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Abstract
Despite the variety of robust regression methods that have been developed, current regression formulations are either NP-hard, or allow unbounded response
to even a single leverage point. We present a general formulation for robust
regression—Variational M-estimation—that unifies a number of robust regression
methods while allowing a tractable approximation strategy. We develop an estimator that requires only polynomial-time, while achieving certain robustness and
consistency guarantees. An experimental evaluation demonstrates the effectiveness of the new estimation approach compared to standard methods.

1

Introduction

It is well known that outliers have a detrimental effect on standard regression estimators. Even a
single erroneous observation can arbitrarily affect the estimates produced by methods such as least
squares. Unfortunately, outliers are prevalent in modern data analysis, as large data sets are automatically gathered without the benefit of manual oversight. Thus the need for regression estimators
that are both scalable and robust is increasing.
Although the field of robust regression is well established, it has not considered computational complexity analysis to be one of its central concerns. Consequently, none of the standard regression
estimators in the literature are both robust and tractable, even in a weak sense: it has been shown
that standard robust regression formulations with non-zero breakdown are NP-hard [1, 2], while
any estimator based on minimizing a convex loss cannot guarantee bounded response to even a single leverage point [3] (definitions given below). Surprisingly, there remain no standard regression
formulations that guarantee both polynomial run-time with bounded response to even single outliers.
It is important to note that robustness and tractability can be achieved under restricted conditions. For
example, if the domain is bounded, then any estimator based on minimizing a convex and Lipschitzcontinuous loss achieves high breakdown [4]. Such results have been extended to kernel-based
regression under the analogous assumption of a bounded kernel [5, 6]. Unfortunately, these results
can no longer hold when the domain or kernel is unbounded: in such a case arbitrary leverage can
occur [4, 7] and no (non-constant) convex loss, even Lipschitz-continuous, can ensure robustness
against even a single outlier [3]. Our main motivation therefore is to extend these existing results
to the case of an unbounded domain. Unfortunately, the inapplicability of convex losses in this
situation means that computational tractability becomes a major challenge, and new computational
strategies are required to achieve tractable robust estimators.
The main contribution of this paper is to develop a new robust regression strategy that can guarantee
both polynomial run-time and bounded response to individual outliers, including leverage points.
Although such an achievement is modest, it is based on two developments of interest. The first
is a general formulation of adaptive M-estimation, Variational M-estimation, that unifies a number
of robust regression formulations, including convex and bounded M-estimators with certain subsetselection estimators such as Least Trimmed Loss [7]. By incorporating Tikhonov regularization,
these estimators can be extended to reproducing kernel Hilbert spaces (RKHSs). The second development is a convex relaxation scheme that ensures bounded outlier influence on the final estimator.
1

The overall estimation procedure is guaranteed to be tractable, robust to single outliers with unbounded leverage, and consistent under non-trivial conditions. An experimental evaluation of the
proposed estimator demonstrates effective performance compared to standard robust estimators.
The closest previous works are [8], which formulated variational representations of certain robust
losses, and [9], which formulated a convex relaxation of bounded loss minimization. Unfortunately,
[8] did not offer a general characterization, while [9] did not prove their final estimator was robust,
nor was any form of consistency established. The formulation we present in this paper generalizes
[8] while the convex relaxation scheme we propose is simpler and tighter than [9]; we are thus able
to establish non-trivial forms of both robustness and consistency while maintaining tractability.
There are many other notions of “robust” estimation in the machine learning literature that do not
correspond to the specific notion being addressed in this paper. Work on “robust optimization” [10–
12], for example, considers minimizing the worst case loss achieved given bounds on the maximum
data deviation that will be considered. Such results are not relevant to the present investigation because we explicitly do not bound the magnitude of the outliers. Another notion of robustness is
algorithmic stability under leave-one-out perturbation [13], which analyzes specific learning procedures rather than describing how a stable algorithm might be generally achieved.
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Preliminaries

We start by considering the standard linear regression model
y

= xT θ ∗ + u

(1)

where x is an Rp -valued random variable, u is a real-valued random noise term, and θ ∗ ∈ Θ ⊆ Rp
is an unknown deterministic parameter vector. Assume we are given a sample of n independent
identically distributed (i.i.d.) observations represented by an n × p matrix X and an n × 1 vector
y, where each row Xi: is drawn from some unknown marginal probability measure Px , and yi are
generated according to (1). Our task is to estimate the unknown deterministic parameter θ ∗ ∈ Θ.
Clearly, this is a well-studied problem in statistics and machine learning. If the noise distribution
has a known density p(·), then a standard estimator is given by maximum likelihood
Pn
Pn
θ̂ML ∈ arg min n1 i=1 − log p(yi − Xi: θ) = arg min n1 i=1 − log p(ri ),
(2)
θ∈Θ

θ∈Θ

where ri = yi − Xi: θ is the ith residual. When the noise distribution is unknown, one can replace
the negative log-likelihood with a loss function ρ(·) and use the estimator
θ̂M

∈ arg min n1 1T ρ(y − Xθ),

(3)

θ∈Θ

where ρ(r) denotes the
of losses obtained by applying the loss componentwise to each residPvector
n
ual, hence 1T ρ(r) = i=1 ρ(ri ). Such a procedure is known as M -estimation in the robust statistics literature, and empirical risk minimization in the machine learning literature.1
Although uncommon in robust regression, it is conventional in machine learning to include a regularizer. In particular we will use Tikhonov (“ridge”) regularization by adding a squared penalty
θ̂MR

∈

arg min n1 1T ρ(y − Xθ) + λ2 kθk22
θ∈Θ

for λ ≥ 0,

(4)

The significance of Tikhonov regularization is that it ensures θ̂MR = X T α for some α ∈ Rn
[14]. More generally, under Tikhonov regularization, the regression problem can be conveniently
expressed in a reproducing kernel Hilbert space (RKHS). If we let H denote the RKHS corresponding to positive semidefinite kernel κ : X × X → R, then f (x) = hκ(x, ·), f iH for any f ∈ H by
the reproducing property [14, 15]. We consider the generalized regression model
y

=

f ∗ (x) + u

(5)
∗

where x is an X -valued random variable, u is a real-valued random noise term as above, and f ∈ H
is an unknown deterministic function. Given a sample of n i.i.d. observations (x1 , y1 ), ..., (xn , yn ),
1
Generally one has to introduce an additional scale parameter σ and allow rescaling of the residuals via
ri /σ, to preserve parameter equivariance [3, 4]. However, we will initially assume a known scale.
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where each xi is drawn from some unknown marginal probability measure Px , and yi are generated
according to (5),2 the task is then to estimate the unknown deterministic function f ∗ ∈ H. To do so
we can express the estimator (4) more generally as
Pn
fˆMR ∈ arg min 1
ρ(yi − f (xi )) + λ kf k2 .
(6)
f ∈H n

i=1

2

H

Pn
By the representer theorem [14], the solution to (6) can be expressed by fˆMR (x) = i=1 αi κ(xi , x)
for some α ∈ Rn , and therefore (6) can be recovered by solving the finite dimensional problem
(7)
α̂MR ∈ arg min n1 1T ρ(y − Kα) + λ2 αT Kα such that Kij = κ(xi , xj ).
α

Our interest is understanding the tractability, robustness and consistency aspects of such estimators.
Consistency: Much is known about the consistency properties of estimators expressed as regularized empirical risk minimizers. For example, the ML-estimator (2) and the M -estimator (3) are both
known to be parameter consistent under general conditions [16].3 The regularized M -estimator in
RKHSs (6), is loss consistent under some general assumptions on the kernel, loss and training distribution.4 Furthermore, a weak form of f -consistency has also established in [6]. For bounded
kernel and bounded Lipschitz losses, one can similarly prove the loss consistency of the regularized
M -estimator (6) (in RKHS). See Appendix C.1 of the supplement for more discussion.
Generally speaking, any estimator that can be expressed as a regularized empirical loss minimization
is consistent under “reasonable” conditions. That is, one can consider regularized loss minimization
to be a (generally) sound principle for formulating regression estimators, at least from the perspective
of consistency. However, this is no longer the case when we consider robustness and tractability;
here sharp distinctions begin to arise within this class of estimators.
Robustness: Although robustness is an intuitive notion, it has not been given a unique technical
definition in the literature. Several definitions have been proposed, with distinct advantages and
disadvantages [4]. Some standard definitions consider the asymptotic invariance of estimators to
an infinitesimal but arbitrary perturbation of the underlying distribution, e.g. the influence function
[4, 17]. Although these analyses can be useful, we will focus on finite sample notions of robustness
since these are most related to concerns of computational tractability. In particular, we focus on the
following definition related to the finite sample breakdown point [18, 19].
Definition 1 (Bounded Response). Assuming the parameter set Θ is metrizable, an estimator has
bounded response if for any finite data sample its output remains in a bounded interior subset of the
closed parameter set Θ (or respectively H), no matter how a single observation pair is perturbed.
This is a much weaker definition than having a non-zero breakdown point: a breakdown of  requires that bounded response be guaranteed when any  fraction of the data is perturbed arbitrarily.
Bounded response is obviously a far more modest requirement. However, importantly, the definition
of bounded response allows the possibility of arbitrary leverage; that is, no bound is imposed on the
magnitude of a perturbed input (i.e. kx1 k → ∞ or κ(x1 , x1 ) → ∞). Surprisingly, we find that even
such a weak robustness property is difficult to achieve while retaining computational tractability.
Computational Dilemma: The goals of robustness and computational tractability raise a dilemma:
it is easy to achieve robustness (i.e. bounded response) or tractability (i.e. polynomial run-time) in a
consistent estimator, but apparently not both.
Consider, for example, using a convex loss function. These are the best known class of functions
that admit computationally efficient polynomial-time minimization [20] (see also [21] ). It is sufficient that the objective be polynomial-time evaluable, along with its first and second derivatives,
2

We are obviously assuming X is equipped with an appropriate σ-algebra, and R with the standard Borel
σ-algebra, such that the joint distribution
P over X × R is well defined and κ(·, ·) is measurable.
P
3
T
T
In particular, let Mn (θ) = n1 n
i=1 ρ(yi − xi θ), let M (θ) = E(ρ(y1 − x1 θ)), and equip the parameter
(n)
space Θ with the uniform metric k · kΘ . Then θ̂M → θ ∗ , provided kMn − M kΘ → 0 in outer probability
(adopted to avoid measurability issues) and M (θ ∗ ) > supθ∈G M (θ) for every open set G that contains θ ∗ .
The latter assumption is satisfied in particular when M : Θ 7→ R is upper semicontinuous with a unique
maximum at θ ∗ . It is also possible to derive asymptotic convergence rates for general M -estimators [16].
P
4
∗
ˆ
Specifically, let ρ∗ = inf f ∈H E[ρ(y1 − f (x1 ))]. Then [6] showed that n1 n
i=1 ρ(yi − fMR (xi )) → ρ
2
provided the regularization constant λn → 0 and λn n → ∞, the loss ρ is convex and Lipschitz-continuous,
and the RKHS H (induced by some bounded measurable kernel κ) is separable and dense in L1 (P) (the space
of P-integrable functions) for all distributions P on X . Also, Y ⊂ R is required to be closed where y ∈ Y.
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and that the objective be self-concordant [20].5 Since a Tikhonov regularizer is automatically selfconcordant, the minimization problems outlined above can all be solved in polynomial time with
Newton-type algorithms, provided ρ(r), ρ0 (r), and ρ00 (r) can all be evaluated in polynomial time
for a self-concordant ρ [22, Ch.9]. Standard loss functions, such as squared error or Huber’s loss
satisfy these conditions, hence the corresponding estimators are polynomial-time.
Unfortunately, loss minimization with a (non-constant) convex loss yields unbounded response to
even a single outlier [3, Ch.5]. We extend this result to also account for regularization and RKHSs.
Theorem 1. Empirical risk minimization based on a (non-constant) convex loss cannot have
bounded response if the domain (or kernel) is unbounded, even under Tikhonov regularization.
(Proof given in Appendix B of the supplement.)
By contrast, consider the case of a (non-constant) bounded loss function.6 Bounded loss functions
are a common choice in robust regression because they not only ensure bounded response, trivially,
they can also ensure a high breakdown point of (n − p)/(2n) [3, Ch.5]. Unfortunately, estimators
based on bounded losses are inherently intractable.
Theorem 2. Bounded (non-constant) loss minimization is NP-hard. (Proof given in Appendix E.)
These difficulties with empirical risk minimization have led the field of robust statistics to develop
a variety of alternative estimators [4, Ch.7]. For example, [7] recommends subset-selection based
regression estimators, such as Least Trimmed Loss:
Pn0
θ̂LTL ∈ arg minθ∈Θ i=1 ρ(r[i] ).
(8)

Here r[i] denotes sorted residuals r[1] ≤ · · · ≤ r[n] and n0 < n is the number of terms to consider.
Traditionally ρ(r) = r2 is used. These estimators are known to have high breakdown [7],7 and
obviously demonstrate bounded response to single outliers. Unfortunately, (8) is NP-hard [1].
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Variational M-estimation

To address the dilemma, we first adopt a general form of adaptive M-estimator that allows flexibility
while allowing a general approximation strategy. The key construction is a variational representation
of M-estimation that can express a number of standard robust (and non-robust) methods in a common
framework. In particular, consider the following adaptive form of loss function
ρ(r)

=

min η`(r) + ψ(η).

(9)

0≤η≤1

where r is a residual value, ` is a closed convex base loss, η is an adaptive weight on the base loss,
and ψ is a convex auxiliary function. The weight can choose to ignore the base loss if `(r) is large,
but this is balanced against a prior penalty ψ(η). Different choices of base loss and auxiliary function
will yield different results, and one can represent a wide variety of loss functions ρ in this way [8].
For example, any convex loss ρ can be trivially represented in the form (9) by setting ` = ρ, and
ψ(η) = δ{1} (η).8 Bounded loss functions can also be represented in this way, for example
(Geman-McClure) [8]

ρ(r) =

(Geman-Reynolds) [8]

ρ(r) =

(LeClerc) [8]
(Clipped-loss) [9]

r2
1+r 2
|r|
1+|r|

`(r) = r2

ρ(r) = 1 − exp(−`(r))
ρ(r) = max(1, `(r))

`(r) = |r|

`(·) convex
`(·) convex

√
ψ(η) = ( η − 1)2
√
ψ(η) = ( η − 1)2

ψ(η) = η log η − η + 1
ψ(η) = 1 − η.

(10)
(11)
(12)
(13)

Appendix D in the supplement demonstrates how one can represent general functions ρ in the form
(9), not just specific examples, significantly extending [8] with a general characterization.
A function ρ is self-concordant if |ρ000 (r)| ≤ 2ρ00 (r)3/2 ; see e.g. [22, Ch.9].
A bounded function obviously cannot be convex over an unbounded domain unless it is constant.
7
When n0 approaches n/2 the breakdown of (8) approaches 1/2 [7].
8
We use δC (η) to denote the indicator for the point set C; i.e., δC (η) = 0 if η ∈ C, otherwise δC (η) = ∞.
5
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Therefore, all of the previous forms of regularized empirical risk minimization, whether with a
convex or bounded loss ρ, can be easily expressed using only convex base losses ` and convex
auxiliary functions ψ, as follows
θ̂VM
fˆVM
α̂VM

∈ arg min min η T `(y − Xθ) + 1T ψ(η) + λ2 kηk1 kθk22
θ∈Θ 0≤η≤1
Pn
λ
2
∈ arg min min
i=1 {ηi `(yi − f (xi )) + ψ(ηi )} + 2 kηk1 kf kH
f ∈H 0≤η≤1

∈

arg min min η T `(y − Kα) + 1T ψ(η) + λ2 kηk1 αT Kα.
α 0≤η≤1

(14)
(15)
(16)

Note that we have added a regularizer kηk1 /n, which increases robustness by encouraging η weights
to prefer small values (but adaptively increase on indices with small loss). This particular form of
regularization has two advantages: (i) it is a smooth function of η on 0 ≤ η ≤ 1 (since kηk1 = 1T η
in this case), and (ii) it enables a tight convex approximation strategy, as we will see below.
Note that other forms of robust regression can be expressed in a similar framework. For example,
generalized M-estimation (GM-estimation) can be formulated simply by forcing each ηi to take on
a specific value determined by kxi k or ri [7], ignoring the auxilary function ψ. Least Trimmed Loss
(8) can be expressed in the form (9) provided only that we add a shared constraint over η:
θ̂LT L

∈ arg min

min

θ∈Θ 0≤η≤1:1T η=n0

η T `(r) + ψ(η)

(17)

where ψ(ηi ) = 1 − ηi and n0 < n specifies the number of terms to consider in the sum of losses.
Since η ∈ {0, 1}n at a solution (see e.g. [9]), (17) is equivalent to (8) if ψ is the clipped loss (13).
These formulations are all convex in the parameters given the auxiliary weights, and vice versa.
However, they are not jointly convex in the optimization variables (i.e. in θ and η, or in α and η).
Therefore, one is not assured that the problems (14)–(16) have only global minima; in fact local
minima exist and global minima cannot be easily found (or even verified).

4

Computationally Efficient Approximation

We present a general approximation strategy for the variational regression estimators above that can
guarantee polynomial run-time while ensuring certain robustness and consistency properties. The
approximation is significantly tighter than the existing work [9], which allows us to achieve stronger
guarantees while providing better empirical performance. In developing our estimator we follow
standard methodology from combinatorial optimization: given an intractable optimization problem,
first formulate a (hopefully tight) convex relaxation that provides a lower bound on the objective,
then round the relaxed minimizer back to the feasible space, hopefully verifying that the rounded
solution preserves desirable properties, and finally re-optimize the rounded solution to refine the
result; see e.g. [23].
To maintain generality, we formulate the approximate estimator in the RKHS setting. Consider (16).
Although the problem is obviously convex in α given η, and vice versa, it is not jointly convex (recall
the assumption that ` and ψ are both convex functions). This suggests that an obvious computational
strategy for computing the estimator (16) is to alternate between α and η optimizations (or use
heuristic methods [2]), but this cannot guarantee anything other than local solutions (and thus may
not even achieve any of the desired theoretical properties associated with the estimator).
Reformulation: We first need to reformulate the problem to allow a tight relaxation. Let ∆(η)
denote putting a vector η on the main diagonal of a square matrix, and let ◦ denote componentwise
multiplication. Since ` is closed and convex by assumption, we know that `(r) = supν νr − ν`∗ (ν),
where `∗ is the Fenchel conjugate of ` [22]. This allows (16) to be reformulated as follows.
Lemma 1. min min η T `(y − Kα) + 1T ψ(η) + λ2 kηk1 αT Kα
(18)
0≤η≤1 α

1 T
T
= min sup 1T ψ(η) − η T (`∗ (ν) − ∆(y)ν) − 2λ
ν K ◦ (ηkηk−1
(19)
1 η ) ν,
0≤η≤1 ν

where the function evaluations are componentwise. (Proof given in Appendix A of the supplement.)
Although no relaxation has been introduced, the new form (19) has a more convenient structure.
5

T
Relaxation: Let N = ηkηk−1
1 η and note that, since 0 ≤ η ≤ 1, N must satisfy a number of
useful properties. We can summarize these by formulating a constraint set N ∈ Nη given by:
Nη = {N : N < 0, N 1 = η, rank(N ) = 1}
(20)
Mη = {M : M < 0, M 1 = η, tr(M ) ≤ 1}.
(21)
Unfortunately, the set Nη is not convex because of the rank constraint. However, relaxing this
constraint leads to a set Mη ⊇ Nη which preserves much of the key structure, as we verify below.
∗
1
(22)
Lemma 2. (19) = min min sup 1T ψ(η) − η T (` (ν) − ∆(y)ν) − 2λ ν T (K ◦ N ) ν
0≤η≤1 N ∈Nη

≥

min

ν

min sup 1T ψ(η) − η T (`∗ (ν) − ∆(y)ν) −

0≤η≤1 M ∈Mη

ν

1 T
2λ ν

(K ◦ M ) ν. (23)

using the fact that Nη ⊆ Mη . (Proof given in Appendix A of the supplement.)
Crucially, the constraint set {(η, M ) : 0 ≤ η ≤ 1, M ∈ Mη } is jointly convex in η and M , thus
(23) is a convex-concave min-max problem. To see why, note that the inner objective function is
jointly convex in η and M , and concave in ν. Since a pointwise maximum of convex functions is
convex, the problem is convex in (η, M ) [22, Ch.3]. We conclude that all local minima in (η, M )
are global. Therefore, (23) provides the foundation for an efficiently solvable relaxation.
Rounding: Unfortunately the solution to M in (23) does not allow direct recovery of an estimator
α achieving the same objective value in (18), unless M satisfies rank(M ) = 1. In general we first
need to round M to a rank 1 solution. Fortunately, a trivial rounding procedure is available: we
simply use η (ignoring M ) and re-solve for α in (18). This is equivalent to replacing M with the
T
rank 1 matrix Ñ = ηkηk−1
1 η ∈ Nη , which restores feasibility in the original problem. Of course,
such a rounding step will generally increase the objective value.
Reoptimization: Finally, the rounded solution can be locally improved by alternating between η
and α updates in (18) (or using any other local optimization method), yielding the final estimate α̃.

5

Properties

Although a tight a priori bound on the size of the optimality gap is difficult to achieve, a rigorous
bound on the optimality gap can be recovered post hoc once the re-optimized estimator is computed.
Let R0 denote the minimum value of (18) (not efficiently computable); let R1 denote the minimum
value of (23) (the relaxed solution); let R2 denote the value of (18) achieved by freezing η from
the relaxed solution but re-optimizing α (the rounded solution); and finally let R3 denote the value
of (18) achieved by re-optimizing η and α from the rounded solution (the re-optimized solution).
Clearly we have the relationships R1 ≤ R0 ≤ R3 ≤ R2 . An upper bound on the relative optimality
gap of the final solution (R3 ) can be determined by (R3 − R0 )/R3 ≤ (R3 − R1 )/R3 , since R1 and
R3 are both known quantities.
Tractability: Under mild assumptions on ` and ψ, computation of the approximate estimator (solving the relaxed problem, rounding, then re-optimizing) admits a polynomial-time solution; see Appendix E in the supplement. (Appendix E also provides details for an efficient implementation for
solving (23).) Once η is recovered from the relaxed solution, the subsequent optimizations of (18)
can be solved efficiently under weak assumptions about ` and ψ; namely that they both satisfy the
self-concordance and polynomial-time computation properties discussed in Section 2.
Robustness: Despite the approximation, the relaxation remains sufficiently tight to preserve some
of the robustness properties of bounded loss minimization. To establish the robustness (and consistency) properties, we will need to make use of a specific technical definition of outliers and inliers.
Definition 2 (Outliers and Inliers). For an L-Lipschitz loss `, an outlier is a point (xi , yi ) that
satisfies `(yi ) > L2 Kii /(2λ) − ψ 0 (0), while an inlier satisfies `(yi ) + L2 Kii /(2λ) < −ψ 0 (1).
Theorem 3. Assume the loss ρ is bounded and has a variational representation (9) such that `
is Lipschitz-continuous and ψ 0 is bounded. Also assume there is at least one (unperturbed) inlier,
and consider the perturbation of a single data point (y1 , x1 ). Under the following conditions, the
rounded (re-optimized) estimator maintains bounded response:
(i) If either y1 remains bounded, or κ(x1 , x1 ) remains bounded.
(ii) If |y1 | → ∞, κ(x1 , x1 ) → ∞ and `(y1 )/κ(x1 , x1 ) → ∞.
(Proof given in Appendix B of the supplement.)
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Methods
L2
L1
Huber
LTS
GemMc
[9]
AltBndL2
AltBndL1
CvxBndL2
CvxBndL1

Outlier Probability
p = 0.4
p = 0.2
p = 0.0
43.5 (13) 57.6 (21.21) 0.52 (0.01)
4.89 (2.81) 3.6
(2.04)
0.52 (0.01)
4.89 (2.81) 3.62 (2.02) 0.52 (0.01)
6.72 (7.37) 8.65 (14.11) 0.52 (0.01)
0.53 (0.03) 0.52 (0.02) 0.52 (0.01)
0.52 (0.01) 0.52 (0.01) 0.52 (0.01)
0.52 (0.01) 0.52 (0.01) 0.52 (0.02)
0.73 (0.12) 0.74 (0.16) 0.52 (0.01)
0.52 (0.01) 0.52 (0.01) 0.52 (0.01)
0.53 (0.02) 0.55 (0.05) 0.52 (0.01)

Table 1: RMSE on clean test data for an artificial data set with 5 features and 100 training points,
with outlier probability p, and 10000 test data points. Results are averaged over 10 repetitions.
Standard deviations are given in parentheses.

Note that the latter condition causes any convex loss ` to demonstrate unbounded response (see
proof of Theorem 5 in Appendix B). Therefore, the approximate estimator is strictly more robust (in
terms of bounded response) than regularized empirical risk minimization with a convex loss `.
Consistency: Finally, we can establish consistency of the approximate estimator in a limited albeit
non-trivial setting, although we have yet to establish it generally.
Theorem 4. Assume ` is Lipschitz-continuous and ψ(η) = 1 − η. Assume that the data is generated
from a mixture of inliers and outliers, where P (inlier) > P (outlier). Then the estimate θ̂ produced
by the rounded (re-optimized) method is loss consistent.(Proof given in Appendix C.2.)

6

Experimental Evaluation

We conducted a set of experiments to evaluate the effectiveness of the proposed method compared
to standard methods from the literature. Our experimental evaluation was conducted in two parts:
first a synthetic experiment where we could control data generation, then an experiment on real data.
The first synthetic experiment was conducted as follows. A target weight vector θ was drawn from
N (0, I), with Xi: sampled uniformly from [0, 1]m , m = 5, and outputs yi computed as yi =
Xi: θ + i , i ∼ N (0, 12 ). We then seeded the data set with outliers by randomly re-sampling each
yi and Xi: from N (0, 108 ) and N (0, 104 ) respectively, governed by an outlier probability p. Then
we randomly sampled 100 points as the training set and another 10000 samples are used for testing.
We implemented the proposed method with two different base losses, L2 and L1 , respectively; referring to these as CvxBndL2 and CvxBndL1. We compared to standard L2 and L1 loss minimization,
as well as minimizing the Huber minimax loss (Huber) [4]. We also considered standard methods from the robust statistics literature, including the least trimmed square method (LTS) [7, 24],
and bounded loss minimization based on the Geman-McClure loss (GemMc) [8]. Finally we also
compared to the alternating minimization strategies outlined at the end of Section 3 (AltBndL2 and
AltBndL1 for L2 and L1 losses respectively), and implemented the strategy described in [9]. We
added the Tikhonov regularization to each method and the regularization parameter λ was selected
(optimally for each method) on a separate validation set. Note that LTS has an extra parameter n0 ,
which is the number of inliers. The ideal setting n0 = (1 − p)n was granted to LTS. We also tried
30 random restarts for LTS and picked the best result.
All experiments are repeated 10 times and the average root mean square errors (RMSE) (with standard deviations) on the clean test data are reported in Table 1. For p = 0 (i.e. no outliers), all methods
perform well; their RMSEs are close to optimal (1/2, the standard deviation of i ). However, when
outliers start to appear, the result of least squares is significantly skewed, while the results of classic robust statistics methods, Huber, L1 and LTS, indeed turn out to be more robust than the least
squares, but nevertheless are still affected significantly. Both implementations of the new method
performs comparably to the the non-convex Geman-McClure loss while substantially improving the
alternating strategy under the L1 loss. Note that the latter improvement clearly demonstrates that
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Methods
L2
L1
Huber
LTS
GemMc
[9]
AltBndL2
AltBndL1
CvxBndL2
CvxBndL1
Gap(Cvx2)
Gap(Cvx1)

cal-housing
1185 (124.59)
1303 (244.85)
1221 (119.18)
533 (398.92)
28 (88.45)
967 (522.40)
967 (522.40)
1005 (603.00)
9
(0.64)
8
(0.28)
2e-12 (3e-12)
0.005
(0.01)

Datasets
abalone
pumadyn
7.93
(0.67)
1.24 (0.42)
7.30
(0.40)
1.29 (0.42)
7.73
(0.49)
1.24 (0.42)
755.1 (126)
0.32 (0.41)
2.30
(0.01)
0.12 (0.12)
8.39
(0.54)
0.81 (0.77)
8.39
(0.54)
0.81 (0.77)
7.30
(0.40)
1.29 (0.42)
7.60
(0.86)
0.07 (0.07)
2.98
(0.08)
0.08 (0.07)
3e-9
(4e-9)
0.025 (0.052)
0.001 (0.001) 0.267 (0.269)

bank-8fh
18.21 (6.57)
6.54 (3.09)
7.37 (3.18)
10.96 (6.67)
0.93 (0.80)
3.91 (6.18)
7.74 (9.40)
1.61 (2.51)
0.20 (0.05)
0.10 (0.07)
0.001 (0.003)
0.011 (0.028)

Table 2: RMSE on clean test data for 108 training data points and 1000 test data points, with 10 repeats. Standard deviations shown parentheses. The mean gap values of CvxBndL2 and CvxBndL1,
Gap(Cvx2) and Gap(Cvx1) respectively, are given in the last two rows.
alternating can be trapped in poor local minima. The proposal from [9] was not effective in this
setting (which differed from the one investigated there).
Next, we conducted an experiment on four real datasets taken from the StatLib repository9 and
DELVE.10 For each data set, we randomly selected 108 points as the training set, and another random
1000 points as the test set. Here the regularization constant is tuned by 10-fold cross validation. To
seed outliers, 5% of the training set are randomly chosen and their X and y values are multiplied
by 100 and 10000, respectively. All of these data sets have 8 features, except pumadyn which has
32 features. We also estimated the scale factor on the training set by the mean absolute deviation
method, a common method in robust statistics [3]. Again, the ideal parameter n0 = (1 − 5%)n is
granted to LTS and 30 random restarts are performed.
The RMSE on test set for all methods are reported in Table 2. It is clear that all methods based on
convex losses (L2, L1, Huber) suffer significantly from the added outliers. The method proposed in
this paper consistently outperform all other methods with a noticeable margin, except on the abalone
data set where GemMc performs slightly better.11 Again, we observe evidence that the alternating
strategy can be trapped in poor local minima, while the method from [9] was less effective. We also
measured the relative optimality gaps for the approximate CvxBnd procedures. The gaps were quite
small in most cases (the gaps were very close to zero in the synthetic case, and so are not shown),
demonstrating the tightness of the proposed approximation scheme.
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Conclusion

We have developed a new robust regression method that can guarantee a form of robustness (bounded
response) while ensuring tractability (polynomial run-time). The estimator has been proved consistent under some restrictive but non-trivial conditions, although we have not established general consistency. Nevertheless, an empirical evaluation reveals that the method meets or surpasses the generalization ability of state-of-the-art robust regression methods in experimental studies. Although
the method is more computationally involved than standard approaches, it achieves reasonable scalability in real problems. We are investigating whether the proposed estimator achieves stronger
robustness properties, such as high breakdown or bounded influence. It would be interesting to extend the approach to also estimate scale in a robust and tractable manner. Finally, we continue to
investigate whether other techniques from the robust statistics and machine learning literatures can
be incorporated in the general framework while preserving desired properties.
Acknowledgements
Research supported by AICML and NSERC.
9

http://lib.stat.cmu.edu/datasets/
http://www.cs.utoronto.ca/ delve/data/summaryTable.html
11
Note that we obtain different results than [9] arising from a very different outlier process.
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A

Deriving the Approximate Estimator

Lemma 1.

min min η T `(y − Kα) + 1T ψ(η) + λ2 kηk1 αT Kα

0≤η≤1 α

= min sup 1T ψ(η) − η T (`∗ (ν) − ∆(y)ν) −
0≤η≤1 ν

1 T
2λ ν

where the function evaluations are componentwise.

(24)

T
K ◦ (ηkηk−1
1 η ) ν.

(25)

Proof. The lemma amounts to dualizing the interior convex minimization problem
min η T `(y − Kα) + 1T ψ(η) + λ2 kηk1 αT Kα.

(26)

α

Recall from the main body that the function ` is assumed to be closed and convex. Therefore, strong
Fenchel duality holds and we can reexpress ` as `(r) = supν νr − ν`∗ (ν) where `∗ is the Fenchel
conjugate of ` [22, Ch.3]. Thus
η T `(y − Kα)

=

sup ν T ∆(η)(y − Kα) − ν T `∗ (ν)

(27)

ν

and we can therefore re-write (26) as
(26) =
=

λ
kηk1 αT Kα (28)
2
λ
sup min 1T ψ(η) − η T `∗ (ν) + ν T ∆(y)η − ν T ∆(η)Kα + kηk1 αT Kα, (29)
α
2
ν
min sup 1T ψ(η) − η T `∗ (ν) + ν T ∆(y)η − ν T ∆(η)Kα +
α

ν

where (29) follows by strong duality (since for all fixed ν in (29) the sublevel sets in α are bounded
[22, Ch.3]).
Finally, α can be eliminated from the inner problem by solving for a critical point (the inner objective is convex in α). Taking the gradient in α and setting to zero gives the system of equations
∇α = K∆(η)ν + λkηk1 Kα = 0, which is satisfied by α = ∆(η)ν/(λkηk1 ). Substituting this
solution back into (29) yields
(29) =
=

1
ν T ∆(η)K∆(η)ν
2λkηk1
ν

1 T
T
ν K ◦ (ηkηk−1
sup 1T ψ(η) − η T (`∗ (ν) − ∆(y)ν) −
1 η ) ν,
2λ
ν
sup 1T ψ(η) − η T (`∗ (ν) − ∆(y)ν) −

establishing the lemma.

(30)
(31)


To prove the next lemma from the main body, recall the definitions.
Nη
Mη

Lemma 2.
(25) =
≥

{N : N < 0, N 1 = η, rank(N ) = 1}
{M : M < 0, M 1 = η, tr(M ) ≤ 1}.

=
=

min min sup 1T ψ(η) − η T (`∗ (ν) − ∆(y)ν) −

0≤η≤1 N ∈Nη

min

ν

1 T
2λ ν

min sup 1T ψ(η) − η T (`∗ (ν) − ∆(y)ν) −

0≤η≤1 M ∈Mη

ν

(32)
(33)
(K ◦ N ) ν

1 T
2λ ν

(34)

(K ◦ M ) ν. (35)

using the fact that Nη ⊆ Mη .
Proof. First, to prove the equality (34) consider any fixed η ∈ [0, 1]n . We will show that N =
T
ηkηk−1
1 η ⇔ N ∈ Nη , which will immediately yield the equality. The direction ⇒ can be verified
by a simple check. To prove ⇐, assume N ∈ Nη . Since N < 0 and rank(N ) = 1 we know that
N = qλqT for some λ > 0 and q such that kqk = 1. But now, since N 1 = η, it must follow that
q = η/(λη T 1), hence q = η/kηk and λqT 1 = kηk. Therefore, λ = kηk/qT 1 = kηk2 /(η T 1).
T
That is, N must have the form N = qλqT = ηkηk−1
1 η .
The inequality (35) then follows from the above argument, and the fact that kηk2 /(η T 1) ≤ 1, which
implies tr(N ) ≤ 1 for any N ∈ Nη . Therefore Nη ⊆ Mη .
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B

Robustness

B.1

Non-robustness of (Non-constant) Convex Losses

Theorem 5. Empirical risk minimization based on a (non-constant) convex loss cannot have
bounded response if the domain (or kernel) is unbounded, even under Tikhonov regularization.
We will separately prove the two cases; first, assuming an explicit feature representation expressed
in a data matrix X, and second, in the case of an RKHS.
B.1.1

Explicit Feature Case

Proof. Consider the L2 -norm regularized M -estimator:
n
X
λ
θ̂ = arg min kθk22 +
ρ(yi − Xi: θ),
θ∈Θ 2
i=1

(36)

where ρ is some (non-constant) convex function. For simplicity, we assume ρ is differentiable
(otherwise one can consider subdifferentials to arrive at the same conclusion).
Suppose the theorem is false, then θ̂ remains in a bounded interior subset. From the first order
optimality condition (see, for instance, [22]), we know that
n
X
0
[ρ (y1 −X1: θ̂) + λ]X1: +
[ρ0 (yi −Xi: θ̂) + λ]Xi: = 0.
(37)
i=2

Now we perturb (X1: , y1 ) to cause a contradiction. Since ρ is a univariate convex and nonconstant function, we apparently have limd→∞ ρ0 (d) > 0 or limd→−∞ ρ0 (d) < 0 or both. Assume
limd→∞ ρ0 (d) > 0 (the other case can be proved similarly).
Let y1 and kX1: k tend to infinity in a way that
y1 − X1: θ̂

y1
kX1: k

also tends to infinity. Then

≥ y1 − kX1: k · kθ̂k


y1
= kX1: k ·
− kθ̂k
kX1: k

(38)
(39)

tends to infinity since θ̂ is bounded. Therefore ρ0 (y1 − X1: θ̂) tends to a positive number. But then
the first term in (37) is unbounded in norm while the second term is bounded in norm (for we did
not perturb {(Xi: , yi )}ni=2 ), contradiction.

Intuitively the meaning of this theorem is clear: If the loss function is unbounded, then any sample
that is far enough can drag the estimate θ̂ outside of any bounded interior subset. Tikhonov regularization is not able to overcome this effect. Note that we need to perturb both X1: and y1 , in order
to derive a contradiction (for instance, if one only perturbs y1 , then convex functions with bounded
derivatives will survive the proof).
B.1.2

RKHS Case

Proof. Let us consider the standard regularized M -estimator:
n
λ
1X
ρ(yi − hφ(xi ), f i) + kf k2H ,
fˆM R ∈ arg min
f ∈H n
2
i=1

(40)

where {(xi , yi )}ni=1 are samples from the domain X × R; and H is the RKHS induced by some
unbounded kernel κ, with its canonical feature map φ : X 7→ H. As above, we assume ρ is some
non-constant convex loss function. For simplicity, we assume that the minimum in (40) is attained.
Suppose the theorem is false, then fˆM R remains in a bounded set. The first order necessary condition
for the optimality of fˆM R yields
n




X
ρ0 y1 − hφ(x1 ), fˆM R i φ(x1 ) +
ρ0 yi − hφ(xi ), fˆM R i φ(xi ) + nλfˆM R = 0, (41)
i=2

12

where ρ0 denotes the subdifferential of ρ (whose existence is guaranteed by convexity, moreover
since ρ is finite-valued on R, ρ0 is also finite-valued on R). The second term and third term above
are bounded since fˆM R is assumed to be bounded. We will perturb (x1 , y1 ) such that the first term
is not bounded in norm, hence creating a contradiction.
Since ρ is convex and non-constant, we must have either limy→∞ ρ0 (y) > 0 or limy→−∞ ρ0 (y) > 0
(or both). Let us assume limy→∞ ρ0 (y) > 0 (the other case can be proved similarly).
Let both y1 and κ(x1 , x1 ) tend to infinity in a way such that √
y1 − hφ(x1 ), fˆM R i ≥ y1 −
hence
ρ0



p

κ(x1 , x1 )kfˆM R kH


y1 − hφ(x1 ), fˆM R i φ(x1 )

due to our assumptions.

H

=

ρ0

=


p

y1
κ(x1 ,x1 )

κ(x1 , x1 )

also tends to infinity. Then
y1

p
− kfˆM R kH
κ(x1 , x1 )

!

,

(42)
 p
y1 − hφ(x1 ), fˆM R i
κ(x1 , x1 ) → ∞, (43)



Note that again we need to perturb both κ(x1 , x1 ) and y1 to reach a contradiction (for instance, if
one only perturbs y1 , then convex functions with bounded derivatives will survive our proof).
It should be clear in both these proofs that one may replace the L2 -norm with other regularizers
without affecting Theorem 5.
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B.2

Robustness of the Approximate Regression Estimator

Theorem 3. Assume the loss ρ is bounded and has a variational representation (9) such that `
is Lipschitz-continuous and ψ 0 is bounded. Also assume there is at least one (unperturbed) inlier,
and consider the perturbation of a single data point (y1 , x1 ). Under the following conditions, the
rounded (re-optimized) estimator maintains bounded response:
(i) If either y1 remains bounded, or κ(x1 , x1 ) remains bounded.
(ii) If |y1 | → ∞, κ(x1 , x1 ) → ∞ and `(y1 )/κ(x1 , x1 ) → ∞.
To prove this theorem, we first need some key definitions. First recall the definition of outlier and
inlier from the main body.
Definition 2 (Outliers and Inliers). For an L-Lipschitz loss `, an outlier is a point (xi , yi ) that
satisfies `(yi ) > L2 Kii /(2λ) − ψ 0 (0), while an inlier satisfies `(yi ) + L2 Kii /(2λ) < −ψ 0 (1).
Also recall
Nη
Mη

=
=

{N : N < 0, N 1 = η, rank(N ) = 1}
{M : M < 0, M 1 = η, tr(M ) ≤ 1}.

(44)
(45)

Let
R0
R1
R2

λ
kηk1 αT Kα
2
1 T
= min min sup 1T ψ(η) + η T (∆(y)ν − `∗ (ν)) −
ν (K ◦ M ) ν
0≤η≤1 M ∈Mη ν
2λ

1 T
T
ν K ◦ (ηkηk−1
= sup 1T ψ(η) + η T (∆(y)ν − `∗ (ν)) −
1 η ) ν
2λ
ν
λ
= min η T `(y − Kα) + 1T ψ(η) + kηk1 αT Kα,
α
2

=

min min η T `(y − Kα) + 1T ψ(η) +

0≤η≤1 α

(46)
(47)
(48)
(49)

where η in (48) is fixed at the optimal assignment determined by (47), and (49) follows by Lemma 1.
Here, R0 denotes the objective value obtained by the (intractable) oracle minimizer, R1 is the objective value obtained by the relaxed solution, and R2 denotes the objective value obtained by the
rounded solution.
It is immediate that R0 and R1 must be bounded, since
R1 ≤ R0

≤ nψ(0) < ∞

(50)

where the first inequality follows from Lemma 2, and the second inequality is achieved by choosing
η = α = 0 in (47). The key question is whether R2 , the rounded objective value, remains bounded.
Once this is established for each of the cases, we finally show that this will imply that kfˆ2 kH remains
bounded, and the theorem will be proved.
B.2.1

Proof for Case (i), Bounded y

Proof. Assume that y remains bounded. We will need to make use of the fact that, since ` is closed
and convex, we have
max η(yν − `∗ (ν))
ν

= η max yν − `∗ (ν) = η`(y).
ν

(51)

Therefore, from (48) and (51) it follows that
≤

sup 1T ψ(η) − η T (`∗ (ν) − ∆(y)ν)

(52)

=
≤

1 ψ(η) + η T `(y)
nγ

(53)
(54)

such that γ = max0≤η≤1 ψ(η) + max|y|≤B `(y) < ∞.



R2

ν
T
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B.2.2

Proof for Case (i), Bounded K

Proof. Assume K remains bounded; in particular that |Kij | ≤ B for some B < ∞. We will need
to make use of the fact that ` is Lipschitz-continuous. In particular, let ` have a Lipschitz-constant
of L. Then it follows from Lemma 1 and the definition of Fenchel conjugate [26] that

1 T
T
R2 =
sup 1T ψ(η) − η T (`∗ (ν) − ∆(y)ν) −
ν K ◦ (ηkηk−1
(55)
1 η ) ν
2λ
−L≤ν≤L
≤

sup

−L≤ν≤L

1T ψ(η) − η T (`∗ (ν) − ∆(y)ν)

(56)

1 T
1 T
ν (K ◦ M )ν +
ν (K ◦ M )ν
2λ
2λ
−L≤ν≤L


1 T
ν (K ◦ M )ν
≤
sup
1T ψ(η) − η T (`∗ (ν) − ∆(y)ν) −
2λ
−L≤ν≤L
1 T
+ sup
ν (K ◦ M )ν
−L≤ν≤L 2λ
1 T
ν (K ◦ M )ν
= R1 + sup
−L≤ν≤L 2λ
1 T
≤ nψ(0) + sup
ν (K ◦ M )ν.
−L≤ν≤L 2λ

=

sup

1T ψ(η) − η T (`∗ (ν) − ∆(y)ν) −

(57)

(58)
(59)
(60)

Therefore it suffices to bound
sup
−L≤ν≤L

≤

≤

ν T (K ◦ M )ν

L2 tr(KM )

(61)

2

L Bn,

(62)

since M < 0, tr(M ) ≤ 1, and λmax (K) ≤ Bn [25, p.292,Thm.5.6.9].
B.2.3



Proof for Case (ii)

Proof. The proof in this case proceeds differently than the previous cases. Here we assume we
are given a fixed data set (x1 , y1 ), ..., (xn , yn ), where only the first data point (x1 , y1 ) is perturbed
(without loss of generality), so that |y1 | → ∞, κ(x1 , x1 ) → ∞ and `(y1 )/κ(x1 , x1 ) → ∞. Note
that such a point must eventually become an outlier. We will show that this forces the corresponding
weight η1 to eventually satisfy η1 = 0 in the relaxed solution (47), which will automatically imply
that the rounded value R2 stays at the same finite value thereafter (since no other data point is
perturbed).
Consider the inner objective in (47):
1 T
ν (K ◦ M )ν
2λ
1 T
= 1T ψ(M 1) + η T (∆(y)ν − `∗ (ν)) −
ν (K ◦ M )ν.
2λ
The gradients with respect to the parameters for this objective are given by
1T ψ(η) + η T (∆(y)ν − `∗ (ν)) −

∇ν

=

∆(η)(y − `∗ (ν)0 ) −

1
(K ◦ M )ν
λ

∇M

= ψ 0 (M 1)1T + (∆(y)ν − `∗ (ν))1T −

d
dη1

= ψ 0 (η1 ) + y1 ν1 − `∗ (ν1 ) −

(63)
(64)

(65)
1
(K ◦ νν T )
2λ

1
K1: νν1 .
2λn

(66)
(67)

Since ` is Lipschitz-continuous with Lipschitz constant L, we know that |ν| ≤ L [26], hence
1
K1: νν1
2λn

≤

max |K1: | 2
L2
L n =
K11 .
2λn
2λ
15

(68)

Now consider the tentative assignment M1: = 0T , η1 = 0. At this assignment, all of the quadratic
terms in ν1 have been nullified in (63) and (64), leaving the optimization over ν1 as
max y1 ν1 − `∗ (ν1 )
ν1

= `(y1 )

(69)

by (51). Now note that at this solution for ν1 we have
d
dη1
d
dη1
Therefore, if `(y1 ) >

L2
2λ K11

η1 =0

1
K1: νν1
2λn
1
= ψ 0 (0) + `(y1 ) −
K1: νν1 .
2λn
= ψ 0 (η1 ) + `(y1 ) −

− ψ 0 (0) (the outlier condition) then

d
dη1

η1 =0

(70)
(71)
> 0, which implies that

η1 stays at 0. We conclude that once the outlier condition is achieved (guaranteed by the assumptions), R2 retains the same finite value after all subsequent perturbations of (x1 , y1 ), independent of
`(y1 ) and κ(x1 , x1 ).

B.2.4

Final Step: Bounding kfˆkH

Consider the rounded estimate fˆ2 , corresponding to the solution to (49). It remains to bound kfˆ2 kH
in all the three cases discussed above.
Proof. Observe that
kfˆ2 kH

= αT Kα ≤

2R2
.
λkηk1

(72)

Since R2 has been proved bounded under the stated assumptions, we only need to consider the
behavior of kηk1 , which we do in two cases: η = 0 and η 6= 0.

First, assume η = 0. Then α = 0 is an optimal solution of (49), implying that kfˆ2 kH = 0, which is
obviously bounded.
So it only remains to consider η 6= 0. In this case it suffices to bound kηk1 away from zero. We
achieve this by appealing to the assumption that there is at least one inlier; that is, an unperturbed
point (xi , yi ), i 6= 1, such that `(yi ) + L2 Kii /(2λ) < −ψ 0 (1). For any such point, we can establish
that ηi = 1, and the result will follow.
To show that any inlier gets weight ηi in the relaxed solution (47), tentatively consider the assignment
ηi = 1 then recall from (67) that
d
dηi
d
dηi

=
=

ηi =1

1
Ki: ννi
2λn
1
ψ 0 (1) + yi νi − `∗ (νi ) −
Ki: ννi .
2λn

ψ 0 (ηi ) + yi νi − `∗ (νi ) −

(73)
(74)

in the relaxed problem. By (69) above we know that yi νi − `∗ (νi ) ≤ `(yi ). Furthermore, by (68)
we know that |Ki: ννi /(2λn)| ≤ L2 Kii /(2λ). Therefore, if the condition `(yi ) + L2 Kii /(2λ) <
−ψ 0 (1) is satisfied then

d
dηi

ηi =1

< 0, which implies that ηi stays at 1.

16



C
C.1

Consistency
Consistency of Standard Regression Estimators

Let us start by establishing some notation. Recall that H is the RKHS induced by some kernel κ,
{(xi , yi )}ni=1 are i.i.d.samples from the underlying training distribution P(x, y). For any function f
(possibly random), define
Z
R(f ) :=

X ×R

ρ(y − f (x))dP(x, y).

Then the following functions all aim at minimizing R(f ) in one way or another:
f ∗ ∈ argmin R(f )

(75)

f

fH ∈ argmin R(f )

(76)

f ∈H

fH,λ ∈ argmin R(f ) + λkf k2H

(77)

fˆH,λ ∈ argmin R̂(f ) + λkf k2H ,

(78)

f ∈H
f ∈H

Pn
where R̂(f ) := n1 i=1 ρ(yi − f (xi )). For simplicity, we have tacitly assumed the existence of all
minimizers in the above. We will also ignore measurability issues for the time being. Note that only
the last function fˆH,λ depends on the data.
The regularized M -estimator fˆH,λ is said to be (loss) consistent if
R(fˆH,λ ) − R(f ∗ ) → 0

(79)
as the sample size n increases to infinity and the regularization constant λ decreases to zero. To
investigate when consistency can be assured, the following decomposition is standard and helpful
[15]:
R(fˆH,λ ) − R(f ∗ ) = R(fˆH,λ ) − R(fH,λ ) − λkfH,λ k2
(80)
H

+ R(fH,λ ) + λkfH,λ k2H − R(fH )
(81)
∗
+ R(fH ) − R(f ),
(82)
where the last term is usually called the approximation error, which measures how well can functions
in H approximate f ∗ under the ρ loss; the second term can be thought of as some stability error
(where the regularization constant λ plays the role of perturbation); and the first term is related to
the sampling error. Note that the last two terms depend only on the interaction between the RKHS
H (hence the kernel κ), the training distribution P(x, y), and the loss ρ. It is however independent
of any estimation procedure (except perhaps providing some insights on how to practically tune the
regularization constant). Very general bounds for the last two terms exist in the learning theory
literature, see, for instance [15] and [27]. To make our presentation less complicated we will simply
assume the sum of the last two terms, as a function of λ, goes to 0 when λ itself decreases to 0. The
interested reader can consult the books [15] and [27] for precise technical conditions under which
this is indeed so.
The right-hand side in (80) is apparently upper bounded by
R(fˆH,λ ) + λkfˆH,λ k2 − R(fH,λ ) − λkfH,λ k2 = R(fˆH,λ ) − R̂(fˆH,λ )
H

H

+ R̂(fˆH,λ ) + λkfˆH,λ k2H − R̂(fH,λ ) − λkfH,λ k2H

+ R(fH,λ ) − R̂(fH,λ )
≤ R(fˆH,λ ) − R̂(fˆH,λ ) + R(fH,λ ) − R̂(fH,λ )
≤

sup

f :kf kH ≤ √1

|R(f ) − R̂(f )|,

(83)

λ

where the first inequality is due to the optimality of fˆH,λ , and the second inequality follows under
the assumption 0 ≤ ρ ≤ 1. Therefore we have related the right-hand side in (80) to the (uniform)
sampling error. Applying standard uniform convergence bounds, for instance, the Rademacher complexity bound in [28, Theorem 8; Theorem 12; Lemma 22], leads to the following consistency result:
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Proposition 1. Assuming (81) and (82) approach 0 when λ → 0, the loss ρ is Lipschitz and bounded
between 0 and 1, supx∈X κ(x, x) ≤ 1, then the regularized M -estimator defined in (78) is (ρ-loss)
consistent.
It is also possible to derive consistency results that depends on the capacity of the RKHS [15].
C.2

Consistency of Approximate Regression Estimators

Theorem 4. Assume ` is Lipschitz-continuous and ψ(η) = 1 − η. Assume that the data is generated
from a mixture of inliers and outliers, where P (inlier) > P (outlier). Then the estimate θ̂ produced
by the rounded (re-optimized) method is loss consistent.
Proof. From the proof of Theorem 3 above, we know that the relaxed solution will set ηi = 0 for
all outliers, and ηi = 1 for all inliers. Since only outliers and inliers are present in the data, the
solution η will be discrete {0, 1}n , and all outliers will be ignored. Thus the reoptimized estimator
fˆ2 is based only on the inliers, and on such data the estimator is solved by a standard regularized
empirical risk minimization. The consistency then follows from the standard results on regularized
empirical risk minimization above.
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D

Variational Factorization of Loss Functions

Our objective in this section is to study some variational representation of loss functions. Our
treatment is inspired by but different from that presented in [8].
Given any loss function ρ(r) (not necessarily convex), we want to find (closed and proper) convex
functions `(r) and ψ(η) such that
ρ(r)

=

min η`(r) + ψ(η).

η∈[0,1]

(84)

Our main motivation to find such a variational representation for ρ is from optimization: the right
hand side is separately (although not jointly) convex in both η and r, hence we can optimize ρ
by dealing alternatively with ` and ψ, if the latter are in much simpler forms. This variational
representation also allows us to develop a promising convex relaxation, as we will see soon.
Note that due to the closedness assumption on ψ, the minimum in (84) is always attained hence
justifies our notation of min instead of inf. Also due to the convexity we pose on `, the effective domain of ρ is necessarily convex. We also mention that the convexity of ψ simplifies our presentation
but is not essential, for we can always replace ψ by its (closed) convex hull over the interval [0, 1].
It is obvious that all closed convex functions ρ admit a variational representation (84): Just set
`(r) = ρ(r), ψ(η) = δ{1} (η).12 In fact, much more can be said. But let us prove a technical lemma
first.
For any closed convex function ψ(η), define its restricted Fenchel conjugate as:
ψ̂(η̂)

:=

max η η̂ − ψ(η).

η∈[0,1]

(85)

Note that ψ̂(η̂) ≤ maxη∈[0,1] η η̂ − minη∈[0,1] ψ(η) = (η̂)+ − minη∈[0,1] ψ(η) < ∞, due to the
closedness assumption on ψ. Hence ψ̂ is defined on the whole real line.
Denote F as the set of all closed (proper) convex functions on R̄, F̂ the set of all closed (proper)
convex functions `ˆ with effective domain R and satisfying13
0 ≤ lim sup
η̂→−∞

ψ̂(η̂)
ψ̂(η̂)
≤ lim inf
≤ 1.
η̂→∞
η̂
η̂

(86)

Define the mapping F which maps ψ ∈ F into its restricted Fenchel conjugate ψ̂.

Lemma 3. F maps F onto F̂ .

Proof. We first prove the range of the mapping F is contained in F̂ . By definition,
lim inf
η̂→∞

ψ̂(η̂)
η̂

ψ(η)
η̂→∞ η∈[0,1]
η̂
minη∈[0,1] ψ(η)
≤ lim inf 1 −
η̂→∞
η̂
= 1.
=

lim inf max η −

(87)
(88)
(89)

The last equality is because of the closedness of ψ. The other inequality in (86) can be similarly
proved.
Let ϕ̂ ∈ F̂ , consider its (ordinary) Fenchel conjugate:
ϕ̂∗ (η)

=


ϕ̂(η̂) 
sup η η̂ − ϕ̂(η̂) = sup η̂ η −
.
η̂
η̂
η̂

(90)

12
As is conventional in convex analysis, we use δC (η) to denote the indicator function for the point set C;
i.e., δC (η) = 0 if η ∈ C, otherwise δC (η) = ∞.
13
It does not matter if we change lim sup to lim inf or vice versa.
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i)
≤ 1+
By the conditions (86) on F̂ , there exists a sequence η̂i → ∞ as i → ∞ such that ψ̂(η̂
η̂i
for arbitrarily small  > 0 and all sufficiently large i. Now if η > 1 (hence η ≥ 1 + 2 for suitably
small ), then it is clear that ϕ̂∗ (η) = ∞. Similar arguments apply when η < 0, hence the effective
domain of ϕ̂∗ is contained in [0, 1]. Let ψ = ϕ̂∗ , then ψ̂ = ϕ̂∗∗ = ϕ̂. This proves the mapping F is
onto.


Remark 1. If we restrict the effective domain of the functions in F to be in [0, 1], then an easy
argument of duality establishes the one-one property of the mapping F.

Remark 2. It should be clear that the interval [0, 1] plays no special role here. Lemma 3 remains
true (with obvious modifications) if we replace [0, 1] with any other (non-degenerate) compact interval [a, b]. However, for our later convex relaxation, it is desirable to have a ≥ 0.

Theorem 5. The function ρ admits a variational representation (84) if and only if ρ = −ψ̂ ◦ (−`)
for some ψ̂ ∈ F̂ , ` ∈ F . This shall be called the variational factorization of ρ.
Proof. This is an immediate consequence of Lemma 3:
−ρ(r) := − min

η`(r) + ψ(η)

η∈[0,1]

(91)

= max η(−`(r)) − ψ(η)

(92)

= ψ̂(−`(r)).

(93)

η∈[0,1]


Let us now first illustrate a few examples to see how one can apply Theorem 5.
2

r
Example 1 (Variational representation of the Geman-McClure function 1+r
2 ). This example was
also discussed in [8], through some integral arguments. Our derivation here, based on Theorem
1
2
5, is different. Rewrite −ρ(r) = −1 + 1+r
2 , which suggests us choose `(r) = r . Then ψ̂(η) =
1
−1 + 1−η
, ∀η ≤ 0. Note that the decomposition −ρ = ψ̂ ◦ (−`) only determines ψ̂ on the range

of −`, hence giving us some flexibility to “complete” ψ̂ on the entire real line such that (86) are
satisfied. The easiest (nontrivial) way to extend ψ̂ is to glue with it an affine function whose slope
dominates ψ̂. That is, define ψ̂(η) = aη + b, ∀η ≥ 0, where a ≥ supη≤0 ψ̂ 0 (η) = 1. Picking
a = 1 then satisfies both conditions in (86). To make ψ̂ closed, we must set b = limη→0 ψ̂(η) = 0.
r2
2
To summarize, ρ(r) = 1+r
2 admits the variational representation (84) with `(r) = r , ψ(η) =
√
ψ̂ ∗ (η) = supη∗ ηη ∗ − ψ̂(η ∗ ) = ( η − 1)2 .

exp(r)
Example 2 (Variational representation of the sigmoid function 1+exp(r)
). This example is new. It
was not discussed in [8], probably because there ` was restricted to the squared loss, which turns
out to be prohibitive in this case. We simply repeat the procedure in Example 1. The similarity
between the sigmoid function and the Geman-McClure function suggests us choose `(r) = exp(r),
1
. Arguing exactly as in Example 1
hence ψ̂(η) is accordingly determined on (−∞, 0) as −1 + 1−η
√
we get the variational representation of the sigmoid function: `(r) = exp(r), ψ(η) = ( η − 1)2 .

−1
Example 3 (Variational representation of the Geman-Reynolds function 1+|r|
). This example was
2
discussed in [8] where `(r) = r , but the final result turned out to be very complicated. We now
demonstrate that by choosing a better `, the representation can be significantly simplified. Note
|η|
that ρ(η) + 1 = 1+|η|
. By analogy to the previous examples, it is easy to see that `(r) = |r|,
√
2
ψ(η) = ( η − 1) − 1 is a correct, and perhaps better, representation.

The above three examples can be summarized as:
√
tional representation `(r), ψ(η) = ( η − 1)2 .

`(r)
1+`(r)

with `(r) positive and convex has varia-

Example 4 (Some other examples). These examples (with `(r) = r2 ) were all discussed in [8]. We
include them mainly for the purpose of completeness.
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Lorentzian function ρ(r) = log(1 + `(r)) with ` positive and convex has variational representation:
`(r), ψ(η) = η − 1 − log η.

Tukey’s biweight function ρ(r) = min{`2 (r) − `4 (r) + `6 (r)/3, 1/3} with ` convex has variational
representation: `(r), ψ(η) = 31 − η + 23 η 3/2 .
Leclerc’s function ρ(r) = 1 − exp(−`2 (r)) with ` convex has variational representation:
`(r), ψ(η) = η log η − η + 1.

The mean-field function ρ(r) = − log(1 + exp(−`2 (r))) with variational representation:
`(r), ψ(η) = η log η + (1 − η) log(1 − η).
The nontrivial part in all examples is to identify the correct form of `; once that is done, the rest
is fairly routine. Fortunately, for many useful loss functions, a few trial-and-error usually suffice.
While we will develop a more principled way to yield a factorization, we nevertheless find the naive
guessing method convenient and that is why we present it first.
We now turn to two immediate questions about Theorem 5:
• Is the variational factorization unique?
• Do all functions admit a variational factorization?
The first question is easily seen to be false since one can scale (or more generally, affinely transform)
ψ̂ and ` accordingly. The answer to the second question is also negative, for as we noted before,
the effective domain of ρ needs to be convex. Moreover, by Alexandrov’s theorem, −ρ must have
second derivative almost everywhere, in order to be a candidate of compositions of convex-concave
functions. But it is well-known that there exist plenty of continuous and nowhere differentiable
functions. Nevertheless, as noted before, all convex functions do admit a variational factorization
(another trivial factorization would be ψ̂(η) = η, ` = ρ, a concrete example of the non-uniquesness).
All concave functions whose negations are in F̂ also admit a variational factorization (again, a trivial
factorization would be ψ̂ = −ρ, `(r) = −r).
To have a more satisfying (and involved) answer for the above two questions, we need to put some
conditions on the loss function and its variational factors.14 We shall call a variational factorization
(ψ̂, `) minimal if ψ̂ is strictly increasing, and for any other factorization (ϕ̂, ξ), the function ψ̂ −1 ◦ ϕ̂
is convex. Now we can have a positive answer for the uniqueness question.
Lemma 4. Minimal factorizations, if exist, are unique up to some (appropriate) affine transforms.
Proof. Let (ψ̂, `), (ϕ̂, ξ) both be minimal, then from the definition, we know both ψ̂ −1 ◦ ϕ̂ and
ϕ̂−1 ◦ ψ̂ are convex. Since both ψ̂ and ϕ̂ are assumed to be strictly increasing, it suffices to prove
that only certain affine function can possibly be strictly increasing, convex, and having a convex
inverse. But this is immediate, for we have ∀λ ∈ [0, 1],
λx + (1 − λ)y = f −1 ◦ f (λx + (1 − λ)y)
≤f

−1

(94)

(λf (x) + (1 − λ)f (y))

−1

≤ λf ◦ f (x) + (1 − λ)f
= λx + (1 − λ)y.

The equality for all pairs of (x, y) forces f to be affine.

−1

(95)
◦ f (y)

(96)
(97)


The next result requires some tools from real analysis, in particular, the Riesz representation theorem
for bounded linear functionals (for a review, refer to [30]).
Lemma 5. Let −ρ be continuous and strictly decreasing on the open interval I ⊆ R and admits
a variational factorization (ψ̂, `) which are convex, continuous and strictly increasing on {−`(r) :
r ∈ I} and I, respectively, then
1. the right derivative, ρr , of ρ exists on I;
14

Our treatment here is mainly inspired by [29].
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2. log ρr is locally of bounded variation, hence corresponds (uniquely) to a (regular) Radon
measure on I, which we denote as d(log ρr );
3. a minimal factorization of −ρ is given as (ϕ̂, ξ), with
Z y
Z x
dν+ )dy, ϕ̂(x) = −ρ(ξ −1 (−x)),
exp(
ξ(x) :=

(98)

b

a

provided that (98) is finite valued. Here a = inf I, b ∈ I and dν+ is the positive part of the
Radon measure d(log ρr ).
Proof. 1. The proof is obvious hence omitted.
2. Due to the chain rule for derivatives:
(−ρ)r

=
=

log ρr

=

(ψ̂ ◦ (−`))r

(ψ̂r ◦ (−`)) · (−`r ),

(99)
hence

log(ψ̂r ◦ (−`)) + log `r .

(100)
(101)

Note that all quantities inside the log are positive due to the monotonicity assumption. Moreover,
the two terms on the right hand side are decreasing and increasing, respectively, due to the convexity
assumption. Therefore log ρr is locally of bounded variation. Through the usual Riemann-Stieltjes
integral, log ρr induces a bounded linear functional on Cc (I) (continuous functions on I with compact support), hence by the Riesz representation theorem, corresponds to a unique (regular) Radon
measure on I.
3. Suppose (ϕ̂, ξ) is the minimal factorization and (ψ̂, `) is any variational factorization of −ρ, then
from −ρ = ϕ̂ ◦ (−ξ) = ψ̂ ◦ (−`) and the minimality of ϕ̂ we know f := ϕ̂−1 ◦ ψ̂ = (−ξ) ◦ (−`)−1
is convex, hence −ξ = f ◦ (−`). It follows that log ξr = log(fr ◦ (−`)) + log `r . Since f is convex,
log(fr ◦ (−`)) is decreasing, therefore d(log ξr ) ≤ d(log `r ). This proves some minimal property
of the induced Radon measure of the minimal factorization.
Recall (101) which decomposes d(log ρr ) into a positive measure and a negative one. The result
above suggests us choose d(log ξr ) = dν+ , for the latter, being the positive part, is minimal by
the Hahn-Jordan decomposition. This choice also forces ϕ̂r to be increasing. Assuming (ϕ̂, ξ) as
defined in (98) is finite valued, it is easy to verify the required convexity and monotonicity.

Remark 3. A careful inspection of the proof reveals that the minimal factorization in (98) does not
hinge on the fact that −ρ indeed admits a variational factorization, as long as log ρr is locally of
bounded variation. Therefore finding the minimal factorization does not involve more work than
finding merely a factorization.
Again, we digest the previous lemma through an example.
Example 5 (The sigmoid function revisited). I = (−∞, ∞) in this example, hence a = −∞
and we pick b = 0 (any other value would lead to the same result up to some constants). Simple
calculation confirms d(log ρr ) = 1−exp(−x)
1+exp(x) dx, where dx, as usual, is the Lebesgue measure on
I. Therefore dν+ = 1{x ≤ 0} ·
4 exp(x)
1+exp(x)

1−exp(−x)
1+exp(x) dx.

Direct integration in (98) gives ξ(x) = 1{x ≤

1
0} ·
+ 1{x > 0} · (2 + x) and ϕ̂(x) = 1{x ≥ −2} · x4 − 1{x < −2} · 1+exp(x+2)
. One
easily verifies that the conditions in (86) are indeed satisfied. By Theorem 5 we know there exists a
variational representation (ϕ, ξ) for the sigmoid function, although its explicit form is too cumbersome to write down. This variational factorization is very different from the one in Example 2, and
perhaps is harder to come up with through guessing. From the point of view of optimization, the
current factorization is inferior, despite of its theoretical value.

Lemma 5 cannot be applied directly to the Geman-McClure function due to the lack of monotonicity
on the entire real line. However, such functions have the symmetry property that we can exploit.
The idea is to restrict ρ(x) to R+ where monotonicity is guaranteed, then apply Lemma 5 we get ξ
on R+ (and ϕ̂). Finally extend ξ to R− by symmetry.
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Example 6 (The Geman-McClure function revisited). Following the above recipe, I = (0, ∞), a =
0 and we leave b unspecified (as it only affects constants). Simple calculation confirms d(log ρr ) =
√
1−3x2
1−3x2
x(1+x2 ) dx. Therefore dν+ = 1{0 ≤ x ≤ 1/ 3} · x(1+x2 ) dx. Direct integration in (98) gives
√
√
√
x2
3} · (x + 1/4 − 1/ 3) and ϕ̂(x) = 1{x ≥
ξ(x) = 1{0 ≤ x ≤ 1/ 3} · 1+x
2 + 1{x > 1/
√

2

(x+1/4−1/ 3)
√
−1/4} · x − 1{x < −1/4} · 1+(x+1/4−1/
. For x < 0, we set ξ(x) = ξ(−x) while leave
3)2
ϕ̂ untouched. One again verifies that the conditions in (86) are satisfied. By Theorem 5 we know
there exists a variational representation (ϕ, ξ) for the sigmoid function, although its explicit form is
again too cumbersome to write down. This variational factorization is very different from the one in
Example 1, and is inferior from the point of view of optimization.

The above two examples might lead one to conclude that the minimal factorization given by
Lemma 5 is of little use from the viewpoint of optimization, which is our main motivation of developing the variational representation. However, as we point out below, the true value of Lemma 5
is to ensure one when a particular loss function does admit a variational factorization. Note that
once the existence issue is solved, finding a meaningful factorization can usually be done through a
few trial-and-error. We also notice that without the help of Lemma 5, it seems hard to envision the
following theorem merely from the conclusion we drew in Theorem 5.
Theorem 6. All bounded strictly increasing C 2 functions admit a variational factorization that
0
(x)
satisfies (86), provided ξ(x) defined below in (102) is finite valued and ρξ0 (x)
is bounded from above.
Proof. Let ρ be bounded and strictly increasing. (98) now simplifies to
Z y

Z x
max{ρ00 (z), 0}
ξ(x) =
exp
dz
dy.
ρ0 (z)
a
b

(102)

We need only verify (86). Notice that ϕ̂ in (98) is only determined in {−ξ(x) : x ∈ domρ}, but we
can always complete it using the trick presented in Example 1 and 2.
Suppose ϕ̂(x) is defined for all sufficiently small x before we do the “completion”, then
lim sup
x→−∞

ϕ̂(x)
x

=

lim sup
x→−∞

−ρ(ξ −1 (−x))
= 0,
x

(103)

since ρ is bounded. The other condition in (86) can be similarly argued. On the other hand, if ϕ̂(x)
(for sufficiently small x) is only defined after we do the “completion”, then we need to verify that
0
(ξ −1 (−x))
ρ0 (y)
[−ρ(ξ −1 (−x))]0 = ρξ0 (ξ
−1 (−x)) = ξ 0 (y) is between 0 and some positive number c (scaling ϕ̂ and
ξ appropriately will make c = 1). This holds because both ρ and ξ are strictly increasing, ρ0 is
bounded from above (for ρ is bounded), plus our assumption.

While it is possible to pin down a sufficient condition to remove the assumption in Theorem 6, we
prefer not to do so, simply because this assumption itself is easily checkable. Apparently, Theorem 6 can be slightly modified to accommodate symmetric (and strictly increasing on, say, R+ ) loss
functions. Refer to Examples 5 and 6.
Remark 4. It is clear that we may replace the strictly decreasing assumption on the loss ρ with
strictly increasing in both Lemma 5 and Theorem 6 (under obvious modifications), although such
increasing functions seem to be uninteresting for loss minimization.
In summary, we wonder what kind of functions can be factorized into the composition of a concave
function and a convex function, where the concave part satisfies some condition like (86)? Of
course, we would also like a principled method to find such factorizations, hopefully useful ones in
the sense of optimization. Our results in Lemma 5 and Theorem 6 provide partial solutions to the
above request, but seem to rely heavily on the monotonicity assumption. It would be nice to replace
this assumption with something lighter.
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E

Computation

E.1

Efficient Implementation of the Approximate Estimator

Recall that the approximate estimator is computed in three steps: First, the relaxed lower bound
(23) is computed, recovering η (see Lemma 2 in Appendix A). Second, the parameters α are recovered by fixing η and re-solving for α in (18) (see Lemma 1 in Appendix A). Third, η and α
are locally reoptimized in (18) using the previous (η, α) as the initial point. We discuss an efficient
implementation strategy, and the conditions under which polynomial run-time can be ensured.
For clarity we consider the case ψ(η) = 1 − η. (An efficient algorithm is possible for general ψ, but
the details unnecessarily complicate the presentation.)
Relaxation: The first step of the approximate estimator is to compute the lower bound (23) given in
Lemma 2, and recover the optimal η and M . This optimization can be solved efficiently as follows.
Recall the definition Mη = {M < 0, M 1 = η, tr(M ) ≤ 1}, apply the definition ψ(η) = 1 − η,
and observe
1 T
(23) = max min min n − 1T η − η T (`∗ (ν) − ∆(y)ν) −
ν (K ◦ M ) ν (104)
ν 0≤η≤1 M ∈Mη
2λ
max max min min n − 1T η − η T (`∗ (ν) − ∆(y)ν)

=

ν

a≥0,b≥0

η

M ∈Mη

−
=

max max
ν

min

a≥0,b≥0 M <0,tr(M )≤1

n − 1T M 1 − 1T M (`∗ (ν) − ∆(y)ν)
−

=

max

ν,a≥0,b≥0

n − bT 1 −

1 T
ν (K ◦ M ) ν − aT M 1 + bT (M 1 − 1) (105)
2λ

1 T
ν (K ◦ M ) ν − aT M 1 + bT (M 1 − 1) (106)
2λ

max

M <0,tr(M )≤1

1T M 1 + 1T M (`∗ (ν) − ∆(y)ν)

1 T
ν (K ◦ M ) ν + aT M 1 − bT M 1,(107)
2λ
where (104) follows by Sion’s minimax theorem [26, Cor.37.3.2]; (105) follows by Lagrange duality; (106) follows by substituting M 1 = η to replace the constraint and eliminate η; and (107) is
simple regrouping. Therefore (107) can be solved as a nonsmooth maximization:
+

max

ν,a≥0,b≥0

n − bT 1 − f (ν, a, b),

(108)

where
f (ν, a, b)

=
=

1T M 1 + 1T M c +

1 T
ν (K ◦ M ) ν + aT M 1 − bT M 1 (109)
2λ

1
max
tr(M C(ν, a, b)),
2 M <0,tr(M )≤1

(110)

max

M <0,tr(M )≤1

such that
C(ν, a, b)
c(ν)

=

211T + 1c(ν)T + c(ν)1T +

= `∗ (ν) − ∆(y)ν.


1
K ◦ νν T + a1T + 1aT − b1T − 1bT (111)
λ
(112)

Note that in the maximization problem (108), f (ν, a, b) must be convex, since it is a pointwise
maximum of linear functions [22, Ch.3]; hence (108) is a concave maximization problem. Each
evaluation of f (ν, a, b) requires no more than O(n3 ) time, since (110) can be solved by computing
the maximum eigenvector of C(ν, a, b) [31]. Moreover, a subgradient in (ν, a, b) can easily be
recovered from the maximizer M , based on the fact that


∆(M 1)(`0 (ν) − y) + λ1 (K ◦ M )ν

(113)
∂f 3 
M1
−M 1
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by Danskin’s theorem [32, Ch.6]. (Note that the maximizer M might not be unique, so f is nonsmooth at points where this occurs.) Finally, at a solution (ν, a, b; M ) the weight vector η is
recovered via η = M 1.
Therefore, computing the relaxed solution requires solving a nonsmooth concave maximization over
3n variables, where each function evaluation (and subgradient) can be computed in O(n3 ) time. An
ellipsoid algorithm can therefore be used to solve (108) in polynomial-time [21] [33].
Rounding: The rounding procedure involves a simple, smooth convex minimization of α in (18),
where η is fixed from the relaxation step. This problem can be solved in polynomial-time provided
only that the base loss ` (assumed convex) is also self-concordant [20].
Reoptimization: Finally, in the reopimization step, both η and α are jointly (and locally) optimized in (18), starting from the solution above. A local optimum can, once again, be recovered
in polynomial-time adding only the assumption that ψ (in addition to being convex) is also selfconcordant.
Therefore, the estimation procedure requires only polynomial-time under the stated assumptions.
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E.2

Proofs of NP-hardness

Our goal is to prove that minimizing a bounded loss function is NP-hard in general. After establishing the preliminary definitions required to be sufficiently precise about the results, we first prove
that a special case—clipped-loss minimization—is strongly NP-hard in Section E.2.1. Then the NPhardness of bounded loss minimization can be easily established by a reduction from clipped-loss
minimization in Section E.2.2.
E.2.1

Hardness of Clipped Loss Minimization

Definition 3 (Loss function). A function ` : R → R is a loss function if (i) `(r) ≥ 0 for all r;
(ii) `(0) = 0; and (iii) `(r) is nondecreasing in r away from r = 0; that is, r1 ≤ r2 ≤ 0 implies
`(r1 ) ≥ `(r2 ), and 0 ≤ r1 ≤ r2 implies `(r1 ) ≤ `(r2 ).
Definition 4 (τ -minimal two-sided loss). A loss function ` is a τ -minimal two-sided loss if there
exists a finite Bτ > 0 such that (i) r ≤ Bτ implies `(r) ≥ τ ; and (ii) r ≥ Bτ implies `(r) ≥ τ .
Definition 5 (β-bounded loss). A loss function ρ is a β-bounded loss if ρ(y − ŷ) ≤ β for all y and
ŷ.
Definition 6 (weakly τ -minimal loss). A loss function ` is a weakly τ -minimal loss if it is a (τ − )minimal loss for all  > 0.
Definition 7 (Clipped loss minimization).
Instance: t × n matrix X of training data, t × 1 vector y of training labels, 1-minimal two-sided
loss function `, nonnegative threshold number c.
Pt
Question: Is there an n × 1 vector θ such that i=1 min(1, `(yi − Xi: θ)) ≤ c?
Definition 8 (Bounded loss minimization).
Instance: t × n matrix X of training data, t × 1 vector y of training labels, 1-bounded and weakly
1-minimal two-sided loss function `, nonnegative
Ptthreshold number b.
Question: Is there an n × 1 vector θ such that i=1 `(yi − Xi: θ) ≤ b?
Definition 9 (Maximum 2-satisfiability).
Instance: Set U of variables, collection C of clauses over U such that each clause c ∈ C has |c| = 2,
positive integer K ≤ |C|.
Question: Is there a truth assignment for U that simultaneously satisfies at least K of the clauses in
C?
Note that MAX2SAT is known to be NP-complete in general [34]. It is solvable in polynomial-time
if K = |C| [34], but NP-hard to approximate within a multiplicative constant better than 21/22 =
0.95454 [35].
Theorem 7. Clipped loss minimization is strongly NP-hard.
Proof. We transform MAX2SAT to clipped-loss minimization. Let (U, C, K) constitute an instance
of MAX2SAT.
Let 1i denote a boolean vector with a single 1 in position i. We will also use a scale factor s that
will be specified below (we will be able to choose a value for s that is polynomial in |U |).

Widget construction: For each variable in uj ∈ U associate a feature X:j with corresponding
weight θj . For each clause c ∈ C construct three training examples in the form (x> , y) as follows:
>
>
• For ui ∨ uj clauses, construct three examples (s1>
i , s), (s1j , s) and (s(1i + 1j ) , s).
>
>
• For ui ∨ ¬uj clauses, construct three examples (s1>
i , s), (s1j , 0) and (s(1i − 1j ) , 0).
>
>
• For ¬ui ∨ uj clauses, construct three examples (s1>
i , 0), (s1j , s) and (s(1i − 1j ) , 0).
>
>
• For ¬ui ∨ ¬uj clauses, construct three examples (s1>
i , 0), (s1j , 0) and (s(1i + 1j ) , s).

To illustrate how this construction will work, consider a training example (s1>
i , s). For a weight
vector θ one will obtain a prediction ŷ = s1>
θ
=
sθ
,
which
is
compared
to
the
target value y = s.
i
i
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Figure 1: Depiction of the error surface in (θi , θj ) for the three training examples constructed for
each type of clause (when i 6= j): a ui ∨ uj clause, a ui ∨ ¬uj clause, a ¬ui ∨ uj clause, and a
¬ui ∨ ¬uj clause. (The trough widths are controlled by the scale factor s.) Note that the minimum
total loss of 1 can only be achieved by setting (θi , θj ) to a satisfying assignment in each of the four
cases.

Note that if θi = 1, then the loss must be zero on this example, since ŷ = s = y. However, as θi
moves away from 1 the loss must increase until it “saturates”. Let
ρ(y − ŷ)

=

min(1, `(y − ŷ))

(114)

denote the “clipped” loss. Since ` is a 1-minimal two-sided loss there must exist a finite B1 > 0
such that for any y, ŷ ≤ y − B1 implies ρ(y − ŷ) = 1 and ŷ ≥ y + B1 implies ρ(y − ŷ) = 1.
Conversely, if ρ(y − ŷ) < 1 then it must follow that y − B1 < ŷ < y + B1 . The role of the scale
factor s, therefore, is to control the width of the “trough” where the losses remain strictly less than
1: Note that for any scale factor s > 0, if ρ(sy − sŷ) < 1 then sy − B1 < sŷ < sy + B1 , which
holds if and only if y − B1 /s < ŷ < y + B1 /s. Thus, the larger the choice of s, the narrower the
trough where losses less than 1 can be achieved for a given training example.
Figure E.2.1 depicts the error surfaces created by the set of three training examples for each of the
four clause types (for sufficiently large s) when the variables are distinct, i 6= j. Note that the
minimum loss any weight vector can achieve on a clause (i.e., on its associated set of three training
examples) is always 1, and this can only be achieved by assigning boolean weights that “satisfy” the
clause.
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Figure 3: Illustrating how an empty (bin, mirror bin) pair can be used to define which component
weight values are “nearly discrete” versus “close to 1/2”.
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Choosing the scale factor s: The scale factor s needs to be fixed to a sufficiently large value so
that, for any weight vector θ, there exists a “gap” between 0 and 12 (and a corresponding mirror
gap between 12 and 1) that contains no individual weight component θi . In particular, consider
 a
√

√

2) 1
, 2 ] into disjoint bins of size B1s 2 . There are at least b 21 −
partition of the interval [ B1 (1+
s
√ 
√
B1 (1+ 2)
/ B1s 2 c = b B 2s√2 − √12 − 1c such bins that fit entirely within the interval.15 So, by
s
1
setting
√
s = B1 2 2(|U | + 3)
(115)

it follows that there must be at least |U | + 1 disjoint bins of width

√
2) 1
[ B1 (1+
, 2 ],
s

√
B1 2
s

within the interval
√

2)
plus a mirror set of |U | + 1 disjoint bins within the interval [ 21 , 1 − B1 (1+
];
s
see Figure 2. Given that the weight vector only has |U | components, by construction, we know that
for any particular θ there must be at least one (bin, mirror bin) pair such that neither bin contains
any θi value; see Figure 3. We will use these empty bins to define which θi values are considered to
be “nearly discrete” versus “close to 1/2”, as shown in Figure 3.

Main argument: We now proceed to show that there is always a boolean weight vector that is a
global minimizer of the total clipped loss. Let
ρ(θ)

=

t
X
i=1

ρ(yi − Xi: θ)

(116)

denote the total clipped loss obtained by a weight vector θ on the constructed set of training examples. Let θ (0) be a global minimizer of (116). Then we know that there must be some (bin, mirror
bin) pair that contains no component of θ (0) , which we can use to define “nearly discrete” versus “close to 1/2” weight values (Figure 3). Then by Lemma 6 below we know there must be some
√

2) 1
The reason for considering the interval [ B1 (1+
, 2 ] instead of [0, 12 ] is that we also need to ensure the
s
empty bin does not intersect the parallelogram at the interesction
between an axis-parallel and diagonal trough.
√
2)
For a given s this will be true for any bin that is at least B1 (1+
away from 0 or 1.
s
15
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Figure 4: Illustrating the rounding scheme of Lemma 6 for a ui ∨ uj clause. (The scheme for the
other three clause types depicted in Figure E.2.1 is isomorphic. Weight pairs (θi , θj ) in the four red
corner quadrants are rounded to the boolean corners. Weight pairs (θi , θj ) in the four blue semirectangles on the edges are rounded to the line where the “nearly discrete” value becomes boolean.
Weight pairs (θi , θj ) in the green central square are not rounded. No weight pair occurs in the
cross-hatch formed by the empty bins.

weight vector θ (1) which contains only boolean or “close to 1/2” values such that ρ(θ (1) ) ≤ ρ(θ (0) ).
Then by Lemma 7 below we know there must exist a pure boolean weight vector θ (2) such that
ρ(θ (2) ) ≤ ρ(θ (1) ). Finally given a boolean assignment θ (2) , a corresponding truth assignment u(2)
can be directly recovered via the transformation
ui = true ⇔ θi = 1
ui = false ⇔ θi = 0.
Furthermore, for a boolean weight vector θ

(2)

(117)

we have that

ρ(θ (2) ) = 3 × |{clauses falsified by u(2) }|

+ 1 × |{clauses satisfied by u(2) }|

(2)

= 3|C|−2 × |{clauses satisfied by u
(2)

(118)
}|.

(119)

(2)

It then follows that |{clauses satisfied by u }| ≥ K if and only if ρ(θ ) ≤ 3|C| − 2K. That is,
the minimum clipped loss achieved can be used to decide whether K clauses can be satisfied in the
original instance.

Lemma 6. For any weight vector θ there is always a weight vector θ̃ with only boolean components
or components that are “close to 1/2” such that ρ(θ̃) ≤ ρ(θ).
Proof. Fix θ and use one of its empty bins to define which component values are “nearly discrete”
versus “close to 1/2”. Let θ̃ be the vector obtained by rounding all “nearly discrete” values of θ to
their nearest boolean value. We show that the total clipped loss obtained by θ̃ cannot be greater than
that of θ.
Consider Figure 4, which depicts the effect of rounding for a clause of the ui ∨ uj type (the other
three cases are isomorphic). For any clause, there are two situations to consider: when both weights
are rounded and when only one weight is rounded.
First, consider the case where both weights (θi , θj ) are “nearly discrete” and hence both are rounded
to their nearest boolean value. This corresponds to being in one of the red corner quadrants shown
in Figure 4. By inspection, one can see that the boolean assignment within each quadrant achieves
the minimum loss attainable within the quadrant. In particular, in the three “satisfying” quadrants
29
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Figure 5: Possible weight pairs that can occur after rounding.

the boolean assignment is the strict minimizer of the loss, whereas in the “falsifying” quadrant all
assignments achieve the same loss of 3. Therefore, the total loss cannot have increased on such a
clause due to rounding.
Second, consider the case where one of the weights is “nearly discrete” and hence rounded, while
the other is “close to 1/2” and hence not rounded. This corresponds to being in one of the blue semirectangles on the edges shown in Figure 4. Once again, by inspection one can see that rounding the
“nearly discrete” weight to its nearest boolean value cannot increase the loss obtained. In particular,
rounding the “nearly discrete” variable yields the minimum loss assignment in the top and right
semi-rectangles, while every assignment in the bottom and left semi-rectangles obtains the same
loss of 3. This
latter property is precisely what is achieved by the bin definitions: the empty bin
√
width of B1s 2 is sufficient to ensure that the blue semi-rectangles do not intersect the diagonal
trough. Therefore, the total loss cannot have increased on such a clause due to rounding.
In clauses where both weights are “close to 1/2” (the green square in the middle) neither weight is
rounded, hence the loss does not change. The result follows.

Lemma 7. For any weight vector θ with only boolean components or components that are “close
to 1/2” there is always a boolean weight vector θ̂ such that ρ(θ̂) ≤ ρ(θ).
Proof. Consider Figure 5, which depicts the possible weight pairs (θi , θj ) participating in a clause
of type ui ∨ uj . (The situation for any of the clause types is isomorphic.) The isolated red points are
the only purely boolean values, the blue line segments indicate pairs where one value is boolean, and
the green square shows the region where both weights are “close to 1/2”. Observe that any weight
pair with one or more “close to 1/2” values (i.e., the union of the blue lines and the green square) has
loss at least 2.
Given the weight vector θ, patition the clauses into three subsets: the set of clauses where both
weight values are boolean (“closed clauses”), the set of clauses where one weight is boolean and the
other is not (“mixed clauses”), and the set of clauses where both weights are “close to 1/2” (“open
clauses”). Let the set of “non-closed clauses” consist of the union of the “mixed clauses” and the
“open clauses”. From above, we know that θ achieves a loss of at least 2 on each “non-closed
clause”. Let c denote the loss per clause achieved by θ on the “closed clauses”. There are two cases
to consider.
Case 1: (c ≥ 2) In this case the overall loss per clause achieved by θ must be at least 2, which
implies the total loss is ρ(θ) ≥ 2|C|. Therefore, by Lemma 8 below we know that there must exist
30

some assignment û to the variables in U that satisfies at least |C|
2 of the clauses in C. Let θ̂ denote
the corresponding boolean weight vector, recovered via the translation (117). By (119) we know
that
ρ(θ̂)

=
≤
≤

3|C| − 2 × |{clauses satisfied by u(2) }|
2|C|
ρ(θ).

(120)
(121)
(122)

Case 2: (c < 2) Let B denote the indices where θ is boolean, and let N denote the indices where
θ is “close to 1/2”. (Since c < 2 there must be at least one component θi that is boolean.) Fix
the boolean components of θB , which in turn fixes the outcomes on the “closed clauses”. For any
“mixed clause” let θi denote the weight that is boolean. We would like to preserve the assignment
of θi . Therefore, temporarily replace such a mixed clause with a new singleton clause defined by
substituting ui with its partner uj . Consider the new set of altered “mixed clauses”, in union with the
set of “open clauses”. Denote this new set C̃. Note that C̃ is defined only on the subset of variables
UN corresponding to weights in θ that are “close to 1/2”. By Lemma 8 below, there must be some
assignment ũN that satisfies at least half of the clauses in C̃, hence there exists a corresponding
boolean weight vector θ̃N that achieves a loss of at most 2|C̃| on C̃.
Now consider the boolean weight vector θ̂ formed by conjoining θB with θ̃N . Note that for any
“closed clause” θ and θ̂ behave identically and hence achieve the same loss. However, recall θ
achieves a loss of at least 2 on each “non-closed clause”, while by the above construction, θ̂ achieves
a loss of at most 2 per clause over the “non-closed clauses”. (In particular, even though ûN was
constructed by satisfying temporarily altered “mixed clauses” above, if it satisfies such a clause,
then it must also satisfy the original “mixed clause”.) Hence ρ(θ̂) ≤ ρ(θ).
Since in each of the two cases we were able to identify a boolean weight vector θ̂ that achieves a
loss no worse than θ, the result must follow.

Lemma 8. For any MAX2SAT instance (U, C, K) and any assignment u to its variables U , either
u or its negation ¬u must satisfy at least |C|
2 of the clauses in C.
Proof. Consider any assignment u. Note that ¬u must satisfy each clause that u falsifies. Therefore,
|C|
if u satisfies fewer than |C|
2 clauses, it must falsify at least 2 of the clauses, hence ¬u would have
|C|
to satisfy at least 2 of the clauses. Otherwise, u satisfies at least |C|

2 of the clauses.
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E.2.2

Hardness of Bounded Loss Minimization

Finally, we are in a position to prove Theorem 2 from the main body. Recall the definition of
bounded loss minimization (Definition 8).
Theorem 2. Bounded (non-constant) loss minimization is NP-hard.
Proof. We transform MAX2SAT to bounded-loss minimization. Let (U, C, K) constitute an instance of MAX2SAT. Use the same widget construction as in the proof of Theorem 7. Let
t = 3|C|
(123)
t
X
`(θ) =
`(yi − Xi: θ)
(124)
i=1

`∗

=

min `(θ)

(125)

θ

on the constructed training set.
To prove that minimizing the bounded loss ` can be used to decide whether K clauses can be
satisfied, first consider an intermediate clipped-loss version of the problem. In particular, let
1
ˆ − ŷ) =
`(y
(126)
1 `(y − ŷ)
1 − 2t
ˆ − ŷ))
ρ̂(y − ŷ) = min(1, `(y
(127)
ρ̂(θ)

t
X

=

i=1

ρ̂∗

=

ρ̂(yi − Xi: θ)

min ρ̂(θ)

(128)
(129)

θ

on the constructed training set. Note that `ˆ is a 1-minimal loss with B̂1 = B1− 2t1 (see Definition 4).
Therefore, by Theorem 7, ρ̂∗ can be used to decide whether K clauses can be satisfied in the original
MAX2SAT instance. Recall also that ρ̂∗ must be integer valued in this case.
Lemma 9 below shows that ρ̂∗ − 21 ≤ `∗ ≤ ρ̂∗ . It then follows that for any integer n, ρ̂∗ ≤ n if and
only if `∗ < n + 21 . To see why this must hold, note: (⇐) if `∗ < n + 21 then ρ̂∗ ≤ `∗ + 12 < n + 1,
hence ρ̂∗ ≤ n since ρ̂∗ is integer valued; and also (⇒) if `∗ ≥ n + 21 then ρ̂∗ ≥ `∗ ≥ n + 21 ,
hence ρ̂∗ > n since ρ̂∗ is integer valued. Therefore, `∗ can be used to decide what integer value ρ̂∗
achieves, which in turn can be used to decide whether K clauses can be satisfied by Theorem 7. 
Note that bounded-loss minimization is strongly NP-hard if B1− 2t1 is polynomial in t = 3|C|.
Lemma 9. ρ̂∗ −

1
2

≤ `∗ ≤ ρ̂∗ .

Proof. First, note that for any (y, ŷ)
ρ̂(y − ŷ) −

1
2t

=

=
≤ `(y − ŷ)
≤ ρ̂(y − ŷ).

Therefore, for any θ
∗

1
2t )ρ̂(y − ŷ)
1
ˆ − ŷ))
(1 − 2t
) min(1, `(y
1
min(1 − 2t
, `(y − ŷ))

≤ (1 −

ρ̂(θ) −

1
2

≤

`(θ) ≤ ρ̂(θ).

(130)
(131)
(132)
(133)
(134)
(135)

If we let θ = arg minθ `(θ) and θ̂ = arg minθ ρ̂(θ), it is then immedate that
ρ̂(θ̂) −

1
2

≤ ρ̂(θ ∗ ) −
≤ `(θ ∗ )
≤ `(θ̂)

≤ ρ̂(θ̂).
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