendais comprisedof
afinite numberof partitionscalledorigin chains andadistin-
guishedpointonthetimeline calledtheorigin of thecalendar
Calendarsare usedto definecalendrictime primitives called
calendricinstantsand calendricintervals They provide an
abstractionrmechanisithat allows us to dealwith calendric
time primitivesindependentlyf theunderlyingdomain.

Definition 4.1 Calendar: A calendarisatuple(0, G), where
0 € 7 istheorigin of thecalendaiandg is afinite setof gran-
ularities:G = {G1, ... , Gy}, wherethecoarsesgranularity
is G x while thefinestoneis G;. The calendaorigin andthe
setof its granularitieshasthefollowing collective properties:

1. Ordering (ORD): Vi, € 1,...,N: (+ <
J)= (vt € dom(Gi)Ndom(G;)NT: Gi(t) <
G,(1))

2. Origin chain (ORIG): Vi € 1,...,N:
ORIG(G;)

Thechainof G; to which 0 belongs(C HAIN(G;,0))
is calledthe origin chain (of G;) andis denote(f%l or
simply C?.

0 €

3. Chaininclusion(CHAIN): C% c C%_, C---C C¥
Informally, the calendardefines(by its origin chains)a ruler
on thetimelinewith biggermarkeramadeby origin chainsof
coarselgranularitiesanda zeromarkerplacedat the calendar
origin. An actualruler alwayshasatleastonesmallermarker
betweentwo biggerones;only the smallestmarkershave no
markersetweerthem. Theruler propertyholdsfor calendars
aswell, sinceif t € C?,i € 2,...,N then: (1) G;_.(t) €
CPy QG gC!  (QIneN: GL(t) =
Gi(t) € C7

Example4.1 Let us consider7q and 7z and definea cal-
endarthatcorrespondso a simplified versionof the standard
Grgyoriancalendamwith years,months,days,hours,minutes,
andsecondslin thisexample wewill treatl € 7 asasecond.
Thenwe candefinethe following granularities:Gsecond ) =
z+1, Gminute(f) = Gggcond: z + 60, Ghour(ﬂf) = G?n?nute =

T+60-60, Gaay(7) = Ghaur = £+60-60-24. In orderto define
monthsandyears two additionalfunctionsareintroduced:

o(K) = 6060203655 + | 5] = L8] + L )
i) = 80602030k + [ 151+ (21 + (55771 +
fk1—26] + [k1—27] N [k1—29] N [kizu] ~
S et R Ly A L L

y(k) is the numberof secondetweerthe origin, Januaryl

year0001, encodechereas0 day of 0 monthof 0 year and
the beginningof yeark. m(k) is numberof seconddbetween
the origin andthe beginning of monthk. We cannow define
granularitieorrespondingo monthsandyears:

Gmonth(l') = m(k + 1)
Gyea(r) = y(k + 1)

It is easy to see that for those x for which Gyear

is defined, Gyealz) = Glun(z). We will take
0 as the origin of our calendar so that Cereg =

<07 {Gsecond G'minute, Gnour, Gday, G'month, Gyear})- Note that
G'secondis infinitely divisible in 7q andindivisible in 7z. The
granularitiescorrespondingo secondsminutes,hours, and
daysare total oneswhile all the othersare not. Therefore,
sinceGsecondin Tq is total andinfinitely divisible, the calen-
darcanapproximatevery pointin 7. Notethatwe cannow

defineanothercalendare.qg. fiscal) with differentorigin and
differentdefinitionof monthsandyearsandthenwe coulduse
secondsminutes,hours,anddaysof the Gregorian calendar
in orderto establisha correspondendeetweerthetwo calen-
dars.

z=m(k),k€Z
z=ylk),k€Z

4.1 Calendric instants

A calendricinstantis a calendricdenotatiorof a pointonthe
timeline. Calendricinstantsare almostdomain-independen
(theironly dependengondomaindiesin thecoeficientof the
finestgranularity);they areintroducedto provide a calendar
basedbstractiorof thetimeline.

Definition 4.2 Calendric instant: A calendric instant /¢
in a calendarC is atuple {(zn,...,z1) wherez; = z/m,
T,22,...,2n € Z,andm = 1,orm € N andG; is divisi-
ble by m.

We will denotethe setof all calendricinstantsof C as
INST(C). Notethatif G; is infinitely divisible,thenz; € Q.
Every calendricinstant/ of a calendailC mapsto a singleel-
ementt; of 7. Thefunctiond¢ that realizesthis mapping
is definedasfollows: dc(f) = G (G32(-- -G (0)--+)),
where0 is the origin of C andG1, ... , Gy areits granular
ities. Informally this meansthat a point on the timeline rep-
resentedy a calendricinstant(zx, . .. , z1), is computedby



takingthe calendaorigin andshifting it forwardz timesby
G, thenshifting theresultzx_; timesby Gx_1, etcuntil
G1. Thelastshift canbefractionalasz; canbenon-integerif
G, is adivisible granularity

Example4.2 The calendricinstant /; = ( 1995, 1, 15,
13, 16, 3 ) in the calendarCsreg correspondgo 13h 16min
3secon February16, 1996 a.d. (we routinely start count-
ing days, months, and yearsfrom 1, and hours, minutes,
and secondsfrom 0, while in our framewvork all of them
are always counted starting from 0). [I; is mappedto:
Ggeconr{Grln(?nute(G%lgur(Gégy(GrTlOFIlf1(G)1/g.':?r5 (0))))))

I, = (1994,13,15,13,16,3) is anothercalendricinstant
whichis mappedo the samepointas/; .

Is = (1995, 1, 14, 13, 16, 3.098) is anexampleof a calendric
instantin Careq Over 7 whichis notacalendricinstantof the
samecalendain 7z (asGsecondiS indivisible over 7z).

This mappingtogethemwith the orderingon 7" inducesan or-

dering on equivalenceclassesf calendricinstants(two cal-
endricinstantsare equivalentiff they mapto the samepoint
of 7). This orderingis total andwe will use< to denoteit.

We will alsouse= to denotethe equivalenceof two calendric
time instantsanduse= for tupleequality Thus,INST()/ =

isisomorphicto asubsebf 7.

It canbeseenfrom Example4.2thatdifferentcalendricin-
stantsfrom the samecalendarcan mapto the samepoint on
the timeline. In orderto overcomethis dravback, calendric
instantscanbenormalized.For examplein the Gregoriancal-
endarthemonthis betweerD and11,thedayis in theappro-
priaterangefor thegivenmonth,thehouris betweerd and23,
andthe minutesandsecondsare betweer0 and59. Distinct
normalizedcalendricinstantsfrom the samecalendamapto
differentpointsof 7. Withoutlossof generalityin the restof
thepapemwe will dealwith normalizedcalendricinstants.For
normalizectalendridnstantswe candefinea partialfunction,
dgl, thattakesa pointin 7andtransformst to a normalized
calendricinstantin €. We will now useINST(C) to denoteall
normalizednstantsof acalendacC. INST(C) is isomorphicto
asubsenf 7.

Dates are human-readablerepresentationsof normal-
ized calendric instants. For example, in the Gregorian
calendar defined in Example 4.2, a normalized instant
<Zyears Zmonths Zdays Zhours, Zminutes Zsecondé would COFreSpond
to the date YMDHMS, whereY is zyeas+ 1 a.d. if
Zyears > 0 and zyears b.C. if zyears < 0, M is Januaryif
zmonths = 0, Februaryif zmonns = 1, ..., Decemberif
Zmonths = 11, D is Zdays — 1, H is ZhourJ], M is Zminuteminy
andsS is zsecongsec.Thus,I; = (1995, 1, 15,13, 16, 3) corre-
spondsto the date 1996 a.d. February16 13h 16min 3sec,
while Is = (1995, 1, 14, 13, 16, 3.098) correspondgo the
date1996 a.d. Februaryl5, 13h 16min 3.098sec. We will
routinely omit hours,minutesandsecondsvhenthey areze-
roes.In orderto makethe examplesmoreillustrative, we will
usedatedo representalendridnstantsn therestof thepaper

4.2 Discretecalendric instants

The formalismdescribedn this paperallows us to usedis-
creteinstantswithout knowing the actualstructureof 7~ and
seamlesslyntegratethemif 7 is notdiscrete Discretecalen-
dric instantsarediscreteabstractionsf theunderlying(possi-
bly denselomain.They arecompletelydomain-independent.
Discrete calendricinstantscan have different granularities.
They are mappedto intervals over the underlying domain
whoselengthis determinedoy the granularityof the instant.
This necessitatethe definition of calendricaddition

Definition 4.3 Calendricaddition: A calendricaddition+¢
is definedas: (I¢c = {(zn,...,2i41,2,0,... ,0})) A (1 <
F<NeY = (Ie+e Gy Ed7 (G, (de(Ie)))

Example 4.3 1996a.d.Februaryl6+ 1 day
(1995,1,15,0,0,0) + Gaay = {1995,1,16,0,0,0)
1996a.d. Februaryl7.

In this sectionwe will dealwith a single calendarand will
thereforeroutinelyomit the subscript.

Definition 4.4 Discretecalendricinstant: A discretecalen-
dric instanti, is atuple{I = (zn, ..., z1), 1) suchthat(1)
1<i<N @)vj1<ji<i: z;=0

We map the discretecalendricinstantsto intervals over 7.
Themappingfunctiond, is definedasfollows:

da(la) = [d(1),d(I + G:))

Theinverseof this mapping; ', is unambiguousvhenit ex-
ists. Themapping 44, togethemwith precedencandinclusion
relationson INT(7") inducetheserelationshipson the set of
all discreteinstantsDINST andits subsetdor eachcalendaC
(DINST(C)). DINST(C) is isomorphicto a subsebf INT(7).
For example,a discretetime instantof the granularity“day”
can be viewed as a point in the global timeline that is dis-
creteatthe level of days.Thewell-known problemof dealing
uniformly with instantsof differentgranularitieds solved by
theuniform mappingof discretecalendricinstantso intenals
over theunderlyingdomain.

SincelNST(C) is isomorphicto a subsebf 7, whichis in
turn isomorphicto a subsetf INT(7), we canform a union
UINST(C) = INST(C) u DINST(C). Thisunionisdisjointand
it canbemappedo disjointsubset®f INT(7). Fromnow on,
we will usethis mappingto map UINST(C) to INT(7) and
vice versa.

Informally, UINST(C) is an abstractiorof the underlying
point structuredeterminedby the calendar Every elementof
UINST(C) canbe viewed asa point, thusproviding a seam-
lessintegration of calendricinstants(that may be dense)and
discretecalendridnstantghatarediscreteatvariousgranulaf
ities.

We will usedatesindexed by the nameof the appropriate
granularityto representliscretecalendricinstants(unindexed
datesdenotecalendricinstants).



Example4.4
1996Februaryl6yay = ((1995,1,15,0,0,0), day)
[d({1995,1,15,0,0,0)),d({1995,1, 16, 0,0, 0))),
while 1996Februarylé = (1995,1,15,0,0,0)
[d({1995,1,15,0,0,0)),d({1995,1, 15, 0,0, 0))].

Thus, 1996Februarylfyay < 1996Februaryl6. It is also
easyto show that 1996 Februaryl Giay <

1996Februaryl 7qay < 1996Februaryl8 and
1996Februaryl6yay < 1996Marchnonth, while
1996Februaryl6iay and 1996Februaryont are incompara-

ble.

Discretecalendridnstantgrovide adiscreteabstractiorof the
underlyingdomainof ary structure. We have demonstrated
thatwe caneasilymix calendridnstantsanddiscretecalendric
instantsof different granularities,thus providing a uniform,
soundandintuitive way of comparinghemto eachother

4.3 Calendric intervals

The uniformity of our framewvork can be strengthenedy
defining calendricintervals which provide an abstractiorof
intervals definedover UINST(C). In orderto definecalendric
intervals,wefirst definestructuresalleddoubleintervalsover
T. Doubleintervals are intenals that have intervals rather
thaninstantsastheir bounds(for example,if one or both of
the boundsare discreteinstants). We needdoubleintenals
in orderto definecalendricintenvals over UINST. Elementof
UINST aremappedo intervals over the global timeline, and
therefore,constructionof intenals over UINST requiresthe
ability to dealwith “intervals” with interval bounds.

Definition 4.5 Doubleinterval: A doubleintervalis astruc-
tureformedanalogousliyto aninterval. While a standardsin-
gle) interval hasinstantsasupperandlower boundsa double
interval hasinterval bounds Doubleintervalsaredefined(and
mappedo singleones)accordingo thefollowing rules:

1. (a € (J1,J2)) where(J; < J2) A (Fa:
Jo) € (Vi € Sy Vi € o

Ji1 < [1,1] <
2 <a<j2)

2. (a € [J1,J2)) where(J; < J2) €% (3j1 € Jy Vjs €
J2r g1 <a< )

3. (a € (J1, J2]) where(Jy < Jp) < (Vj1 € Jy 32 €
Jar g1 <a<g2)

4. (a €11, J2]) where(J; < Jo) < (3j, € Jy 3js €
J2r g1 <a<g)

Justlike an intenal [a, ) includesa and everything be-
tweena andb while excluding b, a doubleintenal [J;, J2)
includesthe intenvals .J; and everything betweenthe inter
vals J; and J, while excluding the interval J; itself. For
example, [[0, 1), (2, 3]) shouldinclude[0, 1) and everything
between0, 1) and (2, 3] (i.e. [1, 2]). Thus,[[0,1),(2,3]) =
[0, 1)U[1,2] = [0,2]. It is easyto seethattheresult([0, 2])

automaticallyexcludestheupperbound((2, 3]). Doubleinter

vals of othershapesreinterpretedn a similar manner The
resultalwaysincludes“the middle” andincludesor excludes
the“interval bound”accordingo the outerlevel brackets.

Example4.5 [[0,1), [2,3)) = [0, 1)U[1,2) = [0, 2)
[[0,1),[2,3)] = [0, 1)U[1, 2)U[2,3) = [0, 3)
([0,1),[2,3)) =[1,2).

Having defineddoubleintenals, we now definecalendricin-
tenals.

Definition 4.6 Calendricinterval: A calendricinterval 7
is a structureformedanalogouslyto singleintenals with up-
per and lower boundstakenfrom UINST. They are mapped
to INT(7) in the following way: first, the lower and upper
boundsof Z aremappedo INT(7), thenZ is corvertedto a
doubleintenval whichin turnis mappedo INT(7).

Example4.6 [1996Februaryl6yay1996March lgay) is first
mappedol[[d({1995, 1,15,0,0,0)), d({1995, 1, 16,0,0, 0))),
[d({1995,2,0,0,0,0)),d({1995,2,1,0,0,0)))), whichisin
turnmappedod({1995, 1, 15,0, 0, 0)), d({1995, 2, 0, 0, 0, 0))).
(1996Februaryl5yay1996March 14ay) is also mapped to
[4({1995,1,15,0,0,0)),d({1995,2,0,0,0,0))) which is
what we intuitively expect since the first intenal includes
Februaryl6, while thesecondexcludes-ebruaryl5.

Calendricintenalsform the setCINT. Themembershipe-
lation € on UINST x CINT is definedassubseinclusionbe-
tweenimagesof its two argumentsn INT. Theprecedencee-
lationshipsaredefinedsimilarly. Calendrictempoal elements
(CTE) aredefinedasfinite unionsof calendricintenals. They

aremappedo elementsof TE(T) (TE(7)) by mappingevery
calendridntenal to INT andthentakingunionof theresulting
intenvals. Figure2 showstherelationshipdetweerthe calen-
dric primitives definedin this section,andtheir mappingsto
correspondingemporalprimitives that were definedin Sec-
tion 2 andshownin Figurel.

5 Temporal Indeterminacy

In therealworld therearemary casesvhenwe have complete
knowledgeof the time or the durationof a particularevent.
For example the maximumtime allowedfor studentgo com-
pletetheir Introductionto Logic Programmingexaminationis
known for certain.Thisis anexampleof determinatéemporal
information.However, therearecasesvhenthe knowledgeof
the time or the durationof a particulareventis known only
to a certainextent. For example,we do not know the exact
momentwhenthe Earthwasformedthoughwe mayspeculate
on the time framefor this event. In this case,the temporal
informationis indeterminate.

To treatindeterminateéemporalinformation,we introduce
an isomorphicimageof 7 (denoted7”’) with isomorphism
h: T—T'. SinceT' is isomorphicto 7, all constructde-
finedearlierfor 7 areautomaticallydefinedfor 7' aswell.



ul Tl
CINT(C)~~. T _mapped to P(T)
ul ul
T TATE (T
{[aalt 4 £ uinsT(o) T~ mapped to e
isomorphic - el ul
mapped to o
UINST(C) ... MaPPeCo R — ::::%NT(T)
DINST(C) -~~~ mapped to
0]
mapped to isomorphic
INST(C)=—f-==== ===~ =T aal}, ¢ 7

Figure 2: Relationshipsbetweencalendric primitives
andtheir mappingto primitivesdefinedover the global
timeline

We give temporalelementgandthusinstantsjntervalsetc)
the following meaning: if a temporalelementcomesfrom
T, it representscertain” information; otherwiseif it comes
from 7 it represents’possible” information. Thus if an
eventis known to occurduring [¢o, £1)UR([ts, £4]) thatevent
is known to occurin [to, £1) timeinterval, known notto occur
in (—oo, to)U[t1, t3)U(t4, +00), andnoinformationis avail-
able aboutthis event during time intenal [¢5, t4] (assuming
to < b1 < t2 < ts < tq).

In orderto be ableto mix temporalelementfrom 7" with
thosefrom 7', we introducetheindeterminatdimesets

Definition 5.1 IndeterminateTime Set:  An indetermi-
nate time set.S is a memberof P(7UT"’) suchthatt €

TnS=h(t)g S

Example5.1 ThesetS; = [0, 1)Uh([3, 4]) is anindetermi-
natetime set. At thesametime, S; = [0, 2)Uh([1, 3)) is not,
sincel € TNSz A h(1) € Ss.

Theindeterminate¢ime setsform a family of setsS. S de-
finessetinclusion,complementandunionin amannerdiffer-
entfrom standardet-theoreticlefinitionsfor theseoperations.

L(5CSH) < @eSi=@eTrreS)V(ne
T'A(z €S2V h(z) € 52)))

2. -SZ{w | (v € TAs & SAh(z) & S)V (s €
T'AzeS)}

35U E{a | (z€TA(TESI VI €ES))V(z €
T’/\(.Z‘ €eSi1Vrx € SQ)/\h(.’L‘) €51 /\h(x) QSQ)}
Intersectionand differenceare definedin termsof the above

operationdn the usualway. The intuition behindthesedef-
initions is as follows: let us assumethat we have “black”

(for sure),“grey” (maybe)and“white” (certainlynot) inter

vals. Theneveryindeterminatéime setS partitionsthewhole
timeline into black (definedas S, = {t| t € Tns}),

grey (definedas S, = {h(t)| t € 7'ns}), andwhite
(Sw = T\ (S,US,)) areasThus,S carriesinformationabout
timewhenaneventdid happenmighthave happenedanddid

not happen. Intersectionof white with arything is white (if

one of two eventsis known notto occurat a particulartime,
thenthe conjunctionof theseeventscould not occur at that
time), and that of grey with arything but white is grey (if

we are uncertainaboutone event, we are uncertainaboutits

conjunctionwith ary otherevent, unlessthe secondeventis

known notto happematthattime), andanintersectiorof black
with blackis black(if botheventsareknown to occuratapar

ticular time, their conjunctionis alsoknown to occurat that
time). Likewise,a unionof blackwith arything is black,that
of grey with arything but blackis grey, andtheunionof white
andwhiteis white (in this casewe considerdisjunctionof two

events). Analogousconsiderationganbe usedto intuitively

justify our definitionsof subsetelationshipandnegation.

The operationof S follow the samerulesasstandardset-
theoreticoperationss is closedwith respecto theoperations
just defined.Anothernice propertyof theseoperationss that
bothP(’T) andP(’T’) aresubdomainsof S; set-theoretiop-
erationsandsubsetnclusionof S restrictedo P(7) (P(T"))
give standardset-theoretioperationsaandsubseinclusionfor
thesedomains.The maximalelementof S with respecto its
subsetnclusionis 7. An indeterminateéempoel elemenis
definedasa memberof S that canbe represente@sa union
of afinite numberof intenalsfrom INT(7) U INT(7”).

With the introductionof S we canmapall temporalele-
mentsfrom both7 and7”’ to S (themappings identity, since
7 c S and7’ C S). Usingthe constructsiescribecabove,
we arenow ableto representleterminateand indeterminate
calendricinstantsand intervals and map themto indetermi-
natetime setsthatform a uniform, consistentand soundset-
theoreticabasisof our framework. Thisis in contrasto other
workson temporalindeterminag [8, 12, 6]. In [8, 6] theun-
derlyingtemporaldomainis assumedo bediscretewhile the
work of [12] is carriedout in the context of a densetemporal
domain.

6 Discussion

Theformalismdevelopedn thispapemivesusaframevorkin
which granularitiescalendarscalendricdnstantsanddiscrete
calendricinstantsandintenals canbe defined. They canthen
be mappedto a global timeline in a uniform and consistent
manney regardlessof whetherthe underlyingtemporaldo-
mainis denseor discrete If thetemporaldomainis densecal-
endrictime primitivesandoperation®nthemform atemporal
structurethathasboth denseanddiscretecomponent®f dif-
ferentgranularitieghat canbe mixed and operateduponuni-
formly and consistently Our framework also abstractfrom
the underlyingdomainto a large extent sothat whenthe un-



derlyingdomainis enhancedfor example,is madedense)kx-
isting calendricemporalprimitivesdo not have to bechanged
and operationson them still yield the sameresults. Lastly,
ourtreatmenbf temporaindeterminag allow usto uniformly
representleterminateand indeterminateemporal primitives
without makingary assumptionsn the underlyingtemporal
domain.

It isimportantto notethatour framevork notonly provides
theoreticatreatmentof densedomainsof time, but alsopro-
videsfinite approximation®f densedomainswhich is actu-
ally what a standardcomputerprovides. For example,if a
computerprovides a precisionof 5 decimalplaces,thenthe
finestgranularity(G1) to which a calendricinstantis defined
(seeDefinition 4.2) canbe madedivisible by 10°. If another
computerwith a precisionof 7 decimalplacesis now used,
the old datastill workssinceG; is now divisible by both10°
and107. This givesusscalabilityfor free,unlike the chronon
assumptiorusedin [15] which would involve updatingevery
instant.

In anotherwork [9], we investigatehow a calendarpro-
videsrelationshipbetweergranularitiesandgive procedures
for convertingtemporalprimitivesfrom onegranularityto an-
other We arealsoinvestigatingthe incorporationof the for-
malism developedin this paperinto a temporalquery lan-
guage.Sincethetemporalprimitives, set-theoretioperations
andtheir semantichave beendefined,we do not foreseethis
incorporationto beamajortask.
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