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Abstract

Recently universalplanninghasbecomefeasiblethroughthe useof efficient
symbolic methodsfor plan generationand representatiofasedon reducedor-
deredbinary decisiondiagrams(oBDDSs). In this paper we addressaadwersarial
universalplanningfor multi-agentdomaingn which asetof uncontrollableagents
maybeadwersarialto us. We presentwo new 0BDD-basediniversalplanningal-
gorithmsfor suchadwersarialnon-deterministidinite domains namelyoptimistic
adversarialplanningandstrong cyclic adversaral planning We prove andshaw
empiricallythatthesealgorithmsextendtheexistingfamily of oBDD-basediniver
salplanningalgorithmsto thechallengingdomainswith adversariakervironments.
We further relateadwerserialplanningto positive stochastiqgamesby analyzing
the propertiesof adwersarialplanswhentheseare consideredoliciesfor posi-
tive stochastiggames. Our algorithmshave beenimplementedwithin the Multi-
agentoBDD-basel Planner umop, using the Non-deterministicAgent Domain
LanguageNADL.

Keywords: adwersarialuniversalplanning multi-agentplanning,non-deterministiclio-
mains,stochastigames.



1 Intr oduction

Universalplanning,asoriginally developedby Schopperg1987),is an approacHor
handlingervironmentswith contingenciesUniversalplanningis particularlyappeal-
ing for active ervironmentscausingactionsto be non-deterministicA universalplan
associatesachpossibleworld statewith actionsrelevantin thatstatefor achieving the
goal. Dueto the non-deterministioutcomeof actions,a universalplanis executedby
iteratively observingthe currentstateand executingan actionin the plan associated
with thatstate.

In the generalcasethe non-determinisnforcesa universalplan to cover all the
domainstates.Sinceplanningdomainstraditionally have large statespacesthis con-
straintmakegherepresentatioandgeneratiorof universalplansnontrivial. Recently
reducedrderedbinarydecisiondiagramgoBDDs,[1]) have beenshavn to be efficient
for synthesizingandrepresentinginiversalplans[2, 3, 6]. OBDDS arecompactepre-
sentation®f Booleanfunctionsthathave beensuccessfullyappliedin symbolicmodel
cheding [7] to implicitly represenaindtraversevery large statespaces.Using simi-
lar techniquesa universalplanrepresentedsan oBDD canbe efficiently synthesized
by a backwardbreadth-firstsearchfrom the goal to the initial statesin the planning
domaint

TherearethreeoBDD-basedplanningalgorithms: strong, strong cyclic and opti-
mistic planning Strongandstrongcyclic planningwere contributedwithin the MBp
plannei2, 3]. MBP specifiesa planningdomainin theactiondescriptiorlanguagedR
[4]. Thestrongplanningalgorithmtriesto generate strongsolution,i.e.,aplanwhere
all possibleoutcome®f the actionsin the planchangehe stateto a new statecloserto
the goal. The strongcyclic planningalgorithmreturnsa strongsolution,if oneexists,
or otherwisdriesto generatea planthatmaycontainloopsbutis guaranteetb achiere
thegoal,giventhatall cyclic executionseventuallyterminate.

Optimistic planningwas contributedwithin the umopr planner[6]. UmoP spec-
ifies a planningdomainin the non-deterministi@agentdomainlanguage NADL , that
explicitly definesacontrollablesystemandanuncontrollableenvironmentastwo sets
of synchronousgents.Optimistic planningtriesto generate relaxed plan wherethe
only requirementis that thereexists an outcomeof eachactionthatleadsto a state
nearerthe goal.

Noneof thepreviousalgorithmsaregenerallybetterthantheothers astheirstrengths
and limitations dependon the structureof the domain[6]. A limitation of the previ-
ous algorithms,however, is that they do not reasonexplicitly aboutthe joint actions
of systemandervironmentagents.Insteadthe ervironmentactionsare only implic-
ity representedby the non-determinisnthey causeon systemactions? This is an
importantrestrictionfor adwersarialdomains,asfor the strongcyclic and optimistic
algorithms,anadwersarialenvironmentmaybeableto preventgoalachiezement.

In this papermwe contributetwo new planningalgorithmsrobustfor adwersarialen-
vironments: optimistic adversarialplanning and strong cyclic adversarialplanning
Thesealgorithmsexplicitly represenervironmentactions. The plannercanthenrea-

1This work assumeshatthe non-deterministicdlomaindefinitionis known andthefocusis on the devel-
opmentof effective universalplanningalgorithmsunderthis assumption.
2Figurel(b)illustratesthe representatiofor anexampledomainintroducedn nextsection.



sonabouttheseactionsandtake adwersarialbehaior into account.We prove that,in
contrasto strongcyclic plans,strongcyclic adversarialplansguarantegoalachieve-
mentindependenthof the ernvironmentbehaior. Similarly, we prove that optimistic
adwersarialsolutionsimprove the quality of optimistic solutionsby guaranteeinghat
a goal statecanbe reachedrom ary statecoveredby the optimistic adwersarialplan
independentlyf the behaior of theervironment. Theresultsareverified empirically
in ascalableexampledomainusinganimplementatiorof our algorithmsin theumopP
planningframevork.

Adversarialplanningis relatedto gametheory The main differenceis that the
goal is representedn termsof a setof statesinsteadof a utility function. Unlike
strongcyclic adwersarialplanning,gametreealgorithms suchasalpha-betanini-max
[5], canonly guaranteggoal achiezementif the searchis completeandthe opponent
usesa strict mini-max stratgy. In practice,though,the explicit-state searchhasto
be depth-boundeth which casethe approachs reducedo heuristicactionselection.
Matrix gamesare stateles@ndthereforestrictly lessexpressve. The game-theoretic
framework thatis closestin relationto adwersarialplanningis stochastigameqSGs).
Stochastiqgamesextend Markov decisionprocesse$MDPSs) to multiple agents. An
MDP hastransitionprobabilitiesandis thusmoreexpressve thanthenon-deterministic
transitionmodelof adwersariaplanning.We shaw, though thatanadwersariaplanning
problemcanbetranslatednto an SG problemby addingnon-zeratransitionprobabil-
ities. We further prove that an optimistic adwersarialplan exists if andonly if the
correspondingpositive stochastigamesolutionhasa positive expectedreward. More-
over, if a strongcyclic adwersarialplan exists, thenthe stochastiggamesolutionhas
maximumexpectedreward.

Therestricteddomainmodelof adwersarialplanningis suitablefor problemswvhere
transitionprobabilitiesareirrelevant(e.g. worstcaseanalysis). The advantageof this
domainmodel comparedo the MDP modelof SGsis thatit allows the application
of symbolicsolutionmethodsthat potentiallyscaleto muchlarger domainsthancan
be handledby the explicit-state value iteration methods(e.g. [9]) usedfor solving
stochastigames.

The remaindetrof the paperis organizedasfollows. Section2 definesour repre-
sentationof adwersarialdomainsandintroducesan exampledomainusedthroughout
the paper Section3 definesthe optimistic andstrongcyclic adwersarialplanningal-
gorithmsandprovestheir key properties.In Section4 we defineandprove properties
of the stochastigamerepresentatiomf the adwersarialplanningproblems. Finally,
Section5 draws conclusionsanddiscusseslirectionsfor futurework.

2 Adversarial Plan Domain Representation

An NADL domaindescriptionconsistsof: a definition of statevariables a description
of systemand ervironmentagents and a specificationof initial andgoal conditions
Thesetof statevariableassignmentdefinesthe statespaceof thedomain.An agents
descriptioris asetof actions At eachstep,all of theagentgperformexactly oneaction,
andtheresultingactiontupleis ajoint action® The systemagentsnodelthe behaior

3In theremaindeof the paperwe will oftenreferto joint-actionsassimply actions.



of the agentscontrollableby the planney while the ervironmentagentamodelthe un-
controllableervironment.Therearetwo cause®f non-determinisnm NADL domains:
(1) actionshaving multiple possibleoutcomesand(2) uncontrollableconcurrenenvi-
ronmentactions.Systemandervironmentactionsareassumedio beindependensuch
thatan actionchoserby the systemin somestatecannot influencethe setof actions
thatcanbe choserby theervironmentin thatstateandvice versa.No assumptiongre
madeaboutthe behaior of environmentagents.They might be adversarial trying to
preventgoalachievementof the systemagents.

We representhe transitionrelation of an NADL domainwith a Booleanfunction,
T(S,as,ac, S"). S isthecurrentstate,a, anda. aresystemandenvironmentactions
andS’ is anext state.T'(S, as, a., S') is trueif andonly if S” is a possiblenext state
when executing (a;, a.) in S. We assumehat a next stateis possibleonly if it is
associateavith anon-zerdransitionprobabilityin theworld we model.

A planningproblemis atuple (T, I, G), whereT is atransitionrelation,and’ and
G areBooleanfunctionsrepresentinghe initial andgoal statesyespectrely. A uni-
versalplan, U, is apartialmappingfrom the domainstatego the power setof system
actions.A universalplanwould beexecutedby thesystemagentdy iteratively observ-
ing thecurrentstateandexecutingoneof theactionsin theuniversalplanassociatetb
thatstate.

As anexample,considerthedomainshavn in Figurel. This domainhasa single
systemagentthatcanexecutethe actions+s and—s, anda singleervironmentagent
that canexecutethe actions+e¢ and—e. Edgesin thefigure arelabeledwith the cor
respondingoint action. Thereare5 statesnamely/, ¥, D, U andG. I andG arethe
only initial andgoalstatesyespectiely. D is a deadendstate asthe goalis unreach-
ablefrom D. Thisintroducesanimportantdifferencebetween/ andU, thatcaptures
amainaspecbf the adwersarialplanningproblem.We canview thetwo statesF" and
U asstatesn which the systemandthe ervironmenthave differentopportunites.Ob-
sene thatthe systentwins”, i.e.,reacheshegoal,only if thesignsof thetwo actions
in the joint actionare different. Otherwiseit “loses”, asthereis no transitionto the
goalwith a joint actionwith actionswith the samesign. The goalis reachabldrom
bothstates” andU. Howevertheresultof a“losing” joint actionis differentfor ' and
U.In F, thesystemagentremaingn F. Thus,thegoalis still reachabldor apossible
futureaction. In U, however, the agentmaytransitionto the deadendstateD, which
makest impossibleto reachthegoalin subsequerdteps.

Now considethow anad\ersarialervironmentcantakeadwantageof thepossibility
of the systemreachinga deadendfrom U/. Sincethe systemmay endin D, when
executing—s in U, it is reasonabléor the ervironmentto assumehatthe systemwill
alwaysexecute+s in U. But now the environmentcanpreventthe systemfrom ever
reachinghegoalby alwayschoosingaction+e¢, sothesystenmshouldcompletelyavoid
the paththrought.

This exampledomainis importantasit illustrateshow anadwersarialervironment
canactpurposelyto obstructthe goalachievementof the system.We will useit in the
following sectiongo explain our algorithms.A universalplan,guaranteeinghat G is
eventuallyreachedis {(I,{+s}), (F,{+s, —s})}. In contrasto ary previousuniver
sal planningalgorithm,the strongcyclic adwersarialplanningalgorithmcangenerate
this planasshavn in Section3.3.
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Figurel: An adwersarialplanningdomainexamplewith initial state/ andgoalstateG.
Thereis asinglesystemandervironmentagentwith actions{+s, —s} and{+e, —¢},
respectiely. (a) shavsthe explicit representatioof environmentactionsusedby our
adwersarialplanningalgorithms,while (b) shawvs the implicit representatiomsedby
previous algorithms,wherethe effect of environmentactionsis modeledby the non-
determinisnof systemactions.

3 Adversarial Planning

We introducea genericfunctionPlan(T, I, G) for representingpsDD-baseduniversal
planningalgorithms. The algorithms,including ours, only differ by definition of the
functioncomputingthe precomponentPreComgT’, V)).

Thegenericfunctionperformsa backwardoreadth-firssearcifrom thegoalstates
to the initial states. In eachstepthe precomponent(/,, of the visited states,V’, is
computed. The precomponents a partial mappingfrom statesto the power set of
systemactions.Eachstatein the precomponenis mappedo a setof relevantsystem
actionsfor reachingV’.

function Plan(7, I, G)

U=0KhV=0G
while I ¢ V

Up := PreComp(T,V)

if U, = 0 thenreturn failure

elselV :=UUU,

V :=V U states(U,)

return U

If theprecomponenis emptyafixpoint of V hasbeenreachedhatdoesnot cover the



initial states.Sincethis meanghatno universalplancanbe generatedhatcoversthe
initial statesthe algorithmreturnsfailure. Otherwise the precomponenis addedto
the universalplan andthe statesin the precomponenare addedto the setof visited
states All setsandmappingdn thealgorithmarerepresentetly oBDDS. In particular
the universalplanandthe precomponerarerepresentedly the characteristiédunction
of thesetof state-actionpairsin themapping.

3.1 The Optimistic Adversarial Precomponent

The coreideain adwersarialplanningis to be ableto generatea planfor the system
agentghatensureshatthe environmentagentsyith completedomainknowledge are
unableto chooseactionsthatpreventthe systemfrom reachinghe goal. We formalize
thisideain thedefinition of afair state A states is fair with respecto a setof states,
V', anda universalplan, U, if, for eachapplicableervironmentaction, thereexists a
systemactionin U suchthatthe joint actionhasa possiblenext statein V. Formally
we have:

Definition 1 (Fair State) A state, s, is fair with respectto a setof states,l’, and a
universalplan, U, if andonlyif Va. .3as; € U(s).T(s,as,a.,8')As' € V.

For corveniencewe definean unfair stateto be a statethatis not fair. The optimistic
adwersarialprecomponenis an optimistic precomponenprunedfor unfair states.In
orderto useaprecomponerfor oBDD-basediniversalplanningwe needo defineit as
abooleanfunctionrepresentetly an oBbD. Theoptimisticadwersarialprecomponent
(OAP) is thecharacteristiéunctionof the setof state-actiompairsin theprecomponent:

Definition 2 (OAP) Givena transitionrelation, T, the optimisticadversarialprecom-
ponentof a setof states,V, is the setof state-actiorpairs givenby the characteristic
function:

OAP(T,V)(s,as) = (VYac.A(s,ac) = J(s,a.)) 1)
Adae, s’ . T(s, as,ac, s') 2

N €V AsgV (3)

J(s,a.) = Fas, s .T(s, as, ac,s) 4)

Ns' eV (5)

A(s,ae) = Fas, s . T(s,as,ac,s). (6)

Line (1) ensureghatthe stateis fair. It saysthat, for ary statein the precomponent,
every applicableervironmentaction(definedby A(s, a.)) mustalsobeincludedin a
joint actionleadingto V' (definedby J (s, a.)). Line (2) and(3) saythatevery system
actiona, relevantfor astates ¢ ¥V musthave atleastonenext statein V.

Figure2 shavsthe optimisticadwersarialprecomponemnf stateGG for theexample
domain(OAP(G) = {(F,+s), (F,—s),(U,+s), (U,—s)}). For clarity we include
thetransitionsof theactionsin the precomponent.



Figure2: The OAP of G for theexampleof Figurel.

3.2 The Strong Cyclic Adversarial Precomponent

A strongeyclic adwersarialplanis astrongeyclic planwhereevery stateis fair. Thus,all
theactionsin the planleadto statescoveredby the plan. In particular it is guaranteed
that no deadendsarereached. The strongcyclic adwersarialprecomponen(SCAP)
consistsof a union of optimistic precomponentahereeachstatein one of the opti-
mistic precomponentss fair with respecto all statesn the previous precomponents
andthesetof visitedstates.

Thealgorithmfor generatingan SCAPaddsoneoptimisticprecomponerdtatime.
After eachaddition,it first prunesactionswith possiblenext statesot coveredby the
optimistic precomponentandthe setof visited states.It thensubsequentlprunesall
the stateghatareno longerfair afterthe pruningof outgoingactions.If all the states
areprunedfrom the precomponenthealgorithmcontinuesaddingoptimisticprecom-
ponentsuntil no actionsare outgoing. Thus,in the final SCAR we may have cycles
dueto loopsandtransitionscrossingthe boundarieof the optimistic precomponents.
Again,we definetheprecomponerasthecharacteristifunctionof asetof state-action
pairs:

Definition 3 (SCAP) Givenatransitionrelation, 7', thestrongcyclicadversarialpre-
componenbf a setof states,V, is the setof state-actiorpairs givenby the character
istic functionSCAP (T, V) (s, as).

function SCAP(T,V)
i:=0; OAg := OAP(T,V)
while OA; £ 0
SCA := PruneSCA(T,V,0A,i)
if SCA # () then
return SCA
else 1 :=i+1
OA; = OAP(T, Vu states(OA))
return
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Figure3: (a) The OAP prunedfor actionswith outgoingtransitions;(b) The SCAPof
G, for theexampleof Figurel.

function PruneSCA(T,V, QA1)
repeat
SCA .= Ué‘:o OA4;
Ve .=V, Vp := V U states(OA)
forj=0toi
P := PruneQutgoing (T, Vr, OA;)
OA; := PruneUnfair(T, V¢, P)
Ve = Ve U states(OA;)
until SCA = U%_, 04;

return SCA
PruneOutgoing(T,V, OA) = OA(s,as) AVae,s . =T(s,as,ae,s')VV(s)
PruneUnfair(T,V, OA) = SA(s,as) AVae.A(s,ac) = J(s,ac)

SCAP(T,V) addsanoptimisticadwersarialprecomponenntil the pruningfunc-
tion PruneSCA(T, V, OA, 1) returnsa non-emptyprecomponentThe pruningfunc-
tion keepsa local copy of the optimistic adwersarialprecomponentg anarray OA..
SCA istheprecomponenfioundsofar. Thepruningcontinuesuntil SCA reaches fix
point. Vi is the setof statesn the currentprecomponentln eachiterationtransitions
leadingout of Vi arepruned.Stategurningunfairwith respecto V¢, becausef this
pruning,arethenremoved. V¢ is theunion of all the statesn the previousoptimistic
precomponentandthe setof visitedstatesl”.

For anillustration,consideragainthe OAP of GG (seeFigure?2). Action —s would
have to beprunedfrom U sinceit hasanoutgoingtransition. TheprunedOAP is shavn
in Figure3(a). Now thereis no actionleadingto GG in U whentheervironmentchooses
+e. U hasbecomeunfair and mustbe prunedfrom the precomponent.Sincethe



precomponerits non-emptyno moreoptimisticprecomponentlave to beadded.The
resultingprecomponentfCAP (G) = {(F, +s), (F, —s)}, is shavn in Figure3(b).

3.3 Advantagesof Adversarial Planning

Optimisticandstrongcyclic adwersarialplanningextendthe previousoBbD-baseduni-
versalplanningalgorithmsby pruningunfair statedrom theplan. For example,for the
domainof Figurel, the strongcyclic planningalgorithmwould generatehe solution
{I,{+s,—5}), (F,{+s,—s}), (U, {+s})}, while the strongcyclic adwersarialplan-
ning algorithm, asintroducedabore, generateshe plan {(7, {+s}), (¥, {+s, —s})}.
It is capableof pruningU from the plan, sinceit becomesaunfair. Also notethatthe
solutionis nota plain strongplan sinceprogressowardsthe goalis not guaranteeéh
every state.lt is easyto verify thatthereactuallyis no strongsolutionfor this domain.

In orderto stateformal propertiesof adwersarialplanning,we definethe level of a
stateto bethe numberof optimistic adwersarialprecomponent§om the goal statego
the state.We cannow prove thefollowing:

Theorem 1 (SCA Termination) A strong cyclic adversarialplan eventuallyreades

randomly

Proof: Sinceall unfair statesand actionswith transitionsleadingout of the strong
cyclic adwersariaplanhave beenremoved,all thevisitedstateswill befair andcovered
by the plan. Fromthe assumptioraboutnon-zerotransitionprobabilitiesto possible
next statesandthe randomchoiceof actionsin the plan, it thenfollowsthateachexe-
cutionof a planactionhasa non-zergprobability of leadingto a stateat a lower level.
Let m be the maximumlevel of somestatein the strongcyclic adwersarialplan (m
exists sincethe statespacsds finite). Let p denotethe smallestprobability of progress-
ing atleastonelevel for ary statein the plan. Then,from every statein the plan, the
probability of reachinga goal statein m stepsis atleastp™. Thus,the probability of
reachinga goal statein mn stepsis atleastl — (1 — p™)”, which approaches for
n — oo . Thus,agoalstatewill eventuallybereached. |

Theterminationtheoremmakesstrongcyclic adwersarialsolutionsmore powerful
than strongcyclic solutionssinceterminationof strongcyclic solutionsonly canbe
guaranteedby assumingno infinite looping (i.e. a “friendly” ervironment). For opti-
mistic gamesolutions terminationcannotbe proved sincedeadendsmaybereached.
However, since optimistic solutionsonly consistof fair states,thereis a chanceof
progressingowardsthe goalin eachstate:

Theorem 2 (OA Progress) Thek is a non-zeo probability of reading the goal from
ead statein an optimisticadversarialplan if the actionsin the plan are chosenran-
domly

Proof: This follows directly from theassumptioraboutnon-zeratransitionprobabili-
tiesandthefactthateachstatein theplanis fair. |



Optimistic solutionsdo not have this propertysinceunfair statesmay be includedin
the plans. Thus, it may be possiblefor the ervironmentto prevent the systemfrom
progressingowardsthe goaleitherby forcing a transitionto a deadendor by making
transitionscyclic.

3.4 Empirical Results

The ad\ersarialand previous oBDD-baseduniversal planningalgorithmshave been
implementedn thepublicly availableumop planningframevork. In orderto illustrate
the scalability of our approachwe usea generalversionof the example domainof
Figurel, asshovnin Figure4.
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Figure4: A generalersionof thedomainof Figurel.

The domainhasa single systemandenvironmentagentwith actions{+s, —s, [}
and{+e, —e}, respectiely. Thesystenprogresses thesignsof thetwo actionsin the
joint actionaredifferent.At ary time, it canswitchfrom thelowerto the upperrow of
statesy executing!. In theupperrow, thesystemcanonly execute+s. Thus,in these
statesanadwersariakervironmentcanpreventfurtherprogresdy alwaysexecuting+-e.

Figure 5 shaws, in a logarithmic scale,the runningtime and the plan size asa
function of the numberof domainstateavhenfinding strongcyclic andstrongcyclic
adwersarialsolutions? In this domainbothalgorithmsscalewell. Thereis alow num-
berof oBDD nodesgrowing linearly with the logarithmof the sizeof the statespace.
For the largestdomainwith 65,536statesthe CPU time is lessthan 32 seconddor
generatingthe strongcyclic adwersarialplan. The resultsalso demonstratehe effi-
cieng of oBDDs for representinguniversalplansin structureddomains. The strong
cyclic adwersarialplansonly considerexecuting—s and +s, while the strongcyclic
plansconsiderall applicableactions. Hence,the strongcyclic adwersarialplanshave
abouttwice asmary oBDD nodesandtakeabouttwice aslong time to generate But
this slightly highercostof generatinga strongcyclic adwersarialplan paysoff well in
planquality. Thestrongcyclic adwersarialplanis guaranteedtb achiere the goalwhen

4The experimenwvas carriedout on a 500 MHz Pentiumlll PC with 512 MB RAM runningRed Hat
Linux 5.2.
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Figure5: CPUtime andPlansizeof strongcyclic andstrongcyclic adwersarialsolu-
tionsasafunctionof domainsize.

choosingactionsin the plan randomly In contrast,the probability of achieving the
goalin theworstcasefor the strongeyclic planis Iessthan(%)N”‘l, whereN is the
numberof statesn thedomain.Thus,for anadwersarialkervironmenttheprobabilityof
reachingthegoalwith a strongcyclic planis practicallyzero,evenfor smallinstances
of thedomain.

4 Relationto StochasticGames

A stodasticgameis atuple (n, S, A1, T, R1._ ), wheren is thenumberof agents,
S is the setof states,A; is the setof actionsavailableto playeri (and A is thejoint

actionspaced; x ... x A,), T is thetransitionfunctionS x A x S — [0, 1], and
R; is arewardfunctionfor the ith agentS — R. A solutionto a stochastiggameis

a stationarythoughpossiblystochastigolicy, p : S — PD(4;), for anagentin this

ervironmentthatmapsstatedo aprobabilitydistributionoverits actions.Thegoalis to

find sucha policy thatmaximizesheagents futurediscountedeward. In a zero-sum
stochastiggame two agentshave rewardsaddingup to a constantwalue,in particular
zero. Thevalueof a discountedstochastiggamewith discountfactor~ is avectorof

valuesonefor eachstate satisfyingthe equation:

Vy(s) = max  min o(as) (Z T(s,as,ac,s’) (R(s") + ”)/V,Y(S/)))
as€A;

PD(A;)ac€A.
0EPD(As) Jes

For positive stochastigamesthe payofs aresummedvithoutadiscountfactor, which
canbecomputedasV'(s) = lim,,_, ;- V, (s).

The derived stochastiogamefrom a universalplanningproblemis given by the
following definition:

11



Definition 4 A derivedstochastigamefroma planningproblem,(T, I, G), is a zeo-
sumstodasticgamewith statesandactionsidenticalto thoseof the planningproblem.
Reward for the systermagentis onewhenenteringa statein G, zeo otherwise Transi-
tion probabilities, T, are any assignmensatisfying,

T(s,as,ae,8") € (0,1] ifT(s,as,ae,s)

T(s,as,ae,8) =0 otherwise
We cannow prove thefollowing two theorems:

Theorem 3 Anoptimisticadversariablanexistsif andonlyif, for any derivedstodas-
tic gamethevalueat all initial stateds positive

Proof: (=) We prove by inductionon the level of a state. For a state,s, at level
one,we know the stateis fair with respecto the goal states.So, for every action of
the ervironment, thereexists an action of the systemthat transitionsto a goal state
with somenon-zeroprobability. If 7,,;, is the smallestiransitionprobability, thenif
the systemsimply randomizesamongits actions,it will receve areward of onewith
probabilityTlm . Therefore}V (s) > TIX:? > (. Considemstate,s, atlevel n. Sinces
is fair, we canusethe sameargumentasabove thatthe next statewill beatalevel less

thann with probabilityTlm . With theinductionhypothesiswe get,

V(s) > mny ) >
|45

Thereforeall statesn thesetV have a positive value. Sincethe algorithmterminates
with I C V, thenall initial stateshave apositive value.
(<) Assumefor somederived stochasticgamethat the value at all initial statesis
positive. Considerrunningthe optimistic adwersarialplanningalgorithmandfor, the
purposeof contradictionassumehe algorithmterminatesvith / ¢ V. Considerthe
states* ¢ V thatmaximizesV,, (s*). We know that, sincethe algorithmterminated,
s* mustnotbefair with respecto V. Sothereexists anactionof theenvironment,a.,
suchthat,for all a, thenext statewill notbein V. Sowe canboundthevalueequation
by assuminghe environmentselectsactiona,,

Vi(s*) < max Y o(a) (Z (s, ay,ac, ') wvv(s')))
s sV

Noticethatwe do not have to sumover all possiblenext statessincewe know the
transitionprobabilitiesto statesn V' arezero(by the selectionof a.). We alsoknow
that immediaterewardsfor statesnotin V' are zero, sincethey are not goal states.
By our selectionof s* we know thatV/,(s’) mustbe smallerthanthevalueof s*. By
substitutinghisinto theinequalitywe canpull it outsideof the summationsvhich now
sumto one.SoV (s*) = 0, aswe needto satisfy:

V(%) < Vi (s®) - 1

Sinceary initial stateis notin V', V(s*) musthave value equalto zero,which is a
contradictionto our initial assumptionSo,the algorithmmustterminatewith / C V,
andthereforeanoptimisticadwersarialplanexists. |
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Theorem 4 If a strong cyclic adversarialplan exists,thenfor any derivedstodastic
game thevalueat all initial statess 1.

Proof: Considera policy 7 thatselectsactionswith equalprobabilityamongthe un-
prunedactionsof the strongcyclic adwersarialplan. For statesnot in the adwersarial
plan selectan actionarbitrarily. We will computethe value of executingthis policy,
V.

k Considera states in thestrongcyclic adersarialplansuchthat V] (s) is minimal.
Let L(s) = N bethelevel of thisstate.Weknow thatthis stateis fair with respecto the
statesatlevel lessthan N, andtherefore(asin Theoreml) the probability of reaching
astates’ with L(s’) < N — 1 whenfollowing policy = is atleastp = TIX:T > 0. This
sameaigumentcanberepeatedor s’, andso aftertwo stepswith probability at least
p?, the statewill bes” whereL(s”) < L(s') — 1 < N — 2. Repeatinghis, after N
stepswith probabilityp™ , the statewill be sV whereL(s") < L(s) — N < 0, sosV
mustbe a goal stateandthe systenreceved areward of one.

Sowe canconsidethevalueatstates whenfollowing thepolicy =. We know after
N stepsf it hasnotreachedh goalstateit mustbein somestatestill in theadwersarial
plandueto the enforcemenbf the strongcyclic property In essenceall actionswith
outgoingtransitionsare prunedandthereforeare never executedby =. The value of
this stateby definitionmustbelargerthanVy (s). Therefore,

T N_ N Ny Ny
Vi(s) > py7 -1+ (1=p7 )y Vi (s)
N N
> TP
T 1-(1=pN)yN
pN
i T >
Vi) 2 g 2!

SoV7™(s) = 1 andsinces is the statewith minimal value,for ary initial states;,
V7™ (s;) = 1. SinceV (s;) maximizesover all possiblepolicies,V (s;) = 1. O

5 Conclusion

This papercontritutestwo new oBDD-baseduniversalplanningalgorithms,namely
optimistic and strongcyclic adwersarialplanning. Thesealgorithmsnaturally extend

the previous optimisticandstrongcyclic algorithmsto adwersarialenvironments.We

have provedthat,in contrasto optimisticsolutions optimisticadwersarialsolutionsal-

wayshave anon-zergrobabilityof reachingagoalstate Furthermorewe have proved

andshovn empirically that, in contrastto strongcyclic solutions,a strongcyclic ad-

versarialsolutionalwayseventuallyreachthe goal. Finally, we introducedandproved

severalrelationsbetweeradwersarialuniversalplanningandpositive stochastigames.
An interestingdirectionfor futurework is to investigatef adwersarialplanningcanbe

usedto scaleup the explicit-stateapproachefor solving stochastigamesy pruning
statesandtransitionsrrelevantfor finding anoptimalpolicy.
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