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Laboratoryfor DatabaseSystemsResearch

Departmentof ComputingScience
Universityof Alberta

Edmonton,Alberta,CanadaT6G2H1�
iqbal,yuri,ozsu,duane� @cs.ualberta.ca

Abstract
The fundamentalquestionabouta temporalmodel is “what
is its underlyingtemporalstructure?”More specifically, what
arethetemporalprimitivessupportedin themodel,whattem-
poraldomainsareavailableover theseprimitives,andwhether
theprimitivesaredeterminateor indeterminate?In this paper
a simple, generalframework for supportingtemporalprimi-
tives (instants,intervals, setsof intervals) is presented.The
framework allows seamlessintegrationof denseanddiscrete
temporaldomainsof time over a linearlyordered,unbounded
point structure. The framework alsoprovidesa set-theoretic
basisthat allows uniform treatmentof determinateandinde-
terminatetemporalprimitives.

1 Intr oduction
The primary componentof a temporalmodel is its underly-
ing temporalstructure. Supportinga temporalstructurein-
volvesmakingchoicesbetweenalternative temporalfeatures.
This includesthetemporalprimitivessupported(pointsor in-
tervals), the temporaldomainavailable for theseprimitives
(denseor discrete),the temporaldeterminacy of the primi-
tives,theorderingimposedontheprimitives(linearor branch-
ing), andwhethertime is boundedor unbounded.Indeed,the
temporalstructure,with its variousconstituents,formstheba-
sic building block of thedesignspaceof any temporalmodel
sinceit is comprisedof the basictemporalfeaturesthat un-
derlie any temporalmodel. In this paperwe concentrateon
temporalprimitives,thetemporaldomainsavailableoverthese
primitives,andthetemporaldeterminacy of theprimitives.

Thedefinitionof temporalprimitivesrequiresprior knowl-
edgeof theunderlyingtemporaldomain.A temporaldomain
canbedenseor discrete. Betweenany twotemporalprimitives
in adensetimedomain,anothertemporalprimitive exists.For
any temporalprimitive in a discretetime domain,thereis a
uniquesuccessorandpredecessor. Similarly, in handlingtem-
poral indeterminacy, someresearchersassumea densetem-
poral domain[12], while othersassumea discretetemporal
domain[8, 6]. Therefore,selectingthe appropriatetemporal
domainis anintegral partof defininga temporalmodel.

Most of the researchin the context of temporaldatabases
hasassumedthat the temporaldomain is discrete. Several
argumentsin favor of using a discretetemporaldomainare
madeby Snodgrass[16] includingtheimprecisionof clocking
instruments,compatibility with natural languagereferences,
possibilityof modelingeventswhichhaveduration,andprac-
ticality of implementingthetemporaldatamodel.

However, in anexcellentsurvey by Chomickion temporal
querylanguages[3], it is arguedthat thedensetemporaldo-
mainis very usefulin mathematicsandphysics.Furthermore,
densetime providesa usefulabstractionif time is thoughtof
asdiscretebut with instantsthat arevery close. In this case,
thesetof timeinstantsmaybevery largewhich in turnmaybe
difficult to implementefficiently. Chomickifurtherarguesthat
queryevaluationin thecontext of constraintdatabases[11,14]
hasbeenshown to beeasierin densedomainsthanin discrete
domains.Densetemporaldomainshavealsobeenusedto fa-
cilitate full abstractsemanticsin reasoningaboutconcurrent
programs[1].

In our opinion, both views have valid arguments. While
the discretedomainof time helpsin promotingthe practical
sideof temporalresearch,thedensedomainof timeprovidesa
usefulunderlyingabstraction.Our contentionis thata tempo-
ral modelshouldbegeneralenoughto supportboththedense
andthediscretetemporaldomains.In this paper, we propose
a simplegeneralframework for definingtemporalprimitives,
withoutmakingany assumptionsabouttheunderlyingtempo-
ral domain. We do not advocateonedomainover the other;
ratherour framework enablesleveragingthe advantagesof
both by allowing seamlessintegration of denseand discrete



domainsof time. This allows a temporalmodel to provide
supportnotonly for applicationswhichusuallyneedadiscrete
temporaldomain, but also for applicationsthat needdense
time asan abstraction.This is in contrastto recentpropos-
als thathandlemultiple granularities[4, 13, 5, 18, 2, 17, 15].
Theseproposalsassumeasingleunderlyingtemporaldomain
which is usuallydiscrete.

Thecontributionsof this papercanbe summarizedasfol-
lows: (1) Wepresentasimple,generalframework for support-
ing temporalprimitives which allows seamlessintegrationof
denseand discretedomainsof time over a linearly ordered,
unboundedpointstructure.To thebestof ourknowledge,this
featureis novel to our work. (2) We definecalendricsupport
over thepointstructurewhich is independentof any particular
temporaldomain.This allows physicaltime to be interpreted
in ameaningfulmannerandallowsusto definevariouscalen-
dric systemsin our framework. (3) Weprovide auniformand
consistentmappingof calendricprimitives to thepoint struc-
ture. (4) A set-theoreticframework thatallows uniform treat-
mentof determinateandindeterminatetemporalprimitives.

The rest of the paperis organizedas follows: Section2
givesthedefinitionof our underlyingpoint structure,andde-
scribeshow intervals and temporalelementscan be defined
over it. In Section3 thefoundationfor calendricsupportis set
by defininggranularitiesoverthepointstructure.Section4de-
finescalendarsandtheirprimitives,anddescribeshow thecal-
endricprimitivesaremappedto thepoint structure.Section5
provides a treatmentof indeterminatetemporalinformation.
Section6 summarizesthe work presentedin this paperand
discussesavenuesfor futureresearch.

2 Preliminar ies
In this sectionwe defineour underlyingdomain(called the
global timeline) which will be usedasthe basisof all subse-
quentdefinitions. The setof desiredpropertiesof theglobal
timeline postulatedhereis quite weak: for example,we do
notpostulateeitherdensityor discretenessof theglobaltime-
line. Thiswill allow usto usealmostall subsequentconstructs
independentlyof the densityof the underlyingdomain. The
only constructthat dependson the densityof the underlying
domainis the infinitelydivisiblegranularity thatwill allow us
to bridgebetweenadensedomainandits discreteapproxima-
tion.

Definition 2.1 Global timeline: The global timeline (de-
noted� ) is apointstructurewith precedencerelation ��� (ab-
breviated to � ), which is a total (linear) order without end-
points(i.e., � is irreflexive, transitive andlinear relationun-
boundedfrom bothleft andright).

Example2.1 Examplesof point structuressatisfyingDefini-
tion 2.1 include integersZ, rationalsQ, and realsR. More
exotic examplesare ���
	 (lexicographicallyorderedpairsof
integerandrationalnumbers)and ���
����� . Notethatboth
denseanddiscretepointstructuresareallowed.Theexamples

in this paperuse ����� (denoted��� ) and ����	 (denoted��� ).

The global timeline with ��� (minimal element)and ���
(maximalelement)addedto it is called the extendedglobal
timelineand is denoted �� . The power setover � (denoted��� ��� ) hastheusualset-theoreticoperations(union,comple-
ment,intersection,anddifference)definedover it. In addition,
it hastwo distinctpartialorderingsnamely, strongprecedence� �"! �$# andsubsetinclusion % �"! �&# . Wewill now defineinter-
valsover � .

Definition 2.2 Opentime interval: An opentime interval�('*),+ � , where
'*- � ,

+.- � , and
' � + is asubsetof � suchthat�(/0-
�('*),+ �,� def1�2 �(/0- ��3 ' � / � + �

Left-closed,right-closed,andclosedtime intervals (denoted
respectively 4 '*),+ � , �('*),+,5 , and 4 '*),+,5 ) aredefinedanalogously.
Closedintervalsallow

' � + ; thus,intervalsof theform 4 '*)6'75
areallowed. All thesekinds of intervals form 8:90; � ��� , the
set of all intervals over � . Note that � is isomorphicto a
subsetof 8:90; � �<� formedby intervalsof theform 4 '*)='75 with
precedencerelation � �"! �$# . Thereis oneadditionalpartialor-
dering,weakprecedence > , definedfor intervals. It is defined

asfollows:
� 8@?A>B8DCE� def1�2 �,�GFH'0- 8@?AI +J- 8DC7K 'ML�+ �,3�ON I +0- 8 C FH'P- 8 ? K + � ' �,� . The strongprecedenceis a

suborderof theweakone.For example,in � � ,
�(Q�)6R@5 > �TS:),U � ,

while
�(Q�)=R@5VN� �TSW),U � . Sincetime intervalsaresets,usualset-

theoreticoperations(union, intersection,complement,differ-
ence)canbe definedfor them. However, the setof all inter-
vals is not closedwith respectto the above operations.For
example, in � � ,

�(Q�),U.5YXM�TSW),R ��Z- INT
� � � � . The notion of

temporal element(unionof a finite numberof time intervals)
[7] is thereforeused. We will denotethe setof all temporal
elementsover � as ; [ � ��� . ; [ � ��� is treatedas a subset
of
��� ��� , with thesameset-theoreticoperationsandordering.8:90; � ��<� and ; [ � ���� aredefinedthesameway as 8:90; � ���

and ; [ � ��� .
Figure1 shows the relationshipsbetweenthe global time-

line andthe temporalprimitives definedover it. The figure
showsthat � is isomorphicto asetof intervals 4 '*),'75 , thelower
andupperboundsof whicharepointsthataremembersof � .
Thesetof intervals 4 '*),'75 is asubsetof thesetof intervalsover� , which in turn is a subsetof the setof temporalelements
over � . Finally, thesetof temporalelementsis asubsetof the
powersetover � .
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Figure1: Relationshipsbetweentemporalprimitivesde-
finedover theglobaltimeline



3 Granularities
Theglobal timeline( � ) definedin Section2 is “flat”. In this
section,we definegranularitiesover � in orderto overcome
its “flatness”.Generallyspeaking,granularitiesallow � to be
perceived at several resolutionlevels. For example,defining
theGregoriancalendarover � wouldallow � tobepartitioned
in several levels, e.g.,years,months,days. Granularitiesare
subsequentlyusedto definecalendarsin Section4. Granular-
ities canalsobeperceivedasgeneralizedforwardshiftsalong
thetimeline.For example,thegranularityof second( `�aTb,ced,fhg )
movesany point onthetimelineonesecondforward.

In the following, we use i&j )Pk�- � to denoteinteger
powers of functions. Positive powers are definedas i f �i$imlnlOl=i �To times� , zeropower (of any function) is definedaspGq � (identity over � ), and negative powers are definedasisr f � � isr ? � f � � i f �Dr ? where isr ? is an inversefunction.
Negative powersof a functiononly makesenseif the inverse
functionexists.

Definition 3.1 Granularity: A (partial)function ` - �<tP�
with domain u�vhw � `�� andcodomainxnv:uyv7w � `�� is calleda
granularity if it satisfiesthefollowing:

1. Monotonicity (MON):
F$z ? ){z C - u�vhw � `��DK �Tz ?��z C.� 2 � ` �Tz ?=�|�}` �Tz C.�,�

2. Forwarddirectedness(FORW):
F~z�- u�vhw � `��DK z �` �Tz �

3. Origin (ORIG): I:� - uyv7w � `��DK�� -���� 8:` � `��e� -��� 8:` � `�� def1�2 FHk�- ��KM� - u�vhw � ` j �J3 F~z�-��K�I ky��)6ky� �$- ��K�` j=� � ��� L}z"L ` jD� � � �:�
An origin � is a point on the timeline such that���0� 8:9 � ` ) �:� def��� z"��z ��`�j � �:� )Ak0- �|� canbeviewed
asapartitionof thetimeline.

Thus,a granularityis a generalizedforward shift that de-
finesat leastonepartition of the timeline. In otherwords,a
granularityallows usto “stepthrough”backandforth theen-
tire timelinein acountablenumberof steps,startingfrom any
of its origins.Thiswill beusedto definecalendarsin theSec-
tion 4.

A granularitycandefineseveralpartitions.A singlecalen-
daronly makesuseof oneof them;however, differentcalen-
darscanusedifferentpartitionsdefinedby thesamegranular-
ity. Notethatif ` agranularity, then `�r ? canbetreatedasa
generalizedbackwardshift thatdefinesthesamepartitionsof
thetimelineas ` . Notealsothatfor any granularitỳ andanyo�-��

, ` f is alsoagranularity. Theorem3.1ensuresthatfor
any givendomainsatisfyingDefinition2.1,therealwaysexists
at leastonegranularity.

Theorem3.1 If � is a point structure satisfying Defini-
tion 2.1,then � hasagranularity.

The proof follows from Definitions2.1 and 3.1, and Zorn's
Lemma[10].

Example3.1 Theseareexamplesof granularities:

i �(/ �Y� � / � S /
is even

)
undefined otherwise

� �(/ ��� � / � R Rh� � /0L}R7� ��� �(�0- �|� )
undefined otherwisepe�(/ �Y� / � S

A granularity ` is calleda total granularity iff ` is a total
function(i.e. u�vhw � `��Y��� ). Totalgranularitiesareveryuse-
ful in establishingrelationshipsbetweendifferent calendars
sinceeverypointonthetimelinebelongsto achaindefinedby
a total granularity. An exampleof a total granularityis

pe�(/ �
from theabove example. We now definedivisiblegranulari-
tiesthatprovidesuccessivelyfinerpartitionsof thetimeline.

Definition 3.2 Divisible granularity: A granularity ` is di-
visibleby

o�-}��)�o�� � iff thereexistsa granularity ` ?,  f
suchthat

F$z"- u�vhw � `��DK � ` ?,  f � f �Tz �"�B` �Tz � .
The divisibility of a granularity ` by

o
essentiallymeans

that for every partition definedby ` , thereis a partition that
is
o

timesfiner. It is easyto seethatif ` is a granularitythen` f is divisible by
o

. Theability to dividea granularityby an
arbitrarynumber(thus giving “infinitely finer” partitions)is
anessentialpropertywhentheunderlyingdomainis dense.A
granularitythatis divisibleby all

o�-��
is calledaninfinitely

divisiblegranularity.

Example3.2 The granularity i from Example3.1 is not di-
visibleby any

o�-���)=o�� � . Thegranularity� fromthesame
exampleis infinitely divisible. For example,wecanchoose

� ?,  f �(/ �Y� � / �B�.Z o¡Rh� � /0L�Rh� �����P�EZ o/ � R Rh� �¢�|�}�.Z o � /0LPR7�
Thegranularity

p
from thesameexampleis divisibleby 2 over��� andis infinitely divisible over � � . In �y� we canchoosep ?, eC �(/ �|� / �£� while in �y� we canchoose

p ?,  f �(/ �|� / �S Z o for all
o�-���)6o�� � .

Theorem3.2 If � is densethenit hasat leastoneinfinitely
divisiblegranularity.

The proof follows from Theorem3.1 andthe definition of a
densedomain.Thefollowing theoremstatesthatany chainof
any total infinitely divisiblegranularitycanbeusedto approx-
imateany pointon thetimelinewith anarbitraryprecision.

Theorem3.3 If ` is a total infinitely divisible granular-
ity over � then

F � -¤��� 8:` � `�� F~z ? )=z C - ��K �Tz ?£�z C � 2 � I z¥-¦���0� 8:9 � ` ) ���¥I o�-�� Iy§ -¦� §¨�o K z ? L `�©   f �Tz �"� z C.�



Infinitely divisible granularitiesareuseful for the interpreta-
tion of densedomains.Discretedomainsdonothaveinfinitely
divisible granularities. Every granularity ` over � can be
extendedto �� to yield an extendedgranularity �` : (1)

F~z�-
��K �` �Tz �Y�£` �Tz � (2) �` � ���P�"�£��� (3) �` � ���P�Y�£���
In therestof thepaperwewill useextendedgranularitiesonly
andwill omit � for brevity. In thenext sectionwe usegranu-
laritiesto definecalendarsover theglobaltimeline.

4 Calendars
In orderto interprettheglobaltimeline,weproposeto usecal-
endars.A calendaris a meansby which physicaltime canbe
representedin a meaningfulway. A calendaris comprisedof
afinite numberof partitionscalledorigin chains, andadistin-
guishedpointonthetimelinecalledtheorigin of thecalendar.
Calendarsareusedto definecalendrictime primitives called
calendric instantsandcalendric intervals. They provide an
abstractionmechanismthat allows us to dealwith calendric
timeprimitivesindependentlyof theunderlyingdomain.

Definition 4.1 Calendar: A calendarisa tuple ª Qy)=«Y¬ , whereQ�- � is theorigin of thecalendarand
«

is afinite setof gran-
ularities:

« �B�7` ? ) lnlOl ) `�­ � , wherethecoarsestgranularity
is `�­ while thefinestoneis ` ? . Thecalendarorigin andthe
setof its granularitieshasthefollowing collectiveproperties:

1. Ordering (ORD):
F$pe),® - � ) lnlnl ) 9�K �Tp �® � 2 �GF$z�- uyv7w � `�¯(�,°�uyv7w � `�±h�,°Y��K�`�¯ �Tz �²�` ± �Tz �,�

2. Origin chain (ORIG):
F~p³- � ) l.lnl ) 9�K Q´-��� 8:` � `�¯T�

Thechainof ` ¯ to which 0 belongs(
���0� 8:9 � ` ¯ ),Q � )

is calledtheorigin chain (of ` ¯ ) andis denoted
�Jµ¶s· or

simply
� µ¯ .

3. Chaininclusion(CHAIN):
�Jµ­£¸ �Jµ­ r ? ¸�¹n¹n¹y¸ �Jµ?

Informally, thecalendardefines(by its origin chains)a ruler
on thetimelinewith biggermarkersmadeby origin chainsof
coarsergranularitiesanda zeromarkerplacedat thecalendar
origin. An actualruleralwayshasat leastonesmallermarker
betweentwo biggerones;only thesmallestmarkershave no
markersbetweenthem.Therulerpropertyholdsfor calendars
aswell, sinceif

zm-}�Jµ¯ , pJ-}SW) lnlOl ) 9 then: (1) ` ¯ r ? �Tz � -� µ¯ r ? (2) ` ¯ r ? �Tz � N-
� µ¯ (3) I o
-�� K�` f¯ r ? �Tz �|�` ¯ �Tz � -
�Jµ¯
Example4.1 Let us consider � � and ��� and definea cal-
endarthatcorrespondsto a simplifiedversionof thestandard
Gregoriancalendarwith years,months,days,hours,minutes,
andseconds.In thisexample,wewill treat � - � asasecond.
Thenwe candefinethefollowing granularities:̀ second

�(/ ���/ �¢� ) ` minute
�(/ �|��`Jº µsecond � / ��» Q�) ` hour

�(/ �|��`Jº µminute �

/ ��» Q ¹ » Qy) ` day
�(/ �"�B` C,¼hour � / ��» Q ¹ » Q ¹ S.U l In orderto define

monthsandyears,two additionalfunctionsareintroduced:

½ �(� ���B» Q ¹ » Q ¹ S.U ¹ �(R »�¾ � ��¿ � U"À �¦¿ �� QhQsÀ �Á¿ �U7Q7QYÀ �
§ �(� �Y�B» Q ¹ » Q ¹ S.U ¹ �(R7Qh� �ÁÂ �� SsÃ��ÄÂ � � S� SÅÃ��ÄÂ � � U� SÅÃ|�

Â � �
»� S Ã|��Â � �ÇÆ� S ÃA��Â � ��È� S Ã��ÄÂ � ���h�� S Ã �S Â � �P�� S ÃA�Á¿ � �É� Q� S ¹ U À ��¿ � �¢� Q� S ¹ � QhQ À �Á¿ � �¢� Q� S ¹ U7Q7Q À �
½ �(� � is thenumberof secondsbetweentheorigin, January1
year0001,encodedhereas0 day of 0 monthof 0 year, and
thebeginningof year

�
. § �(� � is numberof secondsbetween

theorigin andthebeginningof month
�
. We cannow define

granularitiescorrespondingto monthsandyears:

` month
�(/ �Y�B§ �(� ���.� / �B§ �(� � ),�0- �` year
�(/ �Y� ½ �(� �¢�.� / � ½ �(� � )=�0- �

It is easy to see that for those
/

for which ` year

is defined, ` year
�(/ � � ` ?(Cmonth

�(/ � . We will take
0 as the origin of our calendar so that Ê Greg �ª Q�) �h` second

) ` minute
) ` hour

) ` day
) ` month

) ` year� ¬ . Note that` secondis infinitely divisible in �y� andindivisible in � � . The
granularitiescorrespondingto seconds,minutes,hours,and
daysare total oneswhile all the othersare not. Therefore,
since ` secondin �y� is total andinfinitely divisible, thecalen-
darcanapproximateeverypoint in � � . Notethatwecannow
defineanothercalendar(e.g. fiscal) with differentorigin and
differentdefinitionof monthsandyearsandthenwecoulduse
seconds,minutes,hours,anddaysof the Gregoriancalendar
in orderto establishacorrespondencebetweenthetwo calen-
dars.

4.1 Calendric instants
A calendricinstantis acalendricdenotationof a point on the
timeline. Calendricinstantsarealmostdomain-independent
(theironlydependency ondomainsliesin thecoefficientof the
finestgranularity);they areintroducedto provide a calendar-
basedabstractionof thetimeline.

Definition 4.2 Calendric instant: A calendric instant 8nË
in a calendarÊ is a tuple ª k ­ ) lnlnl ),k ? ¬ where

k ?Ç� / Z7§ ,/s),k C ) lOlnl ),k ­ - � , and §���� , or § -Ç�
and `�? is divisi-

bleby § .

We will denotethe set of all calendric instantsof Ê as
INST(Ê ). Notethatif `�? is infinitely divisible, then

k ? - 	 .
Every calendricinstant 8 of a calendarÊ mapsto a singleel-
ement

zeÌ
of � . The function

q Ë that realizesthis mapping
is definedasfollows:

q Ë � 8:�M�Å` jDÍ? � ` j,ÎC � ¹n¹n¹ ` j,Ï­ �(Q � ¹@¹O¹ �,� ,
where0 is theorigin of Ê and ` ? ) lnlnl ) `�­ areits granular-
ities. Informally this meansthat a point on the timeline rep-
resentedby a calendricinstant ª k ­ ) l.lnl ),k ? ¬ , is computedby



takingthecalendarorigin andshifting it forward
k ­ timesby` ­ , thenshifting the result

k ­ r ? timesby ` ­ r ? , etcuntil`�? . Thelastshift canbefractionalas
k ? canbenon-integerif`�? is adivisiblegranularity.

Example4.2 The calendric instant 8 ? �Ðª 1995, 1, 15,
13, 16, 3

¬
in the calendarÊ Greg correspondsto 13h 16min

3secon February16, 1996 a.d. (we routinely start count-
ing days, months, and years from 1, and hours, minutes,
and secondsfrom 0, while in our framework all of them
are always counted starting from 0). 8.? is mappedto:`JÑsecond

� ` ? ºminute
� ` ? Ñhour

� ` ?(Òday
� ` month

� ` ?(Ó,Ó,Òyear
�(Q �,�,�,�,�,�Dl8DC��Ôª,�nÈ7È U�) � Ry) �.¾ ) � R�) �n» )=R�¬ is anothercalendric instant

which is mappedto thesamepointas 8 ? .8 Ñ �£ª,�nÈhÈ:¾ ) � ) � Uy) � R�) �n» )=R l Q È7Õ ¬ is anexampleof acalendric
instantin Ê Greg over � � which is not acalendricinstantof the
samecalendarin �y� (as ` secondis indivisibleover �y� ).

This mappingtogetherwith theorderingon � inducesanor-
deringon equivalenceclassesof calendricinstants(two cal-
endric instantsareequivalentiff they mapto the samepoint
of � ). This orderingis total andwe will use � to denoteit.
Wewill alsouse � to denotetheequivalenceof two calendric
time instantsanduse Ö for tupleequality. Thus,INST(Ê ) Z��
is isomorphicto asubsetof � .

It canbeseenfrom Example4.2thatdifferentcalendricin-
stantsfrom the samecalendarcanmapto the samepoint on
the timeline. In order to overcomethis drawback,calendric
instantscanbenormalized.For examplein theGregoriancal-
endar, themonthis between0 and11, thedayis in theappro-
priaterangefor thegivenmonth,thehouris between0 and23,
andtheminutesandsecondsarebetween0 and59. Distinct
normalizedcalendricinstantsfrom thesamecalendarmapto
differentpointsof � . Without lossof generality, in therestof
thepaperwewill dealwith normalizedcalendricinstants.For
normalizedcalendricinstants,wecandefineapartialfunction,q r ?Ë , that takesa point in � andtransformsit to a normalized
calendricinstantin Ê . We will now useINST(Ê ) to denoteall
normalizedinstantsof acalendarÊ . INST(Ê ) is isomorphicto
asubsetof � .

Dates are human-readablerepresentationsof normal-
ized calendric instants. For example, in the Gregorian
calendar defined in Example 4.2, a normalized instantª k years

),k
months

),k
days
),k

hours
),k

minutes
)6k

seconds
¬

would correspond
to the date ×<Ø�Ù � Ø�Ú , where × is

k
years �¤� a.d. ifk

years Û Q
and

k
years b.c. if

k
years � Q

, Ø is Januaryifk
months � Q

, Februaryif
k

months �Ü� , l.lnl , Decemberifk
months �Ý�7� , Ù is

k
days ��� , � is

k
hoursh, Ø is

k
minutesmin,

and Ú is
k

secondssec.Thus, 8.?|��ª,�nÈhÈ:¾ ) � ) �.¾ ) � Ry) �n» )6R:¬ corre-
spondsto the date1996 a.d. February16 13h 16min 3sec,
while 8 Ñ �Þª,�nÈhÈ:¾ ) � ) � Uy) � Ry) �O» ),R l Q È7Õ ¬ correspondsto the
date1996 a.d. February15, 13h 16min 3.098sec.We will
routinelyomit hours,minutesandsecondswhenthey areze-
roes.In orderto maketheexamplesmoreillustrative, wewill
usedatesto representcalendricinstantsin therestof thepaper.

4.2 Discretecalendric instants
The formalismdescribedin this paperallows us to usedis-
creteinstantswithout knowing the actualstructureof � and
seamlesslyintegratethemif � is not discrete.Discretecalen-
dric instantsarediscreteabstractionsof theunderlying(possi-
bly dense)domain.They arecompletelydomain-independent.
Discretecalendric instantscan have different granularities.
They are mappedto intervals over the underlying domain
whoselengthis determinedby the granularityof the instant.
Thisnecessitatesthedefinitionof calendricaddition.

Definition 4.3 Calendricaddition: A calendricaddition � Ë
is definedas:

� 8 Ë Ößª k ­ ) lnlnl ),k ¯áà ? )=k ¯ ),Q�) lnlnl )6Q:¬ ��3 � � L®<L 9<Ë:� 2 � 8nË ��ËJ`�± def� q r ?Ë � `�± �(q Ë � 8nË:�,�,�
Example4.3 1996a.d.February16 � 1 day Öª,�nÈhÈ:¾ ) � ) �.¾ ),Q�)=Q�)6Q:¬ �â` day � ª,�OÈ7È:¾ ) � ) �O» )=Q�),Qy),Q:¬ Ö
1996a.d.February17.

In this sectionwe will deal with a singlecalendarand will
thereforeroutinelyomit thesubscriptË .
Definition 4.4 Discretecalendricinstant: A discretecalen-
dric instant 8ng is a tuple ªT80Öãª k ­ ) lnlnl ),k ? ¬D)=p(¬ suchthat (1)� L}päL 9 (2)

Fy® � LP® � p K k ± � Q
We map the discretecalendricinstantsto intervals over � .
Themappingfunction

q g is definedasfollows:q g � 8ng.�Y��4 q*� 8:� )Tq*� 8 ��`�¯(�,�
Theinverseof thismapping,

q r ?g , is unambiguouswhenit ex-
ists.Themapping,

q g , togetherwith precedenceandinclusion
relationson INT( � ) inducetheserelationshipson the setof
all discreteinstantsDINST andits subsetsfor eachcalendarÊ
(DINST(Ê )). DINST(Ê ) is isomorphicto a subsetof INT( � ).
For example,a discretetime instantof the granularity“day”
can be viewed as a point in the global timeline that is dis-
creteat thelevel of days.Thewell-known problemof dealing
uniformly with instantsof differentgranularitiesis solved by
theuniformmappingof discretecalendricinstantsto intervals
over theunderlyingdomain.

SinceINST(Ê ) is isomorphicto a subsetof � , which is in
turn isomorphicto a subsetof INT( � ), we canform a union
UINST(Ê ) � INST(Ê ) å DINST(Ê ). Thisunionisdisjointand
it canbemappedto disjointsubsetsof INT( � ). Fromnow on,
we will usethis mappingto mapUINST(Ê ) to INT( � ) and
vice versa.

Informally, UINST(Ê ) is an abstractionof the underlying
point structuredeterminedby thecalendar. Every elementof
UINST(Ê ) canbe viewedasa point, thusproviding a seam-
lessintegrationof calendricinstants(thatmaybe dense)and
discretecalendricinstantsthatarediscreteatvariousgranular-
ities.

We will usedatesindexed by the nameof the appropriate
granularityto representdiscretecalendricinstants(unindexed
datesdenotecalendricinstants).



Example4.4
1996February16day Ö ª,ª,�OÈ7È�¾ ) � ) �E¾ )=Q�)6Q�),Q�¬D) day

¬ æt4 q*� ª,�nÈ7È�¾ ) � ) �.¾ )6Q�),Qy)DQ�¬ � ),q*� ª,�nÈhÈ:¾ ) � ) �n» ),Q�)6Q�)=Q:¬ �,� ,
while 1996February16 Ö ª,�nÈhÈ:¾ ) � ) �.¾ ),Q�)=Q�)6Q:¬ æt4 q*� ª,�nÈ7È�¾ ) � ) �.¾ )6Q�),Qy)DQ�¬ � ),q*� ª,�nÈhÈ:¾ ) � ) �.¾ ),Q�)6Q�)=Q:¬ � 5 .
Thus, 1996February16day > 1996February16l It is also
easyto show that1996February16day �
1996February17day � 1996February18 and
1996February16day � 1996Marchmonth, while
1996February16day and 1996Februarymonth are incompara-
ble.

Discretecalendricinstantsprovideadiscreteabstractionof the
underlyingdomainof any structure. We have demonstrated
thatwecaneasilymix calendricinstantsanddiscretecalendric
instantsof different granularities,thusproviding a uniform,
sound,andintuitive wayof comparingthemto eachother.

4.3 Calendric intervals
The uniformity of our framework can be strengthenedby
definingcalendricintervals, which provide an abstractionof
intervalsdefinedover UINST(Ê ). In orderto definecalendric
intervals,wefirst definestructurescalleddoubleintervalsover� . Double intervals are intervals that have intervals rather
thaninstantsas their bounds(for example,if oneor both of
the boundsarediscreteinstants). We needdoubleintervals
in orderto definecalendricintervalsover UINST. Elementof
UINST aremappedto intervalsover theglobal timeline,and
therefore,constructionof intervals over UINST requiresthe
ability to dealwith “intervals” with interval bounds.

Definition 4.5 Doubleinterval: A doubleinterval is astruc-
tureformedanalogouslyto aninterval. While astandard(sin-
gle) interval hasinstantsasupperandlower bounds,adouble
interval hasinterval bounds.Doubleintervalsaredefined(and
mappedto singleones)accordingto thefollowing rules:

1.
�('
-��,ç ? )nç C �,� where

�,ç ? � ç C �s3 � I p K ç ? �è4 pe),pá5 �ç CE� def1�2 �GF�® ? -�ç ? F�® C -
ç C7K ® ? � ' � ® C.�
2.
�('0- 4 ç ? )nç C.�,� where

�,ç ?J� ç C.� def1�2 � I ® ? -
ç ? Fy® C -ç C K ® ? L�' � ® C �
3.
�('0-
�,ç ? )nç C 5 � where

�,ç ?J� ç C.� def1�2 �GFy® ? -
ç ? I ® C -ç C K ® ? � 'ML
® C �
4.
�('
- 4 ç ? )nç C 5 � where

�,ç ?J> ç Ch� def1�2 � I ® ? -Pç ?�I ® C -ç ChK ® ? L�'ML
® C.�
Just like an interval 4 '*),+ � includes

'
and everything be-

tween
'

and
+

while excluding
+
, a doubleinterval 4 ç ? ).ç C �

includesthe intervals
ç ? and everything betweenthe inter-

vals
ç ? and

ç C while excluding the interval
ç C itself. For

example, 4é4 Qy) �E� )n�TSW)=R@5 � shouldinclude 4 Q�) �.� and everything
between4 Qy) �.� and

�TS:),R@5
(i.e. 4é� )=Sn5 ). Thus, 4é4 Qy) �E� )n�TSW)=R@5 �JÖ4 Q�) �E�,åV4é� )=Sn5 ��4 Q�)=Sn5 . It is easyto seethat the result( 4 Q�)OSn5 )

automaticallyexcludestheupperbound(
�TS:)=R@5

). Doubleinter-
valsof othershapesareinterpretedin a similar manner. The
resultalwaysincludes“the middle” andincludesor excludes
the“interval bound”accordingto theouterlevel brackets.

Example4.5 4á4 Q�) �.� ) 4 SW),R �,�YÖÁ4 Q�) �E�,åV4é� )6S ����4 Qy)=S �4á4 Q�) �.� ) 4 SW),R � 5 Ö�4 Q�) �E�,å"4á� )=S �,å|4 S:),R ���£4 Q�),R �� 4 Qy) �.� ) 4 S:),R �,��Ö£4á� )=S � .
Having defineddoubleintervals,we now definecalendricin-
tervals.

Definition 4.6 Calendric interval: A calendric interval ê
is a structureformedanalogouslyto singleintervalswith up-
per and lower boundstakenfrom UINST. They aremapped
to INT( � ) in the following way: first, the lower and upper
boundsof ê aremappedto INT( � ), then ê is convertedto a
doubleinterval which in turn is mappedto INT( � ).

Example4.6 4 1996February16day,1996March1day� is first
mappedto 4é4 q*� ª,�nÈ7È�¾ ) � ) �.¾ )6Q�),Qy)DQ�¬ � ),q*� ª,�nÈhÈ:¾ ) � ) �n» ),Q�)6Q�)=Q:¬ �,� )4 q*� ª,�OÈ7È�¾ )=S:),Q�)=Q�)6Q�),Q�¬ � ),q*� ª,�nÈhÈ:¾ )OS:) � )=Q�)6Q�),Q�¬ �,�,� ) which is in
turnmappedto

q*� ª,�OÈ7È:¾ ) � ) �E¾ ),Qy),Q�)=Q:¬ � )6q*� ª,�nÈ7È�¾ )=S:)=Q�),Qy),Q�),Q�¬ �,�Dl�
1996February15day,1996March1day� is also mapped to4 q*� ª,�OÈ7È�¾ ) � ) �.¾ )DQy),Q�)6Q:¬ � )=q*� ª,�nÈhÈ:¾ ){SW),Qy)DQy),Q�)6Q:¬ �,� which is

what we intuitively expect since the first interval includes
February16,while thesecondexcludesFebruary15.

Calendricintervalsform thesetCINT. Themembershipre-
lation

-
on UINST ë CINT is definedassubsetinclusionbe-

tweenimagesof its two argumentsin INT. Theprecedencere-
lationshipsaredefinedsimilarly. Calendrictemporal elements
(CTE)aredefinedasfinite unionsof calendricintervals.They
aremappedto elementsof TE(� ) (TE( �� )) by mappingevery
calendricinterval to INT andthentakingunionof theresulting
intervals. Figure2 showstherelationshipsbetweenthecalen-
dric primitives definedin this section,andtheir mappingsto
correspondingtemporalprimitives that weredefinedin Sec-
tion 2 andshown in Figure1.

5 Temporal Indeterminacy
In therealworld therearemany caseswhenwehavecomplete
knowledgeof the time or the durationof a particularevent.
For example,themaximumtimeallowedfor studentsto com-
pletetheir Introductionto LogicProgrammingexaminationis
known for certain.Thisis anexampleof determinatetemporal
information.However, therearecaseswhentheknowledgeof
the time or the durationof a particularevent is known only
to a certainextent. For example,we do not know the exact
momentwhentheEarthwasformedthoughwemayspeculate
on the time frame for this event. In this case,the temporal
informationis indeterminate.

To treatindeterminatetemporalinformation,we introduce
an isomorphicimageof � (denoted� � ) with isomorphismì Kí�<tP� � . Since � � is isomorphicto � , all constructsde-
finedearlierfor � areautomaticallydefinedfor � � aswell.
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Figure 2: Relationshipsbetweencalendricprimitives
andtheir mappingto primitivesdefinedover theglobal
timeline

Wegivetemporalelements(andthusinstants,intervalsetc)
the following meaning: if a temporalelementcomesfrom� , it represents“certain” information; otherwiseif it comes
from � � it represents“possible” information. Thus if an
event is known to occurduring 4 z µ ){z ?O�,å ìs� 4 z Ñ )=z ¼ 5 � that event
is known to occurin 4 z µ )=z ?=� time interval, known not to occur
in
� ��� )=z µ �,å"4 z ? )=z Ñ �,å �Tz ¼ ) ���P� , andno informationis avail-

ableabout this event during time interval 4 z Ñ )=z ¼ 5 (assumingz µ � z ?�� z C�� z Ñ � z ¼ ).
In orderto beableto mix temporalelementsfrom � � with

thosefrom � , we introducetheindeterminatetimesets.

Definition 5.1 IndeterminateTime Set: An indetermi-
nate time set Ú is a memberof

��� ���åJ�� � � such that
zB-

��<°YÚ 2 ìs�Tz � N- Ú
Example5.1 Theset Ús?<�²4 Q�) �.�,å ìs� 4 Ry),U@5 � is an indetermi-
natetime set.At thesametime, Ú C �Á4 Q�)=S �,å ìí� 4á� ),R �,� is not,
since � - ��<°YÚ C 3 ìs� �E� - Ú C .

Theindeterminatetime setsform a family of setsò . ò de-
finessetinclusion,complement,andunionin amannerdiffer-
entfromstandardset-theoreticdefinitionsfor theseoperations.

1.
� Ú ? %ÉÚ C � def1�2 �(/
- Ú ? 2 �(/�- ��B3 /
- Ú C �íó �(/
-�� � 3 �(/
- Ú C ó ìs�(/ � - Ú C �,�,�

2. ô"Ú def�£� /��J�(/�- ���3 /ãN- Ú�3 ìs�(/ � N- ÚY�|ó �(/�-
�� � 3 /
- ÚY�,�

3. Ú ? åYÚ C def��� /P�$�(/
- ��B3 �(/
- Ú ? ó /
- Ú C �,�íó �(/
-�� � 3 �(/
- Ú ? ó /0- Ú C �$3 ìs�(/ � N- Ú ? 3 ìs�(/ � N- Ú C �,�
Intersectionanddifferencearedefinedin termsof the above
operationsin the usualway. The intuition behindthesedef-
initions is as follows: let us assumethat we have “black”

(for sure),“grey” (maybe)and“white” (certainlynot) inter-
vals.Thenevery indeterminatetimeset Ú partitionsthewhole
timeline into black (definedas Ú$õ£�ö� z|��zB- ��<°YÚY� ),
grey (definedas Ú&÷è�ø� ìs�Tz � ��z�- �� � °"ÚY� ), and white
( Ú$ù�� �� Xs� Ú$õ=å"Ú$÷.� ) areas.Thus,Ú carriesinformationabout
timewhenaneventdid happen,mighthavehappened,anddid
not happen. Intersectionof white with anything is white (if
oneof two eventsis known not to occurat a particulartime,
then the conjunctionof theseeventscould not occur at that
time), and that of grey with anything but white is grey (if
we areuncertainaboutoneevent, we areuncertainaboutits
conjunctionwith any otherevent, unlessthe secondevent is
knownnotto happenatthattime),andanintersectionof black
with blackis black(if botheventsareknown to occuratapar-
ticular time, their conjunctionis alsoknown to occurat that
time). Likewise,a unionof blackwith anything is black,that
of grey with anythingbut blackis grey, andtheunionof white
andwhiteis white (in thiscaseweconsiderdisjunctionof two
events). Analogousconsiderationscanbe usedto intuitively
justify ourdefinitionsof subsetrelationshipandnegation.

Theoperationsof ò follow thesamerulesasstandardset-
theoreticoperations.ò is closedwith respectto theoperations
just defined.Anothernicepropertyof theseoperationsis that
both

��� ���� and
��� �� � � aresubdomainsof ò ; set-theoreticop-

erationsandsubsetinclusionof ò restrictedto
��� ���� (

��� �� � � )
givestandardset-theoreticoperationsandsubsetinclusionfor
thesedomains.Themaximalelementof ò with respectto its
subsetinclusionis �� . An indeterminatetemporal elementis
definedasa memberof ò that canbe representedasa union
of afinite numberof intervalsfrom INT( �� ) å INT( �� � ).

With the introductionof ò we can mapall temporalele-
mentsfrom both �� and �� � to ò (themappingis identity, since�� ¸ ò and �� � ¸ ò ). Usingtheconstructsdescribedabove,
we arenow ableto representdeterminateand indeterminate
calendricinstantsand intervals and map them to indetermi-
natetime setsthat form a uniform, consistent,andsoundset-
theoreticalbasisof our framework. This is in contrastto other
workson temporalindeterminacy [8, 12, 6]. In [8, 6] theun-
derlyingtemporaldomainis assumedto bediscrete,while the
work of [12] is carriedout in thecontext of a densetemporal
domain.

6 Discussion
Theformalismdevelopedin thispapergivesusaframework in
whichgranularities,calendars,calendricinstants,anddiscrete
calendricinstantsandintervalscanbedefined.They canthen
be mappedto a global timeline in a uniform andconsistent
manner, regardlessof whetherthe underlying temporaldo-
mainis denseor discrete.If thetemporaldomainis dense,cal-
endrictimeprimitivesandoperationsonthemform atemporal
structurethathasbothdenseanddiscretecomponentsof dif-
ferentgranularitiesthatcanbemixedandoperateduponuni-
formly andconsistently. Our framework alsoabstractsfrom
theunderlyingdomainto a large extent so that whentheun-



derlyingdomainis enhanced(for example,is madedense)ex-
istingcalendrictemporalprimitivesdonothaveto bechanged
and operationson them still yield the sameresults. Lastly,
ourtreatmentof temporalindeterminacy allow ustouniformly
representdeterminateand indeterminatetemporalprimitives
without makingany assumptionson the underlyingtemporal
domain.

It is importantto notethatourframework notonly provides
theoreticaltreatmentof densedomainsof time, but alsopro-
videsfinite approximationsof densedomainswhich is actu-
ally what a standardcomputerprovides. For example, if a
computerprovides a precisionof 5 decimalplaces,thenthe
finestgranularity( `�? ) to which a calendricinstantis defined
(seeDefinition 4.2) canbe madedivisible by � Q Ò . If another
computerwith a precisionof 7 decimalplacesis now used,
theold datastill workssince `�? is now divisible by both � Q Ò
and � Q7ú . Thisgivesusscalabilityfor free,unlike thechronon
assumptionusedin [15] which would involve updatingevery
instant.

In anotherwork [9], we investigatehow a calendarpro-
videsrelationshipsbetweengranularities,andgiveprocedures
for convertingtemporalprimitivesfrom onegranularityto an-
other. We arealsoinvestigatingthe incorporationof the for-
malism developedin this paperinto a temporalquery lan-
guage.Sincethetemporalprimitives,set-theoreticoperations
andtheir semanticshave beendefined,we do not foreseethis
incorporationto beamajortask.
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