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Abstract

Recently, universalplanninghasbecomefeasiblethroughtheuseof efficient
symbolic methodsfor plan generationand representationbasedon reducedor-
deredbinary decisiondiagrams(OBDDs). In this paper, we addressadversarial
universalplanningfor multi-agentdomainsin whichasetof uncontrollableagents
maybeadversarialto us. We presenttwo new OBDD-baseduniversalplanningal-
gorithmsfor suchadversarialnon-deterministicfinite domains,namelyoptimistic
adversarialplanningandstrongcyclic adversarial planning. We prove andshow
empiricallythatthesealgorithmsextendtheexistingfamily of OBDD-baseduniver-
salplanningalgorithmsto thechallengingdomainswith adversarialenvironments.
We further relateadverserialplanningto positive stochasticgamesby analyzing
the propertiesof adversarialplanswhen theseare consideredpolicies for posi-
tive stochasticgames.Our algorithmshave beenimplementedwithin the Multi-
agentOBDD-based Planner, UMOP, using the Non-deterministicAgent Domain
Language,NADL.

Keywords:adversarialuniversalplanning,multi-agentplanning,non-deterministicdo-
mains,stochasticgames.
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1 Intr oduction

Universalplanning,asoriginally developedby Schoppers(1987),is an approachfor
handlingenvironmentswith contingencies.Universalplanningis particularlyappeal-
ing for active environmentscausingactionsto benon-deterministic.A universalplan
associateseachpossibleworld statewith actionsrelevantin thatstatefor achieving the
goal.Dueto thenon-deterministicoutcomeof actions,a universalplanis executedby
iteratively observingthe currentstateandexecutingan action in the plan associated
with thatstate.

In the generalcasethe non-determinismforcesa universalplan to cover all the
domainstates.Sinceplanningdomainstraditionallyhave largestatespaces,this con-
straintmakestherepresentationandgenerationof universalplansnontrivial. Recently,
reducedorderedbinarydecisiondiagrams(OBDDs,[1])have beenshown to beefficient
for synthesizingandrepresentinguniversalplans[2, 3, 6]. OBDDs arecompactrepre-
sentationsof Booleanfunctionsthathave beensuccessfullyappliedin symbolicmodel
checking [7] to implicitly representandtraversevery largestatespaces.Usingsimi-
lar techniques,a universalplanrepresentedasan OBDD canbeefficiently synthesized
by a backwardbreadth-firstsearchfrom the goal to the initial statesin the planning
domain.1

TherearethreeOBDD-basedplanningalgorithms:strong, strong cyclic andopti-
mistic planning. Strongandstrongcyclic planningwerecontributedwithin the MBP

planner[2, 3]. MBP specifiesaplanningdomainin theactiondescriptionlanguage���
[4]. Thestrongplanningalgorithmtriesto generateastrongsolution,i.e.,aplanwhere
all possibleoutcomesof theactionsin theplanchangethestateto anew statecloserto
thegoal. Thestrongcyclic planningalgorithmreturnsa strongsolution,if oneexists,
or otherwisetriesto generateaplanthatmaycontainloopsbut is guaranteedto achieve
thegoal,giventhatall cyclic executionseventuallyterminate.

Optimistic planningwascontributedwithin the UMOP planner[6]. UMOP spec-
ifies a planningdomainin the non-deterministicagentdomainlanguage,NADL , that
explicitly definesa controllablesystemandanuncontrollableenvironmentastwo sets
of synchronousagents.Optimisticplanningtriesto generatea relaxedplanwherethe
only requirementis that thereexists an outcomeof eachactionthat leadsto a state
nearerthegoal.

Noneof thepreviousalgorithmsaregenerallybetterthantheothers,astheirstrengths
andlimitationsdependon the structureof the domain[6]. A limitation of the previ-
ousalgorithms,however, is that they do not reasonexplicitly aboutthe joint actions
of systemandenvironmentagents.Insteadthe environmentactionsareonly implic-
itly representedby the non-determinismthey causeon systemactions.2 This is an
importantrestrictionfor adversarialdomains,as for the strongcyclic andoptimistic
algorithms,anadversarialenvironmentmaybeableto preventgoalachievement.

In this paperwecontributetwo new planningalgorithmsrobustfor adversarialen-
vironments:optimisticadversarialplanningandstrong cyclic adversarialplanning.
Thesealgorithmsexplicitly representenvironmentactions.Theplannercanthenrea-

1This work assumesthatthenon-deterministicdomaindefinitionis knownandthefocusis on thedevel-
opmentof effective universalplanningalgorithmsunderthisassumption.

2Figure1(b) illustratestherepresentationfor anexampledomainintroducedin nextsection.
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sonabouttheseactionsandtakeadversarialbehavior into account.We prove that, in
contrastto strongcyclic plans,strongcyclic adversarialplansguaranteegoalachieve-
mentindependentlyof theenvironmentbehavior. Similarly, we prove thatoptimistic
adversarialsolutionsimprove thequality of optimisticsolutionsby guaranteeingthat
a goalstatecanbe reachedfrom any statecoveredby theoptimisticadversarialplan
independentlyof thebehavior of theenvironment.Theresultsareverifiedempirically
in a scalableexampledomainusinganimplementationof ouralgorithmsin theUMOP

planningframework.
Adversarialplanningis relatedto gametheory. The main differenceis that the

goal is representedin termsof a set of statesinsteadof a utility function. Unlike
strongcyclic adversarialplanning,gametreealgorithms,suchasalpha-betamini-max
[5], canonly guaranteegoal achievementif the searchis completeandthe opponent
usesa strict mini-max strategy. In practice,though,the explicit-statesearchhasto
bedepth-boundedin which casetheapproachis reducedto heuristicactionselection.
Matrix gamesarestatelessandthereforestrictly lessexpressive. The game-theoretic
framework thatis closestin relationto adversarialplanningis stochasticgames(SGs).
StochasticgamesextendMarkov decisionprocesses(MDPs) to multiple agents.An
MDP hastransitionprobabilitiesandis thusmoreexpressive thanthenon-deterministic
transitionmodelof adversarialplanning.Weshow, though,thatanadversarialplanning
problemcanbetranslatedinto anSGproblemby addingnon-zerotransitionprobabil-
ities. We further prove that an optimistic adversarialplan exists if and only if the
correspondingpositivestochasticgamesolutionhasapositiveexpectedreward.More-
over, if a strongcyclic adversarialplan exists, thenthe stochasticgamesolutionhas
maximumexpectedreward.

Therestricteddomainmodelof adversarialplanningis suitablefor problemswhere
transitionprobabilitiesareirrelevant(e.g. worstcaseanalysis).Theadvantageof this
domainmodelcomparedto the MDP modelof SGsis that it allows the application
of symbolicsolutionmethodsthat potentiallyscaleto muchlargerdomainsthancan
be handledby the explicit-statevalue iterationmethods(e.g. [9]) usedfor solving
stochasticgames.

The remainderof the paperis organizedasfollows. Section2 definesour repre-
sentationof adversarialdomainsandintroducesanexampledomainusedthroughout
the paper. Section3 definesthe optimisticandstrongcyclic adversarialplanningal-
gorithmsandprovestheir key properties.In Section4 we defineandprove properties
of the stochasticgamerepresentationof the adversarialplanningproblems. Finally,
Section5 draws conclusionsanddiscussesdirectionsfor futurework.

2 Adversarial Plan Domain Representation

An NADL domaindescriptionconsistsof: a definitionof statevariables, a description
of systemandenvironmentagents, anda specificationof initial andgoal conditions.
Thesetof statevariableassignmentsdefinesthestatespaceof thedomain.An agent’s
descriptionis asetof actions. At eachstep,all of theagentsperformexactlyoneaction,
andtheresultingactiontupleis a joint action.3 Thesystemagentsmodelthebehavior

3In theremainderof thepaperwewill oftenreferto joint-actionsassimplyactions.
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of theagentscontrollableby theplanner, while theenvironmentagentsmodeltheun-
controllableenvironment.Therearetwo causesof non-determinismin NADL domains:
(1) actionshaving multiplepossibleoutcomes,and(2) uncontrollableconcurrentenvi-
ronmentactions.Systemandenvironmentactionsareassumedto beindependent,such
thatanactionchosenby thesystemin somestatecannot influencethesetof actions
thatcanbechosenby theenvironmentin thatstateandvice versa.No assumptionsare
madeaboutthebehavior of environmentagents.They might beadversarial, trying to
preventgoalachievementof thesystemagents.

We representthe transitionrelationof an NADL domainwith a Booleanfunction,���	��

����
�����

�����
.
�

is thecurrentstate,
���

and
���

aresystemandenvironmentactions
and

���
is a next state.

������
�����

����

�����
is trueif andonly if

���
is a possiblenext state

when executing
�	����

���
�

in
�

. We assumethat a next stateis possibleonly if it is
associatedwith anon-zerotransitionprobabilityin theworld wemodel.

A planningproblemis a tuple
����
���
����

, where
�

is a transitionrelation,and
�

and�
areBooleanfunctionsrepresentingthe initial andgoal states,respectively. A uni-

versalplan,  , is a partialmappingfrom thedomainstatesto thepowersetof system
actions.A universalplanwouldbeexecutedby thesystemagentsby iterativelyobserv-
ing thecurrentstateandexecutingoneof theactionsin theuniversalplanassociatedto
thatstate.

As anexample,considerthedomainshown in Figure1. This domainhasa single
systemagentthatcanexecutetheactions!#" and $%" , anda singleenvironmentagent
thatcanexecutetheactions!#& and $%& . Edgesin thefigurearelabeledwith thecor-
respondingjoint action.Thereare5 states,namely

��
�'(
�)*
  and
�

.
�

and
�

arethe
only initial andgoalstates,respectively.

)
is a deadendstate,asthegoalis unreach-

ablefrom
)

. This introducesanimportantdifferencebetween
'

and  , thatcaptures
a mainaspectof theadversarialplanningproblem.We canview thetwo states

'
and asstatesin which thesystemandtheenvironmenthave differentopportunities.Ob-

serve thatthesystem“wins”, i.e., reachesthegoal,only if thesignsof thetwo actions
in the joint actionaredifferent. Otherwiseit “loses”, asthereis no transitionto the
goal with a joint actionwith actionswith the samesign. The goal is reachablefrom
bothstates

'
and  . However theresultof a“losing” joint actionis differentfor

'
and . In

'
, thesystemagentremainsin

'
. Thus,thegoalis still reachablefor apossible

futureaction. In  , however, theagentmaytransitionto thedeadendstate
)

, which
makesit impossibleto reachthegoalin subsequentsteps.

Now considerhow anadversarialenvironmentcantakeadvantageof thepossibility
of the systemreachinga deadend from  . Sincethe systemmay end in

)
, when

executing $%" in  , it is reasonablefor theenvironmentto assumethatthesystemwill
alwaysexecute !#" in  . But now theenvironmentcanprevent thesystemfrom ever
reachingthegoalbyalwayschoosingaction !#& , sothesystemshouldcompletelyavoid
thepaththrough  .

This exampledomainis importantasit illustrateshow anadversarialenvironment
canactpurposelyto obstructthegoalachievementof thesystem.We will useit in the
following sectionsto explain our algorithms.A universalplan,guaranteeingthat

�
is

eventuallyreached,is + �	�,
 +-!#"/. �0
���'�
 +�!#" 
 $%"�. � . . In contrastto any previousuniver-
sal planningalgorithm,thestrongcyclic adversarialplanningalgorithmcangenerate
this planasshown in Section3.3.
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Figure1: An adversarialplanningdomainexamplewith initial state
�

andgoalstate
�

.
Thereis a singlesystemandenvironmentagentwith actions+�!#" 
 $%"�. and +�!#& 
 $%&�. ,
respectively. (a) shows theexplicit representationof environmentactionsusedby our
adversarialplanningalgorithms,while (b) shows the implicit representationusedby
previousalgorithms,wheretheeffect of environmentactionsis modeledby thenon-
determinismof systemactions.

3 Adversarial Planning

We introducea genericfunctionPlan
�1��
���
����

for representingOBDD-baseduniversal
planningalgorithms. The algorithms,includingours,only differ by definition of the
functioncomputingtheprecomponent(PreComp

����
32��
).

Thegenericfunctionperformsa backwardbreadth-firstsearchfrom thegoalstates
to the initial states. In eachstepthe precomponent, 54 , of the visited states,

2
, is

computed. The precomponentis a partial mappingfrom statesto the power set of
systemactions.Eachstatein theprecomponentis mappedto a setof relevantsystem
actionsfor reaching

2
.

function Plan
����
���
���� 7698;: ; 2 698 �

while
�=<> 2 ?4@6 8BA�CEDGFIHKJ(L �1��
32M�

if  54N8O: then return failure
else  P698Q SRT 42 698 2 RVU3W	XGW	D0U �  4 �

return  
If theprecomponentis emptya fixpoint of

2
hasbeenreachedthatdoesnot cover the
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initial states.Sincethis meansthatno universalplancanbegeneratedthatcoversthe
initial states,the algorithmreturnsfailure. Otherwise,the precomponentis addedto
the universalplan and the statesin the precomponentareaddedto the setof visited
states.All setsandmappingsin thealgorithmarerepresentedby OBDDs. In particular,
theuniversalplanandtheprecomponentarerepresentedby thecharacteristicfunction
of thesetof state-actionspairsin themapping.

3.1 The Optimistic Adversarial Precomponent

The coreideain adversarialplanningis to be ableto generatea plan for the system
agentsthatensuresthattheenvironmentagents,with completedomainknowledge,are
unableto chooseactionsthatpreventthesystemfrom reachingthegoal.Weformalize
this ideain thedefinitionof a fair state. A state" is fair with respectto a setof states,2

, anda universalplan,  , if, for eachapplicableenvironmentaction,thereexists a
systemactionin  suchthat the joint actionhasa possiblenext statein

2
. Formally

wehave:

Definition 1 (Fair State) A state, " , is fair with respectto a setof states,
2

, and a
universalplan,  , if andonly if Y ����Z
[,����\  � " �]Z^��� " 

���/
�����
 " ���]_ " �]\`2 .

For conveniencewe defineanunfair stateto bea statethat is not fair. Theoptimistic
adversarialprecomponentis an optimistic precomponentprunedfor unfair states.In
orderto useaprecomponentfor OBDD-baseduniversalplanning,weneedto defineit as
a booleanfunctionrepresentedby anOBDD. Theoptimisticadversarialprecomponent
(OAP) is thecharacteristicfunctionof thesetof state-actionpairsin theprecomponent:

Definition 2 (OAP) Givena transitionrelation,
�

, theoptimisticadversarialprecom-
ponentof a setof states,

2
, is thesetof state-actionpairsgivenby thecharacteristic

function: a�b A ����
02c�0� " 
����3� 8 d1Y ����Z^eN� " 

���3��fhgI� " 
����3�ji (1)_I[,����
 " � ZE��� " 

����
�����
 " � � (2)_ " � \k2l_ "nm\k2 (3)gI� " 
����3� 8 [,����
 " � ZE��� " 

����

����
 " � � (4)_ " � \k2 (5)eo� " 
�� � � 8 [,� � 
 " � ZE��� " 

� � 

� � 
 " � �3Z (6)

Line (1) ensuresthat thestateis fair. It saysthat, for any statein the precomponent,
every applicableenvironmentaction(definedby

eN� " 

� � � ) mustalsobeincludedin a
joint actionleadingto

2
(definedby

gp� " 

���
� ). Line (2) and(3) saythatevery system
action

���
relevantfor a state"qm\`2 musthave at leastonenext statein

2
.

Figure2 showstheoptimisticadversarialprecomponentof state
�

for theexample
domain(

a�b A �	��� 8h+ ��'�
 !#" �3
��	'�
 $%" �0
��  
 !M" �3
��  
 $%" � . ). For clarity we include
thetransitionsof theactionsin theprecomponent.
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Figure2: TheOAP of
�

for theexampleof Figure1.

3.2 The StrongCyclic Adversarial Precomponent

A strongcyclic adversarialplanis astrongcyclic planwhereeverystateis fair. Thus,all
theactionsin theplanleadto statescoveredby theplan. In particular, it is guaranteed
that no deadendsarereached.The strongcyclic adversarialprecomponent(SCAP)
consistsof a union of optimisticprecomponentswhereeachstatein oneof the opti-
mistic precomponentsis fair with respectto all statesin the previousprecomponents
andthesetof visitedstates.

Thealgorithmfor generatinganSCAPaddsoneoptimisticprecomponentatatime.
After eachaddition,it first prunesactionswith possiblenext statesnot coveredby the
optimisticprecomponentsandthesetof visitedstates.It thensubsequentlyprunesall
thestatesthatareno longerfair after thepruningof outgoingactions.If all thestates
areprunedfrom theprecomponent,thealgorithmcontinuesaddingoptimisticprecom-
ponentsuntil no actionsareoutgoing. Thus,in the final SCAP, we may have cycles
dueto loopsandtransitionscrossingtheboundariesof theoptimisticprecomponents.
Again,wedefinetheprecomponentasthecharacteristicfunctionof asetof state-action
pairs:

Definition 3 (SCAP) Givena transitionrelation,
�

, thestrongcyclicadversarialpre-
componentof a setof states,

2
, is thesetof state-actionpairsgivenby thecharacter-

istic function r�F b A ����
02M�3� " 

� � � .
function r�F b A �1��
32��s 698Ot ; aub�v 698 aub A �1��
32��

while
a�bxw <8O:r�F b 698;A(C3y�z,D3r�F b ����
02u
0{N|T

s	�

if r�F b <8Q: then
return r�F b

else
s 698 s !;}aub w 698 aub A d ��
32 R*U3W	XGW	D0U �j{N|n� i

return :
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Figure3: (a) TheOAP prunedfor actionswith outgoingtransitions;(b) TheSCAPof�
, for theexampleof Figure1.

function A�C3y�z,D0r�F b ����
32�
3{N|V
�s��
repeatr�F b 698;R w~�� v a�b ~2,� 698 2

;
2K� 698 2 RTU3W�XKW�D3U �j{N|q�

for �c8Qt to i� 698OA�C0y�z�D a y�W��GHK�1zK� �1��
32G��
 aub ~ �aub ~ 698OA�C3y�z,D��uz0�3XK��C �1��
02,�%

���2�� 698 2,� RTU3W�XKW�D3U � aub ~ �
until r�F b 8OR w~�� v a�b ~
return r�F b

A�C0y�z�D a y�W��GHK�1zK� ����
02u
 aub � 8 aub � " 
����3�]_ Y ����
 " � Z��p��� " 
�����
�����
 " � �]�V2�� " � �A�C3y�z,D��uz3�0XK��C ����
02u
 aub � 8 ��eN� " 

������_ Y ����Z^eN� " 

���0�uf�gp� " 

���3�
r�F b A �1��
32�� addsanoptimisticadversarialprecomponentuntil thepruningfunc-

tion A�C3y�z,D0r�F b �1��
02u
0{N|T

s�� returnsa non-emptyprecomponent.Thepruningfunc-
tion keepsa local copy of the optimisticadversarialprecomponentsin anarray

{N|
.r�F b is theprecomponentfoundsofar. Thepruningcontinuesuntil r�F b reachesa fix

point.
2G�

is thesetof statesin thecurrentprecomponent.In eachiterationtransitions
leadingout of

2G�
arepruned.Statesturningunfairwith respectto

2,�
, becauseof this

pruning,arethenremoved.
2,�

is theunionof all thestatesin thepreviousoptimistic
precomponentsandthesetof visitedstates

2
.

For an illustration,consideragaintheOAP of
�

(seeFigure2). Action $%" would
haveto beprunedfrom  sinceit hasanoutgoingtransition.TheprunedOAPis shown
in Figure3(a).Now thereis noactionleadingto

�
in  whentheenvironmentchooses!#& .  hasbecomeunfair and mustbe prunedfrom the precomponent.Sincethe
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precomponentis non-emptynomoreoptimisticprecomponentshave to beadded.The
resultingprecomponent,r�F b A ����� 87+ �	'�
 !#" �0
���'�
 $%" � . , is shown in Figure3(b).

3.3 Advantagesof Adversarial Planning

Optimisticandstrongcyclic adversarialplanningextendthepreviousOBDD-baseduni-
versalplanningalgorithmsby pruningunfairstatesfrom theplan.For example,for the
domainof Figure1, thestrongcyclic planningalgorithmwould generatethesolution+ ���,
 +-!#" 
 $%"�. �3
��	'�
 +-!#" 
 $%"/. �0
��  
 +�!#"�. � . , while the strongcyclic adversarialplan-
ning algorithm,asintroducedabove, generatesthe plan + ���,
 +-!#"�. �3
��	'�
 +-!#" 
 $%"/. � . .
It is capableof pruning  from theplan, sinceit becomesunfair. Also notethat the
solutionis not a plain strongplansinceprogresstowardsthegoal is not guaranteedin
every state.It is easyto verify thatthereactuallyis nostrongsolutionfor thisdomain.

In orderto stateformal propertiesof adversarialplanning,we definethe level of a
stateto bethenumberof optimisticadversarialprecomponentsfrom thegoalstatesto
thestate.Wecannow prove thefollowing:

Theorem 1 (SCA Termination) A strong cyclic adversarialplan eventuallyreaches
a goalstateif it is initiatedin somestatein theplanandactionsin theplanare chosen
randomly.

Proof: Sinceall unfair statesand actionswith transitionsleadingout of the strong
cyclic adversarialplanhavebeenremoved,all thevisitedstateswill befair andcovered
by the plan. From the assumptionaboutnon-zerotransitionprobabilitiesto possible
next statesandtherandomchoiceof actionsin theplan,it thenfollowsthateachexe-
cutionof a planactionhasa non-zeroprobabilityof leadingto a stateat a lower level.
Let � be the maximumlevel of somestatein the strongcyclic adversarialplan ( �
existssincethestatespaceis finite). Let � denotethesmallestprobabilityof progress-
ing at leastonelevel for any statein theplan. Then,from every statein theplan, the
probabilityof reachinga goalstatein � stepsis at least�,� . Thus,theprobabilityof
reachinga goal statein �q� stepsis at least }%$ � }�$`�,� ��� , which approaches} for�*��� . Thus,a goalstatewill eventuallybereached. �

Theterminationtheoremmakesstrongcyclic adversarialsolutionsmorepowerful
thanstrongcyclic solutionssinceterminationof strongcyclic solutionsonly canbe
guaranteedby assumingno infinite looping(i.e. a “friendly” environment).For opti-
misticgamesolutions,terminationcannotbeprovedsincedeadendsmaybereached.
However, sinceoptimistic solutionsonly consistof fair states,thereis a chanceof
progressingtowardsthegoalin eachstate:

Theorem 2 (OA Progress) There is a non-zero probability of reaching thegoal from
each statein an optimisticadversarialplan if theactionsin theplan are chosenran-
domly.

Proof: This followsdirectly from theassumptionaboutnon-zerotransitionprobabili-
tiesandthefact thateachstatein theplanis fair. �
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Optimistic solutionsdo not have this propertysinceunfair statesmaybe includedin
the plans. Thus, it may be possiblefor the environmentto prevent the systemfrom
progressingtowardsthegoaleitherby forcing a transitionto a deadendor by making
transitionscyclic.

3.4 Empirical Results

The adversarialand previous OBDD-baseduniversalplanningalgorithmshave been
implementedin thepublicly availableUMOP planningframework. In orderto illustrate
the scalabilityof our approach,we usea generalversionof the exampledomainof
Figure1, asshown in Figure4.
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Figure4: A generalversionof thedomainof Figure1.

The domainhasa singlesystemandenvironmentagentwith actions +-!#" 
 $%" 
^� .
and +�!#& 
 $%&�. , respectively. Thesystemprogressesif thesignsof thetwo actionsin the
joint actionaredifferent.At any time,it canswitchfrom thelower to theupperrow of
statesby executing

�
. In theupperrow, thesystemcanonly execute!#" . Thus,in these

statesanadversarialenvironmentcanpreventfurtherprogressby alwaysexecuting !#& .
Figure 5 shows, in a logarithmicscale,the running time and the plan size as a

functionof thenumberof domainstateswhenfinding strongcyclic andstrongcyclic
adversarialsolutions.4 In this domainbothalgorithmsscalewell. Thereis a low num-
berof OBDD nodesgrowing linearly with the logarithmof thesizeof thestatespace.
For the largestdomainwith 65,536statesthe CPU time is lessthan 32 secondsfor
generatingthe strongcyclic adversarialplan. The resultsalsodemonstratethe effi-
ciency of OBDDs for representinguniversalplansin structureddomains.The strong
cyclic adversarialplansonly considerexecuting $%" and !#" , while the strongcyclic
plansconsiderall applicableactions.Hence,thestrongcyclic adversarialplanshave
abouttwice asmany OBDD nodesandtakeabouttwice aslong time to generate.But
this slightly highercostof generatinga strongcyclic adversarialplanpaysoff well in
planquality. Thestrongcyclic adversarialplanis guaranteedto achieve thegoalwhen

4The experimentwascarriedout on a 500 MHz PentiumIII PC with 512MB RAM runningRedHat
Linux 5.2.
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Figure5: CPUtime andPlansizeof strongcyclic andstrongcyclic adversarialsolu-
tionsasa functionof domainsize.

choosingactionsin the plan randomly. In contrast,the probability of achieving the
goal in theworstcasefor thestrongcyclic planis lessthan

���� �j�u� �0��  , where ¡ is the
numberof statesin thedomain.Thus,for anadversarialenvironmenttheprobabilityof
reachingthegoalwith a strongcyclic planis practicallyzero,evenfor smallinstances
of thedomain.

4 Relation to StochasticGames

A stochasticgameis a tuple
� � 

��
Ee  
¢9¢9¢ � 
^��

£  
¢9¢9¢ � � , where � is thenumberof agents,�

is the setof states,
e w

is the setof actionsavailableto player
s

(and
e

is the joint
actionspace

e  �¤ Z�Z�Z ¤ e � ),
�

is the transitionfunction
� ¤ e ¤ � �¦¥9t 
 }
§ , and£ w

is a rewardfunction for the
s
th agent

� �¨� . A solutionto a stochasticgameis
a stationarythoughpossiblystochasticpolicy, © 6 � �ªA¬« ��e w � , for anagentin this
environmentthatmapsstatestoaprobabilitydistributionoverits actions.Thegoalis to
find sucha policy thatmaximizestheagent’s futurediscountedreward. In a zero-sum
stochasticgame,two agentshave rewardsaddingup to a constantvalue,in particular,
zero. Thevalueof a discountedstochasticgamewith discountfactor ­ is a vectorof
values,onefor eachstate,satisfyingtheequation:2K®�� " � 8 ¯*°�±²�³K´,µ(¶¸·�¹»º ¯q¼¾½¿3À0³�·�ÀlÁ¿ ¹ ³�· ¹�Â �����3�%Ã Á�^Ä ³KÅ ��� " 

����

����
 " � �]��£o� " � � ! ­ 2G®�� " � �E�jÆ
For positivestochasticgames,thepayoffsaresummedwithoutadiscountfactor, which
canbecomputedas

2N� " � 8BÇ¾¼¾¯ ®/È  �É 2 ® � " � .
The derived stochasticgamefrom a universalplanningproblemis given by the

following definition:
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Definition 4 A derivedstochasticgamefroma planningproblem,
����
���
����

, is a zero-
sumstochasticgamewith statesandactionsidenticalto thoseof theplanningproblem.
Reward for thesystemagentis onewhenenteringa statein

�
, zero otherwise. Transi-

tion probabilities, Ê� , are anyassignmentsatisfying,Ê��� " 
�����

����
 " �Ë�¬\`� t 
 }Ì§ if
��� " 

���/
�����
 " ���Ê��� " 
�����

����
 " �Ë� 8Qt otherwise

We cannow prove thefollowing two theorems:

Theorem 3 Anoptimisticadversarialplanexistsif andonlyif, for anyderivedstochas-
tic game,thevalueat all initial statesis positive.

Proof:
��fl�

We prove by induction on the level of a state. For a state, " , at level
one,we know the stateis fair with respectto the goalstates.So, for every actionof
the environment,thereexists an actionof the systemthat transitionsto a goal state
with somenon-zeroprobability. If

� � w � is the smallesttransitionprobability, thenif
the systemsimply randomizesamongits actions,it will receive a rewardof onewith
probability

�,Í]Î¸ÏÐ · ¹ Ð . Therefore,
2�� " ��Ñ �,Í]ÎÒÏÐ · ¹ ÐNÓ t . Considerastate," , at level � . Since"

is fair, wecanusethesameargumentasabove thatthenext statewill beat a level less
than � with probability

�,Í]ÎÒÏÐ · ¹ Ð . With theinductionhypothesis,weget,2N� " ��Ñ � � w �Ô e#� Ô 2n� " � � Ó t
Therefore,all statesin theset

2
have a positivevalue.Sincethealgorithmterminates

with
�oÕO2

, thenall initial stateshave apositivevalue.�	Ö×�
Assumefor somederived stochasticgamethat the value at all initial statesis

positive. Considerrunningthe optimisticadversarialplanningalgorithmandfor, the
purposeof contradiction,assumethealgorithmterminateswith

�Ø<ÕÙ2
. Considerthe

state "�ÚSm\Q2 thatmaximizes
2 ® � "�Ú � . We know that,sincethe algorithmterminated,"�Ú mustnotbefair with respectto

2
. Sothereexistsanactionof theenvironment,

���
,

suchthat,for all
���

, thenext statewill notbein
2

. Sowecanboundthevalueequation
by assumingtheenvironmentselectsaction

���
,2G®Û� " Ú �ÝÜ ¯Þ°�±² Á¿�¹E³�·�¹ Â �����0� Ã Á�EÄ �³Kß ��� " Ú 
�����

���/
 " � �]� ­ 2G®u� " � �E� Æ

Noticethatwe do not have to sumover all possiblenext statessincewe know the
transitionprobabilitiesto statesin

2
arezero(by theselectionof

� �
). We alsoknow

that immediaterewardsfor statesnot in
2

arezero, sincethey are not goal states.
By our selectionof "�Ú we know that

2 ® � " ��� mustbesmallerthanthevalueof "�Ú . By
substitutingthis into theinequalitywecanpull it outsideof thesummationswhichnow
sumto one.So

2N� " Ú � 8Qt , asweneedto satisfy:2K®�� " Ú �xÜ ­ 2K®�� " Ú ��à }
Sinceany initial stateis not in

2
,
2o� "�Ú � musthave valueequalto zero,which is a

contradictionto our initial assumption.So,thealgorithmmustterminatewith
�áÕP2

,
andthereforeanoptimisticadversarialplanexists. �

12



Theorem 4 If a strongcyclic adversarialplan exists,thenfor any derivedstochastic
game,thevalueat all initial statesis 1.

Proof: Considera policy â thatselectsactionswith equalprobabilityamongtheun-
prunedactionsof the strongcyclic adversarialplan. For statesnot in the adversarial
plan selectan actionarbitrarily. We will computethe valueof executingthis policy,2cã®

.
Considera state" in thestrongcyclic adversarialplansuchthat

2Mã® � " � is minimal.
Let ä � " � 8 ¡ bethelevel of thisstate.Weknow thatthisstateis fair with respectto the
statesat level lessthan ¡ , andtherefore(asin Theorem1) theprobabilityof reaching
a state" � with ä � " ���xÜ ¡ $O} whenfollowing policy â is at least�q8 � Í]Î¸ÏÐ · ¹ ÐoÓ t . This
sameargumentcanberepeatedfor " � , andsoaftertwo steps,with probabilityat least� � , thestatewill be " �9� where ä � " �9�Ë��Ü ä � " �	� $;} Ü ¡ $lå . Repeatingthis, after ¡
stepswith probability � � , thestatewill be " � where ä � " ����Ü ä � " � $ ¡ Ü t , so " �
mustbea goalstateandthesystemreceivedarewardof one.

Sowecanconsiderthevalueatstate" whenfollowing thepolicy â . Weknow after¡ stepsif it hasnot reacheda goalstateit mustbein somestatestill in theadversarial
plandueto theenforcementof thestrongcyclic property. In essence,all actionswith
outgoingtransitionsareprunedandthereforearenever executedby â . The valueof
this stateby definitionmustbelargerthan

2Mã® � " � . Therefore,2 ã® � " �ÝÑ � � ­ � à }I! � }x$Þ� � � ­ � 2 ã® � " �Ñ ­ � � �}x$ � }x$T� � � ­ �Ç¾¼¾¯®KÈ   2 ã® � " �ÝÑ � �}x$ � }x$T� � � Ñ }
So
2#ã?� " � 8æ} andsince " is thestatewith minimal value,for any initial state" w ,2cã5� " w � 8ç} . Since

2o� " w � maximizesover all possiblepolicies,
2N� " w � 8P} . �

5 Conclusion

This papercontributestwo new OBDD-baseduniversalplanningalgorithms,namely
optimistic andstrongcyclic adversarialplanning. Thesealgorithmsnaturallyextend
the previousoptimisticandstrongcyclic algorithmsto adversarialenvironments.We
have provedthat,in contrastto optimisticsolutions,optimisticadversarialsolutionsal-
wayshaveanon-zeroprobabilityof reachingagoalstate.Furthermore,wehaveproved
andshown empirically that, in contrastto strongcyclic solutions,a strongcyclic ad-
versarialsolutionalwayseventuallyreachthegoal.Finally, we introducedandproved
severalrelationsbetweenadversarialuniversalplanningandpositivestochasticgames.
An interestingdirectionfor futurework is to investigateif adversarialplanningcanbe
usedto scaleup theexplicit-stateapproachesfor solvingstochasticgamesby pruning
statesandtransitionsirrelevantfor findinganoptimalpolicy.
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